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SUMMARY

Iterative substitution of the coupled Marchenko equatisres novel methodology to retrieve
the Green's functions from a source or receiver array at gaiaition surface to an arbitrary
location in an acoustic medium. The methodology requiresms the single-sided re ection
response at the acquisition surface and an initial focusingtion, being the time-reversed
direct wave®eld from the acquisition surface to a speci®eatibn in the subsurface. We
express the iterative scheme that is applied by this metbgg@xplicitly as the successive
actions of various linear operators, acting on an initiaufsing function. These operators
involve multidimensional crosscorrelations with the retien data and truncations in time.
We offer physical interpretations of the multidimensiorgabsscorrelations by subtracting
traveltimes along common ray paths at the stationary poiftise underlying integrals. This
provides a clear understanding of how individual eventsrateeved by the scheme. Our
interpretation also exposes some of the scheme's limitatio terms of what can be retrieved
in case of a ®nite recording aperture. Green's functioneketr is only successful if the
relevant stationary points are sampled. As a consequenznal multiples can only be
retrieved at a subsurface location with a particular raapeater if this location is illuminated
by the direct wave®eld with this speci®c ray parameter.r&legssumptions are required to
solve the Marchenko equations. We show that these assumpie not always satis®ed in
arbitrary heterogeneous media, which can result in incetegbreen's function retrieval and
the emergence of artefacts. Despite these limitationsiratz Green's functions can often be
retrieved by the iterative scheme, which is highly relevantseismic imaging and inversion
of internal multiple re”ections.

Key words: Controlled source seismology; Wave scattering and diffsac

sure the transmission response directly. In their so-called virtual
source method, this transmission response is used for data-driven re-
Strong heterogeneities in the shallow subsurface can distort trans-datuming. Similar concepts have been presented by Sci{a6t)
mitted seismic wave®elds, thereby challenging the imagina- and various others, inspired by the principles of seismic interferome-
acterization or monitoring of deep targets from the acquoisit try. The original aim of the virtual source method has beamwtoect
surface. To overcome this problem, the seismic wave®eld canonly for the primary transmission effects of the overburden. Since
be redatumed to a level below the major complexities (Berry- internal multiple re ections were not accounted for in thenfioila-
hill 1984). Such redatuming requires an estimate of the transmis- tion, spurious events could emerge in the retrieved gathers (Snieder
sion response of the overburden, which can either be computedet al.2006). This problem has been mitigated to some extent by sep-
in a macro velocity model of the subsurface or be retrieved di- arating upgoing and downgoing waves prior to redatumingchvh
rectly from the re ection data, using for instance the Common was made possible by the deployment of multicomponent rereiv
Focal Point (CFP) method (Al-Ali & Verschuz00§. Although (Mehtaet al.2007). Wapenaaet al. (2011 demonstrated that reda-
this type of redatuming addresses the propagation effecisdhr tuming of the complete wave®eld can be achieved by multisime
the overburden, internal multiple re ections are not taken into sional deconvolution of the separated wave®elds. To establish this
account. technology, knowledge was required of the Green's functiams
Bakulin & Calvert 00§ revised the seismic redatuming prob- cluding all orders of internal multiples) as they would beoreied
lem by deploying actual receivers below the overburden tresi-m  at depth due to sources at the surface. So far, this couldtmnly

1 INTRODUCTION
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achieved by deploying physical multicomponent receivarshie 2 GREEN'S FUNCTION

subsurface. REPRESENTATIONS
Recently, a novel iterative scheme was presented to retthey

required Green's functions from re ection data and an estéof

the propagation effect of the direct wave®eld through teemuden

(Wapenaaetal.2014H. This estimate can be obtained from a macro

velocity model, but a CFP operator may also be used. The agvel

ment of this methodology has been inspired by the pioneevarg

of Rose 2002). Broggini & Snieder 2012 related this work to seis-

mic interferometry, from where it was realized how a Gredm's-

tion of a 1-D medium can be retrieved from its single-sided re ection

response. This methodology was extended to 3-D wave prapagat

by Wapenaaet al. (2014, relying on a causality assumption that

is satis®ed in media with moderately curved interfaces, but whose

limitations are still to be investigated in more complex media. In this

paper, we restrict ourselves to applications in acoust@im&xten-

sions of the methodology for elastodynamic wave propagdtave

been presented by da Costa Fi#t@l.(2014 and Wapenaar & Slob

(2019.

An extensive derivation of the coupled Marchenko equatiamns f
acoustic wave propagation in 3-D media with smooth modirate
curved interfaces is given by Wapenadral. (20148. In this sec-
tion, we introduce an alternative derivation that requiess Isteps

but provides additional physical insights. In both deiivas, an
essential role is played by the so-called focusing functions, relat-
ing the desired Green's functions in the subsurface directly to the
recorded data at the surface. While Waperetaal. (20140 de-

®ne these focusing functions as solutions of the wave equation
with a speci®ed focusing condition, we de®ne them in this paper
as functions of transmission and re ection responses. However,
since the origin of both derivations is found in the same mecipy
theorems for one-way wave®elds, the results are effectively the
same. We start this section with an introduction to the reglieci-
procity theorems. Then, we introduce two focusing functions: one
for focusing at depth and the other for focusing at the actioiisi

In the so-called Marchenko redatuming (Wapereta. 20143, surface.
the estimated Green's functions are used to redatum the iseism o
wave®eld, potentially below a complex overburden. Since internal g
multiple re ections are included in the estimated transmission re- _ _ S
sponse, they are correctly handled by this methodologycMarko 2.1 Reciprocity theorems 2
redatuming can also be used directly for imaging. By applying the Throughout this paper, we express wave®elds in the timegspa 3
methodology at each depth level in the subsurface and taking the gomain asp(A; z t). In this notation,t and z denote the time %
response at zero time lag and zero space lag, animage wittaé&cu  gng depth, whiléA refers to the horizontal(andy) coordinates &
anlplitudes can be obtained without artefacts from interndtipie of space. Further, we de®meD (x;y; z) D (A; 2). Bold charac- 5
re ections (Wapenaaet al. 20144 Broggini et al. 20143 Behura ters are used to denote vectors and matrices, whereas alfsscal é
etal.2014). By including non-zero Iags., equivalent.extended images 5re non-bold Any wave®eld can be transformed to the freqaency S
canalso be created (Vasconcelos & Ricket3, whichcanbeuse-  gpace domain by the temporal Fourier transform that we de®nes
fulinput for migration velocity analysis (Sava & Vasconceb@d 1), as 5
reservoir characterization (De Bruet al. 199Q Thomson2012) 2
and novel schemes for nonlinear imaging (Fleury & Vascaeel z A o
2012 Ravasi & Curtis2012 and waveform inversion (Vasconce- B(A;z!1)D  dtexp(i j! t)p(A; z1): (1) &
los et al. 20143. Alternatively, we can use the Marchenko equa- i1 Q
tions to retrieve internal multiples at the acquisition lewehich . ) ) o
could then be adaptively subtracted from the recorded dattegvie  Here, the hatdenotes the frequency£space domathe imaginary S
et al. 2015. For some initial ®eld data applications of Marchenko _unlt and! is the angular frequency. The inverse Fourier transform )
redatuming, see Ravasit al. (2019 and Van der Neutt al. is de®ned as '(!(:,
(20158H. zZ1 3

In this paper, we provide an alternative view on Green's function p(A;zt)D 1 d exp(j! VAA; z1): @) @
retrieval by explicit iterative substitution of the coupled Marchenko 2% ©
equations, following Wapenaat al.(20141 and Sloket al.(2014). i 3

We build on knowledge and ®ndings of seismic interferometry,  In reciprocity theorems for one-way wave®elds (Wapenaar &
where the retrieval of a seismic response through crosscorrelationGrimbergen1996, wave®elds are de®ned in two states A and B

is commonly interpreted by subtracting traveltimes along room (indicated by subscriptd andB) in the frequency+space domain.

ray paths at the stationary points of the underlying inteji&thus- These wave®elds are evaluated at two depth levels, beiracthe

ter 2009. Since the iterative scheme that we consider can be in- quisition surface3 , and the focusing leveB ;. The wave®elds
terpreted as a sequential series of crosscorrelations, this interpreare decomposed into downgoing and upgoing constituentstenh
tation provides us with valuable insights on how individual events downgoing is indicated with superscriptand upgoing with super-

in the retrieved Green's functions are constructed. We rbégg scriptj . The decomposed wave®elds are “ux-normalized (Coro-
paper with a concise derivation of the Green's function espn- neset al. 1983 Fishmanet al. 1987 and can be related to the
tations that undergird the coupled Marchenko equationsn;Tive physical quantities of pressure and vertical particle velocity, us-
introduce a discrete framework in which the coupled Marchenko ing expressions of Wapenaar & Grimbergéi996. We note that
equations can be effectively represented and solved. Vily s the coordinate system can be rotated and that reciprooig-th
retrieval of Green's function in a layered medium and in a medium rems for one-way wave®elds have also been de®ned in curvi-
with point scatterers. Based on our observations, severatla- linear coordinate systems (Frijlink & Wapenaaf®1(. Hence,

sions will be drawn on the requirements and limitations of the the following theory may also be extended for such cooréinat
methodology. systems.
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Figure 1. lllustration of states A and B that are discussed in the mai Levels3 5 and 3 ¢ are in®nitely long boundaries. In both states, the medium
properties are identical to the physical medium between these boundaries and the medium is re ection figg.dbtate A, the medium is also re ection
free below3 f, whereas in state B, it is identical to the physical mediutoweéhis boundary.

We start with a reciprocity theorem of the convolution typé&tre this truncated medium with subscript A. For state B, we choose the
ing two wave®elds that are propagating forward in time (Wapenaar physical medium (referred to without a subscript). An illustration is

& Grimbergenl1996): given in Fig.1. In both states, we do not include a free surface (i.e.

z ©. . __a z ©.. . __a no downgoing waves exist at or aba¥g). Free-surface multiples
d’A BCBL i BuBs D dPA BB B 3) can also be included, yielding an additional integral in theebis

3a 3¢ function representations and the coupled Marchenko equatiat

Because all wave®eld quantities are expressed in the frequency*lfOIIOW (Singhet al. 2019.

space domain, the multiplications in eq. (3) are equivalerion- ~ In state A, we place a point source for a downgoing wave®eld
volutions in thé timespace domain THe integrals are @it just aboves3 ,, creating a delta function in the lateral coordinates

23 Oy +(A : A PO ) )
over level3 , at depthz, and level3 ; at depthz. Eqg. (3) is valid at 34, thatis gy D ‘(A. ! AA)' H.e.re,AA Is the horizontal cha
. . o tion of the source, which is positioned at deh The upgoing
when the medium parameters betw&enand3 ¢ are identical in T Ay S . _
) wave®eld aB , is B, D R (A; Zy; AL 253! ), being the re ec-
both states and when no sources exist between these deglth lev . . .
) . tion response at the surface in the truncated mediunB Atve
The medium parameters of both states can be different frai ea ®nd the d _ ®cBd D B(A: 2, A, 2.1 ), being th
other above3 , and below3 ;. Sources can also exist in this part of nd the downgoing wave ﬁ (A 21 A 2a;! ), being the
the medium.

An analogous reciprocity theorem of the correlation type re-
lates wave®elds that propagate forward in time to wave®elds
that propagate backward in time (Wapenaar & Grimbergen
1996:
VA

is non-re”ective belowd, the upgoing wave®eld at this level is
B, D 0. In state B, we also place a point source for a downgoing
wave®eld (ah 5) just above the surface, such thigt D (A Ag)
and B, D R(A; z,; Ag; za;! ), being the reection response of the

Z physical medium at the surface. At the focusing level, werrefe
© a © a : . : :
d?A BSPCT ) BLBC D d?A BSPST BLBE 4) to th(_e wave®elds in state B as d@wngow_lg gnd upgoing Green's
functlonspg D @ A; Z:;Ag; Za;! . Substituting these ingredi-
ents into eqs (3) and (4) brings us (after re-arranging some terms)
Here, the superscriptdenotes complex conjugation, being equiv- at

alent to time reversal in the time+space domain. Hence, thé-mult z N N

plications in eq. (4) are crosscorrelations in the timegepmmain. PARA; 21 AL 2031 )E (A 245 Ag; 205 )

Apart from the assumptions that are intrinsic to the reciprocity the- 3,
orem of the convolution type, eq. (4) requires the medium to be

3a 3

AR . A - -1 . A A - A - 1) -
lossless between the lev@lg and3 ;. This requirement imposes an D R(AN ZaiAai 23! ) i Ra(Aei zaiAni Zai! ) ®)
important limitation to the current methodology, namely théin- and
sic losses in the overburden are not accounted for in the undgrlyin £ o R - R
theory. Moreover, evanescent wave modes are ignor@d aind3 ;. PATNA; z1; A 2031 )BT (A; 245 Ag; 23! )

3

Z ~ ~
2.2 Focusing at depth Di  dPARNA; zai A 20! ) R (A 201 Ag; 2o )
We will choose a medium A in state A that is identical to the phylsica 3a

medium aboves ; and re ection-free below this level. We refer to Cx(Agi AJ: (6)

transmission response of the truncated medium. Since the medium
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To retrieve the Green's function, the inverse of the transmission
responsefy should be applied to egs (5) and (6). Initially, this
inverse is unknown, but, as we will see later, it can be retrieved by
an iterative scheme. We refer to the inverséfifas £, which is
de®ned via

Z ~
HAj A) D dPALTNA Z AL Zai! )
3a

i~ R ¢
£ & Ay ziAn 2!

)
The delta function should be interpreted as a spatially biamited
delta function, where the evanescent ®eld has been ignoague{W
naaret al. 20140). The ®~eldf'§ is identical to the downgoing part
of the focusing function, as de®ned by Wapenasiral. (20145,
being a solution of the wave equation in the truncated mediuim wi
a speci®ed focusing condition.
By applying fﬁf(AA; Z.; A z5;1) to egs (5) and (6), we ®nd,
after integratindA , over3 , and with help of eq. (7):
B z
@ (Aq; zi;Ag; 22,1 ) D
3a
£ f'Zf(A; Za, Ag; zi)

dPARA; z; Ag; 25! )

i AAg; zaAri z1;1); (8)
and
~ Z ~
B (Ap; zi;Ag; 2! ) D dPARP(A; zo; Agi 25 !)
3a
£ AR 2 Azl
C #(Agi zaiAr; 213! ): ©9)

For notational convenience, we have replaced the integratioi-
ableA , in eq. (8) byA, and we de®ned additionally
B z
A (A; za;Ag; 2431 ) D
3a

£ ALz A ze ! );

d?ApRA(A; 20 AQ; 2o ! )

(10)

which can be interpreted as the response of the truncated mediu
to f'g. Note that fﬁl\ is the upgoing part of the focusing func-
tion as de®ned by Wapenaaral. (20141, where fAl D f% C fi.
Eqgs (8) and (9) are essential representations that will tiead
later to retrieve the Green's functio@® and&°".

2.3 Focusing at the acquisition level

Remember thatﬁ% is de®ned as the inverse of the transmission
response from leve3 , to 34, where3 , is the integration surface
(see eq. 7). Alternatively, we can de®ne a focusing fund@ras
the inverse of the transmission response from [8veb 3 ,, where
3¢ is the integration surface. For this purpose, we introduce

Z ~
i(A i AB) D dZAGﬂ\(A; Za§AG; ziy!)
3

£ B(Agizi:Ag 23! ): (11)

The coupled Marchenko equations 795

In this expressionﬂ is the transmission response of the truncated
medium when illuminated from below arf§} is its inverse. Similar
to A, we can de®né§ as the response of the truncated medium
to A, according to i
ARz Az ) D d?AB(A; z1;Ag 213!)

3t

£ AAg;zi;Ag; 23! ); (12)

whereR), is introduced as the re ection response of the truncated
medium from below.

Wapenaaet al. (20145 showed thatfé and fﬁ;\ obey the fol-
lowing relations:

A (A za;Ap; 251 ) D A (Ap; 20 Ag; 201 ); (13)
and
i fﬁl\u (Ag; za;Ap; ;1) D f'g(AF;zf;AB;za;! ): (14)

These relations follow directly from the de®nitions (7) and (11), and
the symmetry of the transmission response. They play an essentiaf
role in the reasoning that will be applied in the following te.

MoQ

3 THE COUPLED MARCHENKO
EQUATIONS

To derive the coupled Marchenko equations, we rewrite eoan&

(9) in a discrete notation. Then, we introduce a causalityrasg,
which is imposed by a window matrix. Having derived the coupled
Marchenko equations, they can be solved by iterative subistit
Eventually, the desired Green's functions can be computed.

3.1 Discrete notation

For the introduction of our discrete notation, we start by rewriting
egs (8) and (9) in the timexspace domain. This is done by sutdsti

ing the forward Fourier transform dﬁ (asin eq. 1) into eq. (8).
We apply inverse Fourier transformation with eq. (2) to both sides
of the result. After rearranging the terms, we ®nd

fi (Ag; za;Ar; 2151) C G' (Ag; 21 Ag; Zast)
2! z
doexp(!t) d’AR(A; z,;Ag; za:!)

3a
#

deexpl jle) (A zaAr; 25 ¢)

2Y4

i
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£

il

(15)

The term between square brackets can be interpreted as a mul-
tidimensional ®lter, acting on the downgoing focusing fiorct
fC(A; za; Ag; Z¢;5 ¢). We introduced;, as an additional time vari-
able. For practical reasons, we prefer to rewrite this expression in
a discrete and concise way. For this purpose, we store the focusing
functions as vector§ in which the seismic traces are concatenated
in the timetspace domain. Further, we de®ne a nitifirat applies

the operations between the square brackets in eq. (15), nugi@ni

ward Fourier transformation, multidimensional convolution with the
re ection response and inverse Fourier transformation. Effectively,
this ®lter propagates the downgoing focusing function feadvia

time with the re ection response. As can be observed fronfls),

this operation yields, besides the upgoing focusing functjonthe
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upgoing Green's functios’ . This Green's function is written as
a vectorg' . Here, it should be noted that the organization of the
elements in this vector with respectAg andt is similar as in the
focusing func’[ionsil§ . Within this discrete framework, eq. (15) can
be written for any focal point as

fi Cg D RfS: (16)

Eq. (9) can be rewritten in a similar way. This is done by substitution
of the forward Fourier transform off] (as in eq. 1). After inverse
Fourier transformation of the result with eq. (2) and reariagthe
terms, we ®nd

fC(Ag; za; Ap; 2431) | GC(Ag; z1;Ag; Zasi 1)
z z

— d exp('t

e pG!t)

il 3a
2 #

£ deexpG jle) i (A zaAg; i o)

il

PAR(A; 74 Ag; 74! )

17

The term between square brackets can be interpreted as dimulti
mensional ®lter, propagating the upgoing focusing fundbiack-
ward in time with the re ection response. We introduce matrix
R? that applies this operation to any vector. The actiorRéfon

fi yields, besides the downgoing focusing function, the downgoing
Green's function g¢?, propagating backward in time with reversed
polarity. Here, it should be noted that the organization ef ¢fe-
ments in this vector with respect # andt is similar as in the
focusing functions, but that all traces are reversed in tintfedwis
indicated by superscrif). With these ingredients, eq. (17) can be
written as

fSi ¢’ D Ri: (18)

On the right-hand side of egs (16) and (18), we ®nd multidi-
mensional ®lters that propagate the focusing functionesiiat and
backward in time. On the left-hand side, we ®nd a constituent o
the Green's function and a constituent of the focusing function. Our
aim is to solve these two equations having four unknowfs, @ ,
ff andfi). Hence, in its present form, this system of equations
is underdetermined. However, we can eliminate two unknowns b
exploiting the fact that focusing functions and Green'schions
have different causality properties in the timetspace domain

3.2 The window matrix

We assume that the Green's function contains a distinct doing
direct arrival and a coda of re ected events that arrivedhter. We
design a window matri2 that removes all events after the direct
wave, including the direct wave itself. This window is designed to
be symmetric in time. Hence, any acausal event that arriegsd

In the following, we analyse how the focusing functions that also
appear in the left-hand side of eqs (16) and (18) respond to the
actions of2 . For this purpose, we make use of eq. (7). We rewrite
this equation in the time+space domain by substituting the forward
Fourier transform (as in eq. 1) di° and applying inverse Fourier
transformation (as in eq. 2) to both sides of the resultdyigj

A A1)
LB z )
D — doexp(!t) d’ATNA zi; AN Zs!)
2Y4
il 3a
z #

£ deexpl jle) FE(AN zaiAr; ze:d):

il

(1)

The term between square brackets can be interpreted as dimulti
mensional ®lter, acting on the downgoing focusing functidris
®lter can also be represented by matfrixacting on the vectorized
focusing functionf. The term on the left-hand side can be dis-
cretely represented by a veciphaving only one non-zero element
att D 0 andA D A at the chosen focusing location. With these
de®nitions, eq. (21) can be written as

i D TafS: (22)

Remember that we assume the transmission response to contain a
direct wave and a distinct coda that arrives thereafter.dggl on
this assumption, matriX 4 can be partitioned as

TADTaAdCTam (23)

whereT 5q describes the convolution with the direct wave ang,
describes the convolution with the coda, resulting from maér
multiple re ections in the transmission response. We de®ne a fo-
cusing function for the direct wa\/nﬁj, which will be referred to

as the initial focusing function. In analogy to eq. (22), theiahi
focusing function obeys

i D TadfS: (24)

The initial focusing functiorfis; can be subtracted frofi. We refer
to the remainder as the coﬁﬁn, where

DS CHS;

(25)
To investigate the properties bfd andfS , we subtract eq. (24)

from eq. (22). The result is rewritten with help of eqs (23) and (25)
as

Tanfig Di (TadC Tam)fin: (26)

This result can be interpreted as follows. WhEgy is applied to
flcd, it will produce a response at zero intercept time, as didtage
eq. (24). HencetS, should contain a single event that is kinemati-
cally identical to the time-reversed direct wave. Sifigg, applies

convolutions with events that arrive after the direct wave, lft-

the time-reversed direct wave is also removed by its action. When 54 side of eq. (26) is purely causal. Hence, the right-sidel

2 is applied to the upgoing Green's functigh, causality dictates

that
2g DO (19)

Since2 is symmetric intime, it follows for the time-reversed down-

going Green's functiog®” that
2D 0 (20)

Hence, the Green's functions can be eliminated from eqs4ha)
(18) by applying matrix2 .

should be causal too. The earliest event on the right-hand side is
produced by the convolution of the direct waveTigy with the ®rst
eventinfs . The condition that this event should be causal translates
directly in the conclusion thdf, cannot contain any event arriving
earlier than the time-reversed direct wave.

We have thus concluded that the time-reversed direct wave is
the earliest event irﬁlc. With the help of eq. (13), we can also
conclude that the time-reversed direct wave is the earliest event in
fi . Since eq. (12) states thift can be obtained by convolvirfg
with a causal re"ection response, it follows that all eveintgy
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arrive after the time-reversed direct wave. Sificés related td's
by polarity reversal and time reversal, as dictated by eq. (14), we
conclude that all events i} arrive before the direct wave.

Using the causality of the re”ection response and the fatttha
andfi arerelated by eq. (12), it follows from the previous statement
that all events i, andfi arrive after the time-reversed direct wave
but before the direct wave. Hence, it can be concluded that
D fC .

i ¢
2f°D2 'fSCfS DS (27)

and
2fl Dfl: (28)

It is important to realize that our arguments to justify eqs @TJ
(28) are rather intuitive and strictly valid in 1-D media only. The
exact limitations of these arguments in complex 3-D mediastite
to be explored, see also Vasconcedbsl. (20140).

3.3 lterative solution

Now that we have veri®ed the responses of the Green's fuisction .

and focusing functions to the window matrix, we can apply this
matrix to eq. (16). With the help of eqs (19), (25) and (28), the
result of this operation can be written as
fi D2 Rf; C2Rf§;: (29)
Similarly, we can use eqs (20), (25) and (27) to deduct from the
action of2 on eq. (18) that
fS D2 Ri: (30)
Eqgs (29) and (30) are the coupled Marchenko equations. We inter
pretflcd as the initial focusing function. Assuming that the direct
wave is known from either a macro velocity model or the CFP
method (Al-Ali & Verschuur2006), the initial focusing function
can be obtained by inversion of eq. (24). In practice, we gelyer
approximate this inverse by time-reversal (Wapereal. 20140).
Oncefy, is known, a ®rst estimate 6f can be obtained with eq.
(29) (with the initial estimatd, D 0). Now that we have an es-
timate off] , we can estimatéfm with eq. (30), evaluate eq. (29)
again and proceed by iteration. With every iteration of §)(the
focusing function is propagated forward in time, whereab e\tery
iteration of eq. (30), it is propagated backward in time. Ad bd
shown in the examples, each of these cases can be interpreted as
multidimensional crosscorrelation process.

Alternatively, the focusing function can be retrieved byarsion.
By composing eq. (29) witl2 R? and then noting that eq. (30)
permits the elimination ofi , we ®nd
[Ii 2R°2R]fS, D2 R2RfS: (31)
This equation can be solved fi,. To establish the relation between
solving this inverse problem and iteratively substituting egs (29) and
(30), we observe that eq. (31) is a Fredholm equation of thenskc
kind. It is well known that such an equation can be expandeal as
Neumann series (Fokkema & Van den Béfp3), yielding for the
Kth order estimate df:

X
)
kDO

(2 R2 R)*S;: (32)

The coupled Marchenko equations 797

Here, we have addefd, to the expansion ofc,, for convenience.
TheKth order solution ofi can be found by substituting this result
into eq. (29), yielding

fi®D2R  (2R2R)fS;:
kDO

(33)

It can easily be veri®ed that these results are identical dseth
obtained by iterative substitution of eqs (29) and (30). ¢éerour
iterative solution can be interpreted as a Neumann serige. tNat
convergence is established for such a series, under the icondit
thatj (2 R?2 R)*fjj,! Oask!1l (Fokkema & Van den Berg
1993, where subscript 2 denotes thenorm.

3.4 Green's function retrieval

Once the focusing functions are found, the upgoing Green'stian

can be computed with eq. (16). Although accurate Greentions

can be retrieved if suf®cient iterations are evaluated @nogt al.
2014h, we often prefer to keep the number of iterations small. To
improve the result in these cases, it can be useful to remove al
events before the direct arrival. This is achieved by the ®Iter|

19
]

i 2, which we apply to both sides of eq. (16). Helrés an identity
matrix. Note that9 acts as a ®lter that removes all events before
the direct wave, but not the direct wave. With the help of €@y, (

(25) and (28), we obtain in this way
g D9Rfy CORF: (34)

Similarly, we apply9 to both sides of the eq. (18) to ®nd for the
time-reversed downgoing Green's function:

g“’D S 9RMI;

[piojxo-16//:dnuuoiy papeojum

(39)

where we used egs (20), (25) and (27). In egs (34) and (35), we:
have deliberately separated the contributions of the Irfg@using
functionsflcd from the contributions of its coda, since we will track
these contributions individually in the examples that follow.

By substitution of eqs (32) and (33) into eqs (34) and (35), it
follows that the retrieved Green's functions can also be expresseda

0°s[euno

sanb Aqp.

—

(o]

in terms of a single (but complicated) ®lter acting on thaahit &
focusing function. In this way, we come up with the following g
expressions for th&th order estimate of the Green's functions g
(where we also useif D fy, C fo): ©
" # N
) X Pt
g®D 9R (2R%2R) f5; (36) o
kDO
and .
Xit #
™D 1j 9R2R  (2R%2R) f5; (37)

kDO

for K> 0. ForK D 0, we de®ng © D 9 RfS, andg®*® D fS,.
Note thatg' @ is the upgoing wave®eld that is retrieved by standard
inverse wave®eld extrapolation, whiie*© is the wave®eld that is
used to initiate the iterative scheme. It has been shown lifeseants

in the Green's functions can be retrieved with correct atagés
forK!1 , given that the initial focusing function obeys eq. (24)
(Broggini et al. 2014k Slob et al. 2014 Wapenaaet al. 20143.

In practice, only a few iterations are generally suf®ciemgrazlict
the dominant internal multiples in the wave®eld with faidgarate
amplitudes, as we will demonstrate in the synthetic exampiats t
follow.
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Figure 2. (a) Layered model with constant velocity (2.5 kitsand densities of 1000 kgind (white) and 2000 kg in® (grey). The acquisition level is at 0 km
and the focusing level at 2 km depth. Indicated are the one-way traveltimes at normal incidence between the different interfaces, including the acquisition and
focusing levels. (b) Re ection response with a source @t km at the acquisition level. Various events are labelled.
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Figure 3. (a) Downgoing Green's function. (b) Upgoing Green's function. Both gathers are common receiver gathers that have been obtained by ®nite differen
modelling and wave®eld decomposition. Sources are located at the acquisition level and a single receiver is depldykrhatt the focusing level. The red
curves de®ne the muting times for magix

N
2 2 0

4 LAYERED MEDIUM EXAMPLE above the direct wave and another curve that is mirrored ig.tim
The window matrix2 is designed such that all data outside the two

In thi ion, wi m ntheti ismi in a layer . . )
this section, we compute synthetic seismic data in a layered curves are muted, while preserving the data in between thvesur

medium. To understand the construction of focusing fumstishen
the Marchenko equations are iteratively substituted, vaduexe the
result of each iteration individually. Then, we demonstratev

the desired Green's functions are retrieved. Finally, we discuss the

existence of stationary points and their locations. The iterative scheme is initiated with the initial focusing function
fﬁj, which is obtained by time-reversal of the direct wave. Hiiect

wave is indicated as event H in Fig(a). In this stylized example,

we isolate this event with a time gate. In practical applaradi the

direct wave can also be computed by ®nite-difference maodeti

In Fig. 2(a), we show a simple model with constant velocity of asmooth background model. In the ®rstiteration, we want to update

2.5km ¢! and density contrasts at 0.75, 1.5 and 2.375km. The ac- fi with eq. (29), using the initial estimatﬁ*.n D 0. To facilitate this,

quisition level and focusing level are chosen at 0 and 2 km depth the initial focusing function is propagated forward in time with the

respectively. The model has been designed such that a wave-at n  re ection response to comput%flcd, as it appears in the right-hand

mal incidence takes 0.3s to reach the ®rst interface, anotBer 0 side of eq. (29). Since the initial focusing function is achasal

4.2 Step 1: initiating the upgoing wave®elds

4.1 The model

GTOZ ‘6 Jaqualdas uo 1sanb Agbio-sieulnolpigxoilb//:dnuuoly papeojumodg

to reach the second interface, another 0.2s to arrive abthesing the re ection response is causal, this operation can bepiretd
level and 0.15s more to get to the deepest interface. Thesé-trave as a crosscorrelation process. It should be well understood that this
times have been indicated in the ®gure for convenience. |2(Ep is a multidimensional crosscorrelation, since it involves the evalu-

we show the re ection response of a single source at the acquisitionation of an integral over the acquisition surface (like thegraéin
level. We have identi®ed various events with labels A+G. &ur eg. 8). This initial step of the scheme is similar to inverse wave®eld
is to retrieve the downgoing and upgoing Green's functiothwi  extrapolation, since it essentially redatums the re ectlata at the
sources at the surface and a receiver at the focusing leveig 8, receiver side (Berryhilll984). Following similar reasoning as is
we show these Green's functions for reference. To obtain these commonly applied in seismic interferometry (Schugte®9, each
Green's functions, we modelled the responses from every point at trace in the output gath@fS, can be interpreted as the stack of a
the acquisition surface to a virtual array in the subsurface and we correlation gather that is obtained by crosscorrelation ofi é@ce
applied wave®eld decomposition in the frequency+wavenudaber  in the re”ection response at a ®xed source paintvith each trace
main (Wapenaaet al.2014}). Once more, various events have been in the initial focusing function at a ®xed focal pofkt. In Fig. 4(a),
identi®ed with labels H+O. Finally, we have drawn a red curge j  we show the correlation gather wifky andA¢ both atx D 0 km.
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Figure 4. (a) Correlation gather dRf, with Ag andA both atx D 0 km. (b) Gather oRfS; with A¢ atx D 0km. The traces at the dashed green and black
lines are constructed by stacking the gathers in panel (JFan13(a), respectively. The red curves de®ne the muting times for n#atrix
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Figure 5. lllustrations of the retrieval of events P, Q and R. In eacfegthe time-reversed (indicated by supers@igvent H is convolved with an event (A,

B or C) in the re ection response. Traveltimes along red raihp are positive, whereas traveltimes along green ray pathnegative. Hence, the traveltimes

of events P, Q and R can be found by subtracting the traveltimes along the green ray paths from the traveltimes along the red ray paths (the numbers repres
traveltimes at normal incidence). The dashed lines represent the parts of the ray paths that overlay and are subtracted.

The stacked gatheRf; is shown in Fig.4(b). The dashed green  eltimes along the red ray paths in the schematics. The timesltat

line indicates the trace that is obtained by stacking the taiioa normal incidence are indicated in the ®gure. We refer to thesgev
gather in Fig4(a). From eq. (16), we can learn that the constructed as virtual events, using the terminology of Ikel&(06), who also
gatherRf; can be interpreted as an initial estimate of the superpo- observed these artefacts of inverse wave®eld extrapolation and rea-
sition of the upgoing focusing functidi and the upgoing Green's ~ soned how they may be used to predict internal multiples. Mewe
functiongi . From egs (19) and (28), we note that the estimate of our approach is different from that of Ikell@@09, in the sense

g should be located outside the red curves (indicating wheig that we base our observations on the coupled Marchenkoiegsat

applied), whereas the estimateféfshould be located in between ~ where we do not have to identify these virtual events in practice
these curves. In between the curves, we ®nd two events that wesince they are separated automatically from the Green's functions
label as P and Q. The origin of these events is explained in the ®rstby the actions o2 at each iteration. There are also virtual events
two panels of Fig5. The traveltimes of these events are found by outside the red curves in Fig. A clear example is event R, whose
subtracting the traveltimes along the green ray paths from the trav- origin is explained in the lowest panel of Fig.This virtual event,
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Figure 6. lllustrations of the retrieval of events M, N and O. In eachesahe time-reversed event i$ convolved with an event (D, E or F) in the re ection
response. Note that M, N and O are all upgoing re ections witkitive traveltimes.

f14- The coda of the focusing functidif, is situated in between the

stemming from the internal multiple C in the re ection datgyegrs
curves. Note from Fig7 that we ®nd only one event S in between

after the direct wave and therefore could be mistaken for patee
primary re ection. Hence, this type of event is prone to prmglu  the curves, whose origin is explained in the upper panel of&ig.

artefacts in seismic imaging (Malcolgt al. 2007), where inverse This event is a vital ingredient for removing the artefacts thetew
extrapolators like'$; are generally used to reconstruct wave®elds observed in the upgoing Green's function (e.g. event R), asile w
in the subsurface. Apart from the virtual events, we ®nd the phys- see later. Outside the curves, we ®nd updates of eve(Wwiere
ical re ections ofg’ outside the red curves. These are the events superscript? denotes that it is time-reversed), which is the time-
M, N and O that we also indicated in Fig(b). Their retrieval is reversed direct wave that initiated the scheme. Explanatioe
illustrated by the schematics in Fig).Note that in the initial step of given in the lowest two panels of Fig. These updates are important
the iterative scheme, all upgoing primaries and interndtipies of to retrieve the exact amplitude of the Green's function. Esv, it
the upgoing Green's function are retrieved. However, we also ®nd should be noted that exact amplitudes can only be retrieheththe
virtual events. Later, we will see how the virtual events itween iterative scheme is initiated with the inverse of the direct wave®eld
the red curves are utilized to eliminate the virtual eventsidet in the true medium (Wapenaat al. 20143. In practice, the initial
the curves, allowing us to retriewg without artefacts. Moreover,  focusing function is generally computed in a smooth backgdou

we will see how the polarity- and time-reversed downgoing Green's model. As a consequence, the retrieved Green's functienscated
versions of the exact Green's functions. We also ®nd evéni |

K? and 7 in Fig. 7. Their origins are explained in Fiq (the
. . . schematic for event Kis omitted, but its explanation is similar to
4.3 Step 2: updating the downgoing wave®elds the others). Note that these are all time-reversed internal multiples

In the second step of the iterative scheme, the initial egtnof of the downgoing wave®eld that can also be found in¥iaj). The

fl that follows from eq. (29) (containing only the events P and polarity of these events is reversed compared to that in3&g, as

Q) is propagated backward in time with the re ection resgons  we expect from the minus sign in the ®rst term of eq. (18). Note that
following eq. (30). A correlation gather and a stacked gathe all major downgoing internal multiples are already visibiethis

this operation are shown in Fig. Once more, we have drawn  ®rst estimate of g©?, with relatively accurate amplitudes. These
the red curves that de®ne the muting times for window matrix events are constructed by crosscorrelating two primary re ections
The gather in Fig7(b) can be interpreted as an initial estimate of and the direct wave®eld. This mechanism is closely relatedttoftha
the sum of the two terms on the left-hand side of eq. (18). The various other schemes that predict internal multiples asthtace
time- and polarity-reversed downgoing Green's functjog®” is by crosscorrelation of three primary re ections (Wegleial. 1997
located outside the red curves, as is the initial focusingtfanc Jakubowicz1998 Ten Kroode2002 lkelle 2006. This analogy has

functionj g©? is constructed.

GTOZ ‘6 Joquardas uo 1sanb Agbio sieulnolpioixo’ilfy/:dnuuoly papeojumoq
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Figure 7. (a) Correlation gather &®*f} with Ag andA both atx D 0km. (b) Gather oR’f] with A¢ atx D 0km. The traces at the dashed green and black
lines are constructed by stacking the gathers in panel (JFan13(b), respectively. The red curves de®ne the muting times for niatrix
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Figure 8. lllustrations of the retrieval of events S and.Hn each case, an event tif (Q or P) is convolved with a time-reversed evenf @ B?) in the

re ection response.

also been mentioned by Sheiman (private communicatior4)201

During higher-order iterations, the amplitudes of the evets
updated, as illustrated by Wapenadral. (20143, Broggini et al.

(2014h and Slobet al. (2014).

4.4 Step 3: updating the upgoing wave®elds

To facilitate the third step of the iterative scheme, an estimag, of
is obtained by muting all information outside the red curivethe

retrieved gather oR’f} (see eq. 30). This estimate is propagated

forward in time with the re ection response, yieldiﬁgfm. When
added to the result dﬂffd, we should ®nd a new estimate fof
in between the red curves and a new estimatg obutside these

curves, as can be learned from eq. (16). In Hig.(showing a
correlation gather and a stacked gatheRtﬁn), we observe asingle
event in between the curves. From the schematic in the uppel pa

of Fig. 11, we can learn that this event has similar kinematics as
event Q that appeared in the previous ®gures (e.g. ibfigence,

the amplitude of this event is updated. Outside the red curves, we
®nd various other events. First, we note event R that also appeared
in Fig. 5. Note that this event is not part of the upgoing Green's
function and therefore should be removed from the initial estimate
of g that we found in the ®rst iteration. However, since the polarity
ofeventRis reversed RfS, with respect tdRf, (compare FigdOb
and4b), this artefactis indeed suppressed when both terms are added
together.
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Figure 9. lllustrations of the retrieval of events, |’ and L”. In each case, an eventfdf (P or Q) is convolved with a time-reversed event (@ D?) in the
re”ection response. Note that, I? and L7 are all ime-reversed downgoing reections with negaties¢ltimes.
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Figure 10. (a) Correlation gather (Rflcm with Ag andAg both atx D 0km. (b) Gather o’Rflcm with A atx D 0km. The trace at the dashed green line is
constructed by stacking the gather in panel (a). The redesuie®ne the muting times for matix

4.5 Green's function estimates The result can be improved by including higher-order iferet

. . . (Wapenaaet al. 20143. Alternatively, the updates can be summed
After threeiterations of the scheme, we can already reteegason- adaptively, as illustrated by Van der Neaftal, (20153

able estimate of the Green's function. To illustrate this, we compute ’ ' '

the upgoing and downgoing Green's functions with eqs (34) an
(35), using the obtained (®rst-order) estimateéjoandflcm. The
retrieved gathers are shown in Fi2. Note that these results are
already quite accurate with respect to the directly modeBesen's Whether a particular event can be retrieved at a particufaeto
functions that we showed in Fi§. We can also con®rm that event depends on the acquisition design. As in seismic interferometry,
R that appeared in Figl has been signi®cantly suppressed by in- particular stationary points exist that should be sampShqster
cluding the update frorﬂffm, although some remnants remain. On  2009. In Fig. 4(a), we showed the correlation gather for a trace
a similar note, event T (explained by the schematic in the lowes between surface locatioA; and focal pointA;, both chosen at
panel of Fig.11) eliminates an artefact that appears after the ®rst x D 0 km. Since there is no (horizontal) offset betwdepandAr

step of the iterative scheme. However, this event cannotéditiid in this case and the layers are "at, all stationary points are found
®ed in Fig4, since its arrival time coincides with that of event N.  atx D 0km. However, wher; is chosen at an offset frol.,

4.6 Stationary points

GT0Z ‘6 Jaqwardas uo 1sanb Agbio sjeuinolpiojxo’ilb//:dnuuoly papeojumoq
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lllustrations of the retrieval of events Q, R and T. In eackes@vent S is convolved with an event (A, B or D) in the re ectiesponse.
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Figure 12. (a) Estimate of the downgoing Green's function obtained by eq. (35), using the ®rst-order estinjatebMEstimate of the upgoing Green's

function obtained by eq. (34), using the ®rst-order estimatgnof

the situation is different. As an example, we takgatx D 0.2 km
andA¢ atx D 0km, yielding the correlation gather in Figj3(a). It
is clear that the stationary points are shifted. The statipipoint
of event M (a primary re ection), for example, is foundxa¥s D

the velocity is constant. However, a similar analysis could also
be done in media with velocity variations and curved integfa
The stationary points of other events can also be consttutte
Fig. 13(b), for instance, we show the correlation gather for the

i 0.145km. This location can easily be con®rmed, since the ray second step of the iterative schen&f] with Ag atx D 0.2km

paths of the re ected event D and the time-reversed direct Wave
that construct event M (see the upper panel in Bjgverlay each
other at this location. Similar reasoning can be applied to ®ad t
stationary points of the virtual events P and Q. In Eig.we show
how the stationary points of these events are foundad.8 km and
xDj 0.4 km, con®rming the observations in Fig(a). Note from
the schematics that the rays with positive and negative trmest
bend in opposite directions. This phenomenon has beenedfey

by Ikelle & Gangi 007 as negative ray bending. The construction
is relatively simple in this medium, since the layers are at and

andAr atx D 0km. The stationary points of events S afdte
located atx D j 0.4km andx D 0.04 km, respectively. In FigL5,
we also con®rm the locations of these stationary points gralph

5 POINT SCATTERERS EXAMPLE

It should be well understood that exact Green's functioneeal
by iterative substitution of the coupled Marchenko equatit
only possible if the assumptions that are made in the underlying

GT0Z ‘6 Jaqwardas uo 1sanb Agbio sjeuinolpiojxo’ilb//:dnuuoly papeojumoq
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Figure 13. (a) Correlation gather delcd with Ag atx D 0.2km andAg atx D 0km. The blue dashed lines indicate the stationary points of events Q (at
xDj 0.4km), M (atx % j 0.145km) and P (atD 0.8 km). (b) Correlation gather R?fi with Ag atx D 0.2km andA atx D 0km. The blue dashed lines
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indicate the stationary points of events SX& j 0.4km) and T (atx D 0.04 km).
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Figure 14. lllustration of the construction of events (a) P (from events A aRdsishown in the upper panel of Fi§).and (b) Q (from events B and’Has
shown in the middle panel of Fi) with Ag (cyan dot) atx D 0.2 km andAg (magenta dot) at D 0 km. From these illustrations, it is con®rmed that the
stationary pointé\g (blue dots) of events P and Q are locateet Bt 0.8 km andx D j 0.4 km, respectively. At these stationary points, the retigreen ray

paths overlay and cancel.
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Figure 15. lllustration of the construction of events (a) S (from eventsaAd Q as shown in the upper panel of F8jyand (b) 7 (from events B and P as
shown in the upper panel of Fi§) with Ag (cyan dot) aix D 0.2km andA¢ (magenta dot) ax D 0 km. From these illustrations, it is con®rmed that the
stationary pointé\g (blue dots) of events S and &re located ax D j 0.4km andx D 0.04 km, respectively. At these stationary points, the retigreen ray
paths overlay and cancel.

derivation are ful®lled. The most important assumption is that the of the iterative scheme in a medium with point scatterers. Even
desired Green's function should consist of a direct wave with a though we do not include forward scattering in the initial focusing
distinct arrival time that does not interfere with its coda. From function, we show that the scheme still works reasonably inel

a theoretical point of view, any forward-scattered event (which such a medium, which we explain in terms of the interferomet-
we de®ne as scattering in which the vertical propagatiorcdire ric interpretation that we have developed in the previous sectio
tion is not altered) should be included in the initial estimate o Once again, each step of the scheme will be evaluated individu
the focusing function (Wapenaat al. 20141, but even then the  ally. In the end, we will expose some of the consequences of not
consequences of having more than a single evefh‘ﬁjineed fur- obeying the assumptions that undergird the coupled Marahenk
ther investigation. In this section, we analyse the perforcea equations.
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Figure 16. (a) Synthetic 2-D model with three point scatterers (locatest aty andxz) in a homogeneous background with velogit 2 kmd 1 and density
D 1000 kg m 3. The black solid line denotes the acquisition surface and the magenta dot is the focakpbilthave also indicated the location of various
stationary points (blue dots). (b) Re ection response with a soure®al km at the acquisition level. Various events are labelled.
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Figure 17. (a) Downgoing Green's function. (b) Upgoing Green's function. Both gathers are common receiver gathers that have been obtained by
modelling and wave®eld decomposition. Sources are located at the acquisition level and a single receiver is depldykchatt the focusing level. The red
curves de®ne the muting times for maix

ect

5.1 The model agating this initial focusing function forward in time withethe ec-
tion response, following eq. (29) (with the initial estiméf,@ D 0).

In Fig. 18(b), we show the result of this operatid®fy;, where each
trace is obtained by stacking a correlation gather. As ameie
one such correlation gather is shown in Fig(a). The red curves
indicate the muting times that are needed for ma®ixSeveral
events have been labelled. In between the red curves, wev@nise
P, Q and U. In Fig19, we illustrate how events P and U are con-
structed (a similar schematic could be made for event Q)mFro
these schematics, we can learn that the stationary pointtrievee
these events are locatedkat (for event P) andyg (for event U). It
can be con®rmed in the correlation gathers in Fig) that events
P and U are indeed stationary at these locations. Since thestse
are in between the red curves, they represent our initial agtiof

fi (see eq. 29). Outside the curves, we ®nd events M, N, R and T.
As an illustration, we have visualized the constructionwergs M

and R in Fig19. The stationary points for these events are located at
Xgz (for event M) andkyg (for event R). Once more, these locations
can be con®rmed in the correlation gather in E&fa). Since these
events are located outside the red curves, they representitiair i
estimate ofy' (see eq. 16). By comparing Fid§(b) and17(b), it

is indeed clear that events M and N are physical upgoing t®es

The direct wave from the acquisition surface to the focal point is that have been retrieved correctly. We also observe several unla-
computed in a homogeneous background medium without point belled events that branch off from event M. These waveforms have
scatterers. The initial focusing function is obtained by time forward-scattered at andxy before scattering ad;. Deeper in the
reversing this direct wave. The iterative scheme is initiated by prop- gather, we ®nd two internal multiples. Special attentiorukhbe

In Fig. 16(a), we show a 2-D synthetic model with three point scat-
terers at locationsy, Xy and xz. These scatterers are embedded
in a homogeneous background with a velocity of 2 ki #t the
acquisition surface, a ®xed grid with 801 sources and 8@&ivers

is deployed with source and receiver spacing D 5m. The fo-
cal pointxg is chosen at 1km depth. We have indicated various
stationary points that will show up in the analysis to comg;,
XxF, Xxz, XyF, Xyz and Xgz. These stationary points are found by
intersecting the acquisition surface with lines that conirepairs
the individual locationxy, Xy, Xz andxg, where we used the fact
that the propagation velocity is constant. In Fig(b), we show a
shot record where the source is locateck&@ 0 m. The desired
downgoing and upgoing Green's functions are shown in Eig.
for reference. These responses have been obtained withellmgd
code of Galettiet al. (2013 and wave®eld decomposition (Wape-
naar & Grimbergeri996. The red curves de®ne the muting times
for matrix2 .
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5.2 Step 1: initiating the upgoing wave®elds
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Figure 18. (a) Correlation gather d’Rfﬁ]I with xg andxg both atx D 0 km. (b) Gather oRflcd with xg atx D 0km. The trace at the dashed green line is
constructed by stacking the gather in panel (a). The dadhedibes indicate the stationary phase points, xyr andxgz that can also be found in Fig6(a).
The red curves de®ne the muting times for merix
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Figure 19. lllustrations of the retrieval of events P, U, M and R. In eaelse, the time-reversed (indicated by supers®igvent H is convolved with an

event (A, D, C or E) in the re ection response. Events P and U are part of the focusing function. Event M is a physical upgoing re ectionenttfésev

an artefact. Traveltimes along red ray paths are positinereas traveltimes along green ray paths are negative. d$ted lines represent the parts of the

ray paths that overlay and are subtracted. The thick red lines (in events R and E) indicate that the path has been traversed twice. The dark téte dots indi
stationary points at the surface.

M

paid to events R and T. These are artefacts that should be suppresseefy. (30). In Fig20, we show a correlation gather and the retrieved
during higher-order iterations, as we will show in the following. gather of this operatiorR’f} . In between the red curves, we ®nd
only event S, whose origin in explained in FRl. The stationary
point of this event is located ady. In the correlation gather in
Fig. 20(a), we ®nd that event S is indeed stationary at this location.
The window matrix2 is designed such that all data outside the red Since S is the only event that is located in between the red surve
curves in Fig18(b) are muted. The resulting estiméftg,D 2 Rflcd it represents our estimate bl‘ﬁn. Outside the red curves, several
(containing events P, Q and U, but not R, M, T and N), is prop- events are situated, of which event K and J have been labelled.
agated backward in time with the re ection response, foilhav Their origin is explained in Fig21. From these schematics, we

5.3 Step 2: updating the downgoing wave®elds
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Figure 20. (a) Correlation gather d?t?f:il with xg andxg both atx D 0km. (b) Gather oR?fi with xg atx D 0km. The trace at the dashed green line is
constructed by stacking the gather in panel (a). The dasiedibes indicate the stationary pointgy andxyz that can also be found in Fig6(a). The red
curves de®ne the muting times for mafix
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Figure 21. lllustrations of the retrieval of events S?K” and J. In each case, an event (Q or P)pfis convolved with a time-reversed event’(87 or C?)
in the re ection response. Event S is part of the focusing function. Evehts’ kind J are physical (time-reversed) downgoing re ections. The dark blue dots
indicate stationary points at the surface. The yellow dots are arbitrary, since all locations at the surface are stationary.

learn that the stationary points of eventsihd J are found akyy we compare Fig20(b) with Fig. 17(a), we observe that all events
andxyz, respectively. From the correlation gather in Fif(a), it K?, 17 and J are constituents of the downgoing Green's function,
follows that these events are indeed stationary at thesgidos. retrieved with negative polarity and reversed in time. This con®rms

For event K, however, every point is stationary, as is clear from that we have retrieved an estimate jo§°’, as we expect from
the schematic in Fig21. Hence, event Kis “at in the correlation eqg. (18).

gather, as can be observed in F2g(a). Consequently, we require
contributions along the entire surface to retrieve the exact ampli-
tude of this event, posing limitations in practical casethwi®nite
recording aperture. This effect is also observed in Green'stfon When the window matri is applied to the retrieved gath@ff} ,
retrieval by seismic interferometry (Wapenagral. 2010. It ac- all data, except for event S, are muted, resulting in an et
counts for nonlinear scattering effects at a single poiattecer. If flcm (see eq. 30). To interpret this estimate, we propagate itfatw

5.4 Step 3: updating the upgoing wave®elds
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Figure 22. (a) Correlation gather delcm with xg andxg both atx D 0km. (b) Gather oRffm with xg atx D O0km. The trace at the dashed green line is
constructed by stacking the gather in panel (a). The dadbedibes indicate the stationary phase poitg andxyz that can also be found in Fig6(a). The
red curves de®ne the muting times for magrix
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Figure 23. lllustrations of the retrieval of events U, R and T. In each case, evenlfﬁntﬁ convolved with an event (A, B or C) in the re ection respens
The lowest panels illustrate that event T also emerges i®thestep of the iterative scheme, when eve?‘ubi—ffd is convolved with event F in the re ection
response. The dark blue dots indicate stationary points at the surface. The yellow dots are arbitrary, since all locations at the surface are stationary.

in time with the re ection response, asRf,. The result of this

operation is shown in Fi@2. Once again, the red curves indicate the
muting times that are needed for maRixIn between the curves, we
®nd event U, whose origin is explained in the ®rst panel of22g.

Remember that a similar event U emerged in the ®rst iteratioen

Rflcd was evaluated (see Figsb and19). Hence, the amplitude
of this event is updated whefy, is added to the initial focusing

function. Once more, itis observed that every location asthiéace
is stationary for the retrieval of event U. As a consequergent
U is at in the correlation gather, as can be seen in Riga).
Hence, retrieving the exact amplitude of this event requir@ery

large acquisition array at the surface. Outside the red curves, we
®nd events R and T. Their construction is explained in the second
and third panel of Fig23. Once more, we point out the necessity to
sample stationary pointscy (for event R) andyz (for event T) to
enable retrieval. These locations can be con®rmed in thelation
gather in Fig.22(a). Remember that event R was also retrieved in
the ®rst iteration, wheRfS; was evaluated (see Fig8(b) and19).
However, as can be seen by comparing Fi§&) and22(b), the
predicted update has its polarity reversed. Hence, thefaatt is
suppressed wheRfy, and Rf;, are added. A similar reasoning
holds for event T, which appears in the ®rst iteration, as explained
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Figure 24. (a) Estimate of the downgoing Green's function obtained by eq. (35), using the ®rst-order estihjatewastimate of the upgoing Green's

function obtained by eq. (34), using the ®rst-order estimdtﬁ.,pf
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Figure 25. (a) Synthetic 2-D model with two point scatterers (locatesyaandxy) in a homogeneous background with velogit 2kmd ! and density
%D 1000 kg m 3. The acquisition array is indicated by the black solid lievering | 1 km, 1 km]. We have also indicated the location of the focal pint
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and stationary pointsxr andxyg. Note thatxyg is covered by the acquisition array by is not. (b) Common receiver gather of the desired Green's function, é
obtained by direct modelling. Sources are located at the acquisition level and a single receiver is deployed at the focal point. Events K and J afiéadicategt

red curves de®ne the muting times for magrix

by the fourth panel of Fig23, and is updated by an event that we
explain in the third panel of Fi®23.

5.5 Green's function estimates

Finally, we can retrieve the upgoing and downgoing Greensfu
tions with egs (34) and (35). The results are shown inFgwhere

we used the retrieved (®rst-order) estimate$ oandfS . Com-
pared to the Green's functions in Fifj7 that are obtained by direct
modelling, we observe that all events such as H, K, I, J, M and N
have been retrieved. Artefacts R and T are still visible in Eitb),

but they are signi®cantly weakened compared toFi¢h) (which
would be the retrieved upgoing ®eld after a single iteration).

5.6 Limitations

As also mentioned by Wapenaairal. (2014h, the causality con-
ditions (egs 27 and 28) that were used in the derivation of tlie ¢
pled Marchenko equations are suf®cient in media with maeelgra
curved interfaces, but they are not generally true in arlyitnatero-
geneous media. In fact, these conditions can easily be breken

in relatively simple media with a few point scatterers. To illustrate
this, we repeat the previous experiment with an alternative distribu-
tion of scatterers, see Fig5(a). The acquisition array contains 401

sources and 401 receivers (with source and receiver spaciilgs

m) on the interval { 1km, 1km]. Note that stationary poimt

is covered by the acquisition array, by is not. The large offset

(1 km) between the point scatterers poses a complicatiom)ldse
illustrated. In Fig.25(b), we show the wave®eld when sources are
excited at the surface and a receiver is positioned at the [iodad.

Our goal is to retrieve this wave®eld by iterative substitution of the
coupled Marchenko equations.

In Fig. 26(a), we show the result of the ®rst slﬁplcd, using
data from this model. Events P and Q have been labelled. Their
construction is explained in the upper two panels of FigSince
both scatterers are located at the same depth (0.5 km), wetexpe
these events to be similar in terms of their amplitude and nooie-
However, event P is signi®cantly weaker and appears to b#lglig
mispositioned with respect to event Q. This mismatch can easily be
explained from the fact that stationary poig, which is needed for
the construction of event P, has not been sampled, as caneadsen
in Fig. 27. Because of the ®nite acquisition array, we have truncated
the integral that is evaluated B3fS, and what has been labelled
as event P in Fig26(a) is merely an artefact from this truncation.
Similar artefacts are also known in seismic interferometry and have
been well described in the literature (Meletzal. 2009. To reduce
such artefacts, the acquisition array can be tapered, but event P will
be lost. On the contrary, event Q can still be retrieved well, since
XyE is covered by the acquisition array.
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Figure 26. (a) Gather oinlcd. Events P, Q and U are indicated. (b) Retrieved Green's function after two iterations (the upgoing and downgoing parts have
been added together). Events U and K are indicated. The red curves de®ne the muting times far.matrix
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Figure 27. lllustrations of the retrieval of events P, Q and U during step 1. In each case, the time-reversed (indicated by si@ensenipit! is convolved

with an event in the re”ection response. In the lowest panels, we illustrate how the time-reversed downgoirigveweldtide constructed during step 2. Since

the stationary poinkxg is not covered by the acquisition array (which is indicated by the solid black line) and event P is poorly retrieved during step 1, this
construction cannot be realized.

We also focus our attention to event U that clearly intersects the traveltime fromxy to the focal point from the traveltime from
with the lower red curve in Fig26(a), representing the muting time  the surface toy via xx. Sincexy has a signi®cant lateral separation
for matrix 2 that should be applied to this gather to retrieve the from xy, the traveltime of event U (0.75 s &tD Okm) exceeds
initial estimate off] . Because of this intersection, the tail of event the traveltime of the direct wave (0.5 sxaDb 0km). Hence, event
U is removed by the window matrix, even though it is part of the U maps partly below the red curvexaD 0km (and various other
upgoing focusing function. Besides from not being able to recover surface locations) in Fig26(a), thereby violating eq. (28). Even
the complete focusing function, the tail of U will create atefactin though the consequence of this type of imperfection needseurt
the estimate off , since it maps outside the red curves. This artefact investigation, it is clear that the exact Green's functiammot be
will not be removed during higher-order iterations. To understand retrieved by the current iterative scheme in this case.
this problem, we study the way in which event U is constructed,  Toillustrate these limitations, we have retrieved the Green's func-
which s illustrated in Fig27. This construction involves subtracting  tion (after evaluation of steps 1 and 2). The total Green&fion



contribute to the retrieval of any physical upgoing event. Therefore,
26(b). Comparing this result with Fi@5(b), we observe all physical upgoing events are retrieved by the action® ain

that various events have been retrieved well. However, se ath- the initial focusing function, which happens at the ®rstaiien.
serve the truncated tail of event U, which was part of theeesd Since the only role of the later iterations is the eliminatidude-
upgoing Green's function. Event J, which appears in Bhib), is facts, the individual terms in eq. (36) can be summed adaptivel
absent in Fig26(b). This can be understood from Fig7, where while posing a minimum-energy criterion on the upgoing Gtee
we show that event P is required for the retrieval of this eaerl functiong’ ®. In free-surface multiple elimination, similar adaptive

that stationary poirntyr should be covered by the acquisition array. ®lters have proven to be of great help in matching predictedts
Since event P is poorly reconstructed argis missed again, event  (multiples) to ®eld observations (Verschuur & Berkht@®7). Ap-

Jis not (or barely) visible in the result. We also point at event K in plications of adaptive ®lters for retrieval of the upgoinave®eld
Fig 26(b), being the wave®eld that forward-scatterexiehrough have been presented by Van der Netal. (20153, using synthetic

a similar mechanism as explained in R2d.(for a different model). data, and by Van der Neet al. (20158, using ®eld data. In both
Since every point at the surface is stationary for this opmrand cases, artefacts of internal multiples could be adaptivédyraated

the acquisition array has been truncated, the amplitudesoitévis from conventional seismic images. Care should be taken, thoug
relatively small. As mentioned earlier, the forward-sestl wave- since the minimum-energy criterion is not always satis®ednwh
®eld (including event K) is a constituent of the direct wavd®el different events are interfering. This is also a common problem in
under our current de®nition. Hence, it should have beended free-surface multiple elimination (Van Borselenal. 2003.

in the computation of the initial focusing function, whichshaot A more fundamental limitation of the current iterative scleem
been done in this example. The exact consequences of thasioio is that the causality conditions that lay at its core canlydms
require further research. broken. From our observations in media with point scatterers, we

note that the apices of most events in the upgoing focusing fumecti
are located in between the red curves, while another parteskth
events maps outside these curves. Hence, it may be worthwhile t
investigate if window matri2 could be replaced by an alternative
In this paper, we have demonstrated how individual eventsén th ®lter, potentially in a domain where the separation of the uqugoi
upgoing and downgoing Green's functions are retrievedédnative focusing function and Green's function is more pronounced.
substitution of the coupled Marchenko equations. This demonstra-  Our observations have important consequences for imaging ing

tion provides us a better understanding of this methodokyy complex media. Depending on the recording geometry, Gseen' S

6 DISCUSSION
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event U in the upper panel of Fi@3, every point at the surface  artefacts in depth imaging and inversion, see also Vascoseehl.

is stationary. Hence, exact amplitudes of this event canrriaze (2014h.

retrieved with a ®nite recording aperture. Also seismic attenuation, Another point of attention is that accurate preprocessinglsho

which is not accounted for in Marchenko redatuming, is likely t  be carried out before the iterative scheme can be applieth Da ©

cause mismatch in the updates of the focusing functions aeel should be deghosted at the source and receiver side, free-surfac§

functions, when the iterative scheme is applied in practice. multiples should be removed, the source signature shoulddmd o
To overcome some of these practical limitations, we mayldgve  volved and the amplitudes should be accurately scaled. Failgle

an adaptive scheme, where we enforce retrieved events whmat on this scaling, see Wapenaaral. (20140 and Van der Neugt al.

Here, it is important to realize that the upgoing and downgoing (2015h. To ful®l all these requirements, we could use the output

constituents of the Green's function are retrieved in a fundamen- of inversion-based methods that are sometimes appliedréer f

«
its limitations. As in seismic interferometry (Schusg409, the function retrieval can be incomplete as particular mudtplvill =
evaluated integrals contain stationary points that shoushbeled simply not be retrieved. From our interferometric interpretation, =
by the acquisition array at the surface in order to retrievéqadar we can learn that to retrieve an event that arrives at focaltpoin %
events of the focusing functions and Green's functions. Successful xg with ray parametep, this focal point should be visited by the g
retrieval is not always guaranteed. As an example, we poititeat ~ direct wave®eld with this speci®c ray parameter. Hencegins 2
retrieval of event S, as illustrated in the upper panel of Bif. virtually impossible to image shadow zones in the subsurface with o
From this schematic, it is clear that stationary poig} (which the current iterative scheme, given that the shadow zoneotan :é
we de®ned in Figl6a) should be sampled. ¥ andxy would be be imaged with primary re ections under a particular reauogd Q
located at the same depth level, this stationary point woodgh geometry. However, within the aperture of the direct wave®edd 2
at in®nity, obstructing the accurate retrieval of event 8earany can retrieve internal multiples. This correct handling ailtiple 9
practical condition. In other cases, such as for the coastmu of scattering is highly relevant to improve amplitudes and toawsn ®

g

tally different way. For the downgoing Green's function, ditygle surface multiple removal. We mention the Up/Down Deconvofut
updates of physical events are generated at every iterasahus- method of Amundseet al. (2002, its implementation for towed-
trated by Brogginet al.(20148. For the upgoing Green's function,  streamer data (Majdanskt al. 2011 and estimation of primaries
however, all physical events are retrieved with the coresapli- by sparse inversion (Van Groenestijn & Versch@@09 Lin &
tude at the ®rst iteration, whereas later iterations hawhey role Herrmann2013. Unlike in the conventional surface-related mul-
than to eliminate artefacts. This statement can be validagetie tiple elimination methodology (Verschuet al. 1992, the source

following arguments. To retrieve a physical upgoing event X from signature is deconvolved by these methods and the appropriate scal-
event Y in the re ection response, event Y should be progabat ing of the output re ection response (as required by our s&)em
backward in time by an event Z in the focusing function. To facili- is guaranteed. To avoid such sophisticated preprocessing, we may
tate this, event Z should have a traveltime that is less or equal to thealso rely on an adaptive Marchenko redatuming scheme (Van de
traveltime of the time-reversed direct wave (which is the minimum Neutet al. 20153, where we enforce the data to match within a
time to traverse the overburden). Since eq. (27) states that all eventgarticular degree of freedom that is controlled by the aslagfiter

in f& appear after the time-reversed direct wave, they can never length.



20143. Based on the previous observations, limitations
are to be expected in cases with steeply dipping structurgsss!
the relevant high ray parameters are included in the initiaisec
ing functions. However, at this point it is unclear how the sobe
will behave when the initial focusing functions contain eigethat
propagate close to horizontal or even upgoing arrivals divéng

underlying integrals. In this way, the retrieval of individual events
can be visualized.

From this interpretation, it follows that the downgoing amg
going Green's functions are retrieved in a fundamentalfiedint
way. For the downgoing Green's function, the amplitudes gfsph
ical events are updated at every iteration. For the upgoiegiEs
function, all physical events are retrieved with correcpitudes at
the ®rstiteration. Later iterations, however, are required to eliminate

waves). For these reasons, more research is required in media withartefacts. To retrieve a speci®c down- or upgoing eventicp&ar

strong velocity variations, including media with triplications. It is
worth mentioning that good results have been reported byeWap
naaret al. (2014b on applying the iterative scheme with an initial
focusing function that includes triplications.

Especially modern nonlinear imaging methods that go beyond

stationary points should be sampled at the surface. For suergs,
every surface location is stationary. This poses limitatitmwhat
can be retrieved and to the amplitude recovery of parti@iants in
case of a ®nite recording aperture. Moreover, to retrieve amiait
multiple at a particular subsurface location with a pattcuay pa-

the classical single-scattering assumption (also known as the Bornrameter, the direct wave®eld should visit this speci®c location with

approximation) are likely to bene®t from the retrieval of Green's

functions through the coupled Marchenko equations. These meth-
ods often require the computation of multiply scattered wave®elds,

either through multiple interactions with a model of the nuedper-
turbations (Malcolmet al. 2011, Fleury 2013 or by constructing
these wave®elds in a recursive manner (BerkB0wL2 Davydenko

& Verschuur2014). Since the coupled Marchenko equations provide
a linear map between the initial focusing function in a backgtbu
model and the multiply scattered wave®elds in the physitdzdis-
face, they may be an attractive alternative for these coatiouis. As
the wave®eld can be estimated at any focal point indepdpdést
Marchenko equations seem especially interesting fortamgented
approaches. The Marchenko equations can also be usefuldin ob
a re ection response at the bottom of a seismic (sub)volume to
turn recorded data with one-sided illumination into new dait
two-sided illumination. Such an attempt could be highheveit

for nonlinear imaging, since a lack of illumination from bef is
known to limit its potential (Fleury & Vasconceld12 Ravasi

et al. 2014). To obtain re ection responses from below, we could
either invert eq. (12) at a single focusing level (Waperetaal.

this speci®c ray parameter. Finally, it is observed that theataus
ity criteria that undergird the Marchenko equations are noays
obeyed in complex media, which can lead to artefacts in the re-
trieved Green's functions. Despite these limitations, the Marchenko
methodology can be highly relevant for handling multiplatsering

in depth imaging and several encouraging results of thiscambr
have been presented recently.
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7 CONCLUSIONS

Inverse wave®eld extrapolation can be interpreted asiagglynul-
tidimensional ®lter of time-reversed Green's functions to seismic
re ection data. These time-reversed Green's functions are typically
computed in a macro velocity model and can be interpretedtéa in
focusing functions. Scattering is not accounted for by thjgraach.

Inverse wave®eld extrapolation can also be interpreted as applying g

multidimensional ®lter of re ection data to an initial focugifunc-
tion. This ®lter propagates the initial focusing function forward in
time with the re ection response. In Green's function il by it-
erative substitution of the coupled Marchenko equatiotettering
effects are taken into account by applying a more complicatest

to the initial focusing function. This ®lter involves a lineambi-
nation of several successive operations that include gaipsy the
wave®eld forward in time with the re ection response, truncating it
to impose particular causality criteria and propagatingaitkward

in time with the re ection response. Separate ®lters caref@mdd
for the upgoing and downgoing Green's functions. Each ofmarat
that involves propagation (forward or backward in time) with the

re ection response can be interpreted as a multidimensional cross-
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