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Reflection and transmission of waves at a
fluid/porous-medium interface

Arthur I. M. Denneman∗, Guy G. Drijkoningen∗,
David M. J. Smeulders∗, and Kees Wapenaar∗

ABSTRACT

We study the wave properties at a fluid/porous-
medium interface by using newly derived closed-form
expressions for the reflection and transmission coeffi-
cients. We illustrate the usefulness of these relatively
simple expressions by applying them to a water/porous-
medium interface (with open-pore or sealed-pore boun-
dary conditions), where the porous medium consists of
(1) a water-saturated clay/silt layer, (2) a water-saturated
sand layer, (3) an air-filled clay/silt layer, or (4) an air-
filled sand layer. We observe in the frequency range
5 Hz–20 kHz that the fast P-wave and S-wave velocities
in the four porous materials are indistinguishable from
the corresponding frequency-independent ones calcu-
lated using Gassmann relations. Consequently, for these
frequencies we would expect the reflection and trans-
mission coefficients for the four water/porous-medium
interfaces to be similar to the ones for corresponding in-
terfaces between water and effective elastic media (de-
scribed by Gassmann wave velocities). This expectation
is not fulfilled in the case of an interface between water
and an air-filled porous layer with open pores. A close ex-
amination of the expressions for the reflection and trans-
mission coefficients shows that this unexpected result is
because of the large density difference between water
and air.

INTRODUCTION

According to Biot’s theory (1956a,b), three different types
of waves may propagate through an isotropic, homogeneous
porous material: a fast P-wave, a slow P-wave, and an S-wave.
The strong predictive power of Biot’s theory has been con-
firmed extensively in many experiments performed during the
past forty years. For instance, the slow P-wave is not only ob-
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served at ultrasonic frequencies in synthetic materials [sintered
glass beads (Plona, 1980)] but also in natural air-filled sand-
stone (Nagy et al., 1990) and in natural water-saturated sand-
stone (Kelder and Smeulders, 1997). These slow P-waves are
generated at a fluid/porous-medium interface with open-pore
boundary conditions; actually, experimental results of Rasolo-
fosaon (1988) show that it is hard to generate slow P-waves in
sealed-pore boundary conditions.

At a fluid/porous-medium interface, an incident P-wave in
the fluid is converted simultaneously into a reflected P-wave,
a transmitted fast P-wave, a transmitted slow P-wave, and
a transmitted S-wave. For normal incidence the correspond-
ing reflection and transmission coefficients were obtained by
Geertsma and Smit (1961) and Deresiewicz and Rice (1964);
a summary of their results is found in Bourbié et al. (1987).
For the more complicated case of oblique incidence, Wu et al.
(1990) present results focusing on the dependency of the re-
flection and transmission coefficients on the specific type of
boundary conditions (open or sealed pores); in fact, their
work [based upon initial work of Feng and Johnson (1983a,b)]
confirms Rasolofosaon’s (1988) observation. Similar results
for the fluid/porous-medium interface have been obtained by
Santos et al. (1992), Albert (1993), and Cieszko and Kubik
(1998). The results of Santos et al. (1992) show clearly the
frequency dependency of the reflection and transmission co-
efficients; Albert (1993) considers two interfaces, the air/air-
filled porous medium and the water/water-saturated porous
medium. Cieszko and Kubik (1998) consider a porous medium
with a skeleton consisting of incompressible material. Interest-
ing results can also be found in Kelder (1998) and Rasolofosaon
and Coussy (1985a,b; 1986).

To calculate the reflection and transmission coefficients for
an interface between a fluid and a porous medium, we use
the boundary conditions of Deresiewicz and Skalak (1963).
These boundary conditions lead to a set of four linear equations
with the reflection and transmission coefficients as the four
unknowns. Closed-form expressions for these coefficients can
be obtained straightforwardly by applying Cramer’s rule (each

282

cwapenaar
Text Box
corrections at the end of this document



Waves at Fluid/Porous-Medium Interface 283

coefficient is then equal to the ratio of two determinants of two
different 4× 4 matrices). However, for oblique incidence the
resulting closed-form expressions are quite complicated (Feng
and Johnson, 1983b; Wu et al., 1990; Kelder, 1998). Because
of this complexity, it is rather difficult to acquire good physi-
cal insight into the dependencies of these coefficients on the
many measurable quantities defining the fluid/porous-medium
interface.

Denneman et al. [sealed pores (2000); open pores (2001)]
show that it is possible to derive simplified expressions for the
reflection and transmission coefficients if one assume that both
the porous skeleton and the pore fluid are much more com-
pressible than the skeletal solid grains themselves. This rigid-
grain approximation appears to be quite good in many practical
cases. However, for low-porosity rocks one should not use this
approximation, since for this kind of materials the two bulk
moduli associated with the porous skeleton and the skeletal
solid grains are more or less equal to each other.

The usefulness of these rigid-grain expressions for the reflec-
tion and transmission coefficients is illustrated in this paper by
applying them to a water/porous-medium interface. Four dif-
ferent types of porous materials are distinguished: (1) a water-
saturated clay/silt layer, (2) a water-saturated sand layer, (3)
an air-filled clay/silt layer, and (4) an air-filled sand layer. The
results might be useful for (near) surface seismics (5–200 Hz),
crosswell tomography (200–2000 Hz), and sonic wireline log-
ging (2–20 kHz).

In this paper we first discuss the wave velocities in a fluid
and a porous material. We then present the closed-form ex-
pressions for the reflection and transmission coefficients for
a fluid/porous-medium interface as obtained by Denneman
et al. [sealed pores (2000); open pores (2001)]. These expres-
sions are used to calculate the reflection and transmission co-
efficients for an interface between water and a water-saturated
porous layer. Finally, we present the results for an interface
between water and an air-filled porous layer. For convenience
Table 1 contains a list of symbols used throughout this paper.

WAVE VELOCITIES IN A FLUID AND A POROUS MATERIAL

We first consider the simple case of wave propagation
through an inviscid fluid. The propagation velocity of a P-wave
in fluid (c) is given by

c =
√

K

ρ
, (1)

where K and ρ are the bulk modulus and density of the fluid,
respectively. The pressure P in a fluid can be calculated by
using P=−K∇ · U (for plane waves; the expression for the
fluid wave displacement U can be found in Appendix A). In an
inviscid fluid the shear modulus is zero; consequently, S-waves
cannot propagate through an inviscid fluid.

In the classic papers of Biot (1956a,b), pore fluid pressure
Pf is given by

Pf = −Q

φ
∇ ·Us − R

φ
∇ ·U f . (2)

The forces acting on the solid portions of a unit cube of porous
material is denoted by the stress tensor τ as

Table 1. Glossary of symbols.

Symbol Meaning

a0, a1, a2 Parameters needed to calculate the
velocities cS, cP1, and cP2

c P-wave velocity in fluid
cS, cP1, cP2 Velocity of S-wave, fast P-wave, and slow

P-wave in a porous medium
f , ω, fc, ωc Frequency with f = ω/2π and roll-over

frequency with fc = ωc/2π
k0, φ Steady-state permeability and porosity

of a porous medium
p, p0 Horizontal slowness; denominator of RF

is zero for p = p0
q, qP1, qP2, qS Vertical slowness of P-wave in fluid and

of waves in a porous medium
x, z Coordinates in x-z plane (z < 0: fluid;

z > 0: porous medium)
A, Q, R Generalized elastic coefficients for a

porous medium
AI , AR Wave amplitudes of the incident and

reflected P-wave in a fluid
AP1, AP2, AS Wave amplitudes of the transmitted

waves in a porous medium
GP1, GP2, GS Factors needed to calculate displacement

U f from displacement Us
G, Kb Shear modulus and jacketed bulk

modulus of a porous medium
K , K f Bulk modulus of fluid and pore fluid
K p, KP1, KP2 K p = Kb + 4

3 G, KP1 = K p + ρ f ξ
2
P1, and

KP2 = K p − ρ f ξ
2
P2

Ks Bulk modulus of skeletal grains in a
porous medium

P, Pf Fluid pressure and pore-fluid pressure
RF , T P1, T P2, T S Reflection and transmission coefficients
R1 + R2, R3 + R4 Surface-wave denominator for sealed

pores and open pores
T Surface flow impedance (sealed pores:

T → ∞; open pores: T = 0)
U, U f , Us Wave displacement of fluid, pore fluid,

and skeletal grains
α, α∞ Drag coefficient and tortuosity of a

porous medium
γ , ξP1, ξP2 A useful parameter and two modified

wave speeds
δ Unit tensor
η Steady-state shear viscosity of a pore fluid
θ , θc Incident angle and critical incident angle
ρ, ρ f , ρs Fluid density, pore-fluid density, and

skeletal grains density
ρ11, ρ22, ρ12 Biot density terms
τ Stress tensor related to the solid portions

of a porous material
11, . . . , 18 Eight parameters similar to the

Rayleigh-wave denominator

τ = G
[
∇Us + (∇Us)T

]+ A(∇ ·Us)δ + Q(∇ ·U f )δ,

(3)

where δ is a unit tensor.
In equations (2) and (3) the vectors U f and Us are the wave

displacements of the pore fluid and the solid material making
up the skeleton, respectively (for plane waves, see Appendix A
for the expressions for the displacements U f and Us). The
generalized elastic coefficients A, Q, and R in equations (2)
and (3) are related to the measurable quantities φ, G, Ks, K f ,
and Kb as shown in Appendix A. Here, φ is the porosity, G
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the shear modulus, Ks the skeletal grain bulk modulus, K f the
pore-fluid bulk modulus, and Kb the jacketed bulk modulus of
the porous material [or dry frame bulk modulus Kdry as defined
in Mavko et al. (1998)].

Biot (1956a,b) ascertained that three different waves may
propagate in an isotropic, homogeneous, porous material: a
fast P-wave, a slow P-wave, and an S-wave. According to Biot’s
theory, the S-wave velocity is given by

cS =
√

Gρ22

a0
with a0 = ρ11ρ22 − ρ2

12, (4)

where the density terms ρ11, ρ22, and ρ12 are defined as

ρ11 = (1− φ)ρs − ρ12, ρ22 = φρ f − ρ12,

ρ12 = −(α − 1)φρ f , (5)

where ρ f and ρs are the densities of the pore fluid and the
solid material making up the skeleton, respectively. According
to Johnson et al. (1987), the complex-valued drag coefficient α
for a fluid-saturated porous material is defined as

α = α∞
(

1− j
ωc

ω

√
1+ j

1
2
ω

ωc

)
with ωc = ηφ

k0ρ f α∞
,

(6)

where α∞ is the tortuosity (α∞ ≥ 1), ω the angular frequency,
k0 the steady-state permeability, and η the steady-state shear
viscosity. For low frequencies ω/ωc, the interaction between
the grains and the pore fluid, is dominated by viscous effects;
for high frequencies, ω/ωc is dominated by inertial effects. At
roll-over frequency ωc the viscous and inertial effects are of
comparable magnitude.

According to Biot’s theory, the fast P-wave velocity cP1 and
slow P-wave velocity cP2 are given by

c2
P1 =

a1 +
√

a2
1 − 4a0a2

2a0
, c2

P2 =
a1 −

√
a2

1 − 4a0a2

2a0
,

(7)
where parameter a0 is defined in equation (4) and where a1 and
a2 are defined as

a1 = Rρ11 − 2Qρ12 + (A+ 2G)ρ22,

a2 = R(A+ 2G)− Q2, (8)

with R> 0, A+ 2G> 0, and a2 > 0.

REFLECTION AND TRANSMISSION COEFFICIENTS

At a fluid/porous-medium interface an incident P-wave in
the fluid is converted simultaneously into a reflected P-wave,
a transmitted fast P-wave, a transmitted slow P-wave, and a
transmitted S-wave. The corresponding reflection and trans-
mission coefficients RF , T P1, T P2, and T S are related to the
wave amplitudes AI , AR, AP1, AP2, and AS [see equations (A-1),
(A-2), (A-4), and (A-5)] as follows:

RF = AR

AI
, T P1 = AP1

AI
, T P2 = AP2

AI
, T S = AS

AI
.

(9)

To find RF , T P1, T P2, and T S, we use the same boundary
conditions for the fluid/porous-medium interface as used by
Deresiewicz and Skalak (1963) [see also Bourbié et al. (1987)
and Gurevich and Schoenberg (1999)]. Hence, at the boundary
z= 0,

Uz = φU f,z+ (1− φ)Us,z, −P = −φPf + τzz, (10)

P = Pf + jωTφ(U f,z−Us,z), 0 = τxz, (11)

where Uz, U f,z, and Us,z are the z-components of the fluid dis-
placement, pore-fluid displacement, and skeletal grains dis-
placement, respectively. The fluid pressure P can be calcu-
lated by using P=−K∇ ·U. The pore-fluid pressure Pf and
the components of stress tensor τ (i.e., τxz and τzz) can be cal-
culated by using equations (2) and (3).

The parameter T in equation (11) is the surface flow
impedance; two limiting cases are of special interest: T = 0 and
T→∞. The open-pore case T = 0 implies free flow of fluid
across the fluid/porous-medium interface. Substituting T = 0 in
equation (11) leads to P= Pf . For the sealed-pore case T→∞,
there is no fluid flow across the fluid/porous-medium interface.
Substituting T→∞ in equation (11) leads to U f,z=Us,z [=Uz

by equation (10)].
It is not difficult to show that the boundary conditions given

in equations (10) and (11) lead to a set of four linear equa-
tions with the coefficients RF , T P1, T P2, and T S as the four
unknowns. To acquire physical insight in the computed coeffi-
cients, closed-form expressions for RF , T P1, T P2, and T S have
been derived, assuming the skeletal grains are rigid. We only
present the closed-form expressions belonging to the two lim-
iting cases T = 0 and T→∞; unfortunately, for the intermedi-
ate cases we were only able to derive closed-form expressions,
which are extremely complicated.

For the sealed-pore case (T→∞) the rigid-grain approxi-
mation leads to (Denneman et al., 2000)

RF = R1 − R2

R1 + R2
, (12)

where R1 and R2 are defined as

R1 = 11 + γ12, (13)

R2 = ρ

4qGc2
S

(qP1 + γqP2). (14)

Here, the vertical slownesses q, qP1, and qP2 and the parameters
γ,11, and12 are defined in Appendices A and B, respectively.
The corresponding transmission coefficients T P1, T P2, and T S

are given by

T P1 = −ρ/G

R1 + R2

(
p2 − K P1

2Gc2
P1

)
, (15)

T P2 = −γρ/G

R1 + R2

(
p2 − K P2

2Gc2
P2

)
, (16)

T S = 4pqc2
SR2

R1 + R2
, (17)

where the horizontal slowness p and the effective moduli K P1

and K P2 are defined in Appendices A and B, respectively.
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For rigid skeletal grains and open pores (T = 0), the reflec-
tion coefficient RF is given by (Denneman et al., 2001)

RF = R3 − R4

R3 + R4
, (18)

where R3 and R4 are defined as

R3 = 13 + γqP214

qP1
, (19)

R4 = φρqP2

αρ f q
(15 + γ16). (20)

The parameters13,14,15, and16 are defined in Appendix B.
The corresponding transmission coefficients T P1, T P2, and T S

are given by

T P1 = 218

R3 + R4
, (21)

T P2 = −217

R3 + R4
, (22)

T S = 2p(qP217 − qP118)
R3 + R4

(
p2 − 1

2c2
S

)−1

, (23)

where the parameters 17 and 18 are defined in Appendix B.

INTERFACE BETWEEN WATER AND A WATER-SATURATED
POROUS MEDIUM

We illustrate the results obtained by applying them to the
case of an interface between water and a water-saturated
porous medium. Using core and log data obtained from a shal-
low borehole near Huesca, Spain, we distinguish two differ-
ent types of porous media: a water-saturated clay/silt layer
and a water-saturated sand layer. The parameters defining
these two media are shown in Table 2. The (pore) fluid is
water, characterized by η= 0.001 Pa·s, ρ= ρ f = 1000 kg m−3,
and K = K f = 2.22 GPa.

The fast P-wave velocity, the slow P-wave velocity, and the
S-wave velocity can be calculated by using the expressions
for cS, cP1, and cP2 given by equations (4) and (7). In gen-
eral, the wave velocities cP1, cP2, and cS are complex valued.
The phase velocities are given by [Re(c−1

P1)]−1, [Re(c−1
P2)]−1,

and [Re(c−1
S )]−1; the corresponding attenuations are defined

as Im(−ω/cP1), Im(−ω/cP2), and Im(−ω/cS). The results for
the water-saturated clay/silt layer and the water-saturated sand
layer are shown in Figures 1 and 2.

In both figures one observes

1) the fast P-wave velocity and S-wave velocity are weakly
dependent on frequency f ,

2) the slow P-wave velocity is strongly dependent on fre-
quency f ,

Table 2. Parameters for a clay/silt layer and a sand layer (obtained from a shallow borehole): porosity, φ; skeletal grains density,
ρs; skeletal grain bulk modulus, Ks; jacketed bulk modulus, Kb; shear modulus, G; steady-state permeability, k0; and tortuosity,
α∞. Both porous layers are below the water table and are therefore water saturated.

φ ρs (kg m−3) Ks (GPa) Kb (GPa) G (GPa) k0 (10−12 m2) α∞

Clay/silt 0.18 2840 30 3.0 4.1 0.007 1.0
Sand 0.24 2760 40 5.8 3.4 0.390 2.3

3) the roll-over frequency fc is high compared to the fre-
quencies used in (near) surface seismics, crosswell tomog-
raphy, and sonic wireline logging (these techniques are in
the frequency range 5 Hz–20 kHz, while fc is 4.1 MHz and
43 kHz for the clay/silt layer and sand layer, respectively),
and

4) for the frequency domain 5 Hz–20 kHz the slow P-wave
is strongly attenuated and has a low phase velocity.

We further note that the fast P-wave in the clay/silt layer is
much more attenuated than the one in the sand layer. On the
other hand, for rather low frequencies the S-wave in the sand
layer is much more attenuated than the one in the clay/silt layer.

The reflection and transmission coefficients RF , T P1, T P2,
and T S for the water/porous-layer interfaces are calculated

FIG.1. Water-saturated clay/silt layer; phase velocity and atten-
uation of fast P-wave, S-wave, and slow P-wave. The roll-over
frequency is fc=ωc/2π = 4.1 MHz.
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by using equations (12) and (15)–(17) in the case of sealed
pores and by using equations (18) and (21)–(23) in the case of
open pores. Note that Ks is much larger than Kb and K f (see
Table 2), which justifies the use of the rigid-grain approxima-
tion. Nevertheless, this approximation introduces a small error
in the calculated values of RF , T P1, T P2, and T S. However, for
our purpose this error is negligible, since an exact calculation
would not change our remarks/observations in the remainder
of this section.

The seismic and wireline techniques mentioned before are in
the frequency range 5 Hz–20 kHz; consequently, we calculate
RF , T P1, T P2, and T S for the frequencies 10 Hz and 10 kHz. The
results obtained for an interface between water and a water-
saturated clay/silt layer are shown in Figure 3. The results for
an interface between water and a water-saturated sand layer
are shown in Figure 4. We have omitted the results for the
transmission coefficient T P2 in Figures 3 and 4, since |T P2| is
much smaller than |RF |, |T P1|, and |T S|. Note that the results
given in Figures 3 and 4 can easily be transformed into figures
showing |RF |, |T P1|, and |T S| as a function of incident angle θ
by using the relation θ = arcsin(pc) for the domain |pc| ≤ 1.

One observes in Figures 3 and 4 that for f = 10 Hz the re-
flection and transmission coefficients are independent of the
specific type of boundary conditions. This result is consistent

FIG. 2. Water-saturated sand layer; phase velocity and attenu-
ation of fast P-wave, S-wave, and slow P-wave. The roll-over
frequency is fc=ωc/2π = 43 kHz.

with the observation that the roll-over frequencies fc for the
water-saturated clay/silt layer and the water-saturated sand
layer are much higher than 10 Hz (clay/silt layer: fc= 4.1 MHz;
sand layer: fc= 43 kHz). That is, for a sufficiently low fre-
quency the water/porous-medium interface is similar to an
interface between water and an effective elastic medium de-
scribed by Gassmann wave velocities (Gassmann, 1951; White,
1983; Schön, 1996). Consequently, for f → 0 the slow P-wave
disappears and the coefficients RF , T P1, and T S are equal to
those for a fluid/elastic-medium interface (de Hoop and van
der Hijden, 1983); hence, for f → 0 there is no dependency on
the specific type of boundary conditions.

In the case of a clay/silt layer, the roll-over frequency
fc= 4.1 MHz is still much higher than 10 kHz; so one observes
in Figure 3 that the coefficients RF , T P1, and T S are also for
f = 10 kHz, independent of the specific type of boundary con-
ditions. On the other hand, for the sand layer the roll-over
frequency fc= 43 kHz is not much higher than 10 kHz, which
for f = 10 kHz results in a difference between the open-pore
and sealed-pore results (Figure 4). These results are consistent
with the fact that the steady-state permeability k0 in the sand
layer is roughly 50 times higher than the one in the clay/silt
layer, i.e., the higher the permeability, the larger the amount
of water flow across the interface with open pores, which leads
to a larger difference between the open-pore and sealed-pore
results.

Three clear discontinuities can be observed in all the plots
shown in Figures 3 and 4, i.e., for the clay/silt layer at pc≈ 0.52,
pc= 1, and pc≈ 1.17 and for the sand layer at pc≈ 0.52, pc= 1,
and pc≈ 1.25. The first discontinuity at pc≈ 0.52 is associated
with the critical incident angle θc≈ arcsin(0.52)≈ 35◦ at which
the transmitted fast P-wave becomes evanescent. The next

FIG. 3. Reflection/transmission at the interface between water
and water-saturated clay/silt layer using the rigid-grain approx-
imation. Solid and dashed lines overlap for the most part.
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discontinuity at pc= 1 is associated with the maximum incident
angle θ = 90◦ (for pc> 1 the incident and reflected P-waves are
evanescent). At the third discontinuity (pc≈ 1.17 for clay/silt
and pc≈ 1.25 for sand) the S-wave in the porous medium be-
comes evanescent.

In Figures 3 and 4 one also observes that the reflection and
transmission coefficients are very large for pc≈ 1.36 (clay/silt
layer) and 1.43 (sand layer). These two pcvalues are associated
with the surface wave traveling along the fluid/porous-medium
interface. Actually, ignoring damping, the surface-wave veloc-
ity is equal to the reciprocal of the horizontal slowness p for
which the reflection and transmission coefficients are maxi-
mum. Thus, the surface wave traveling along the interface be-
tween water and a water-saturated clay/silt layer is 5% faster
than the wave traveling along the water/sand-layer interface.

The surface-wave velocity can also be obtained as follows:
Find the horizontal slowness p= p0 for which the denomina-
tor of RF is zero. For the sealed-pore and open-pore cases the
denominator of RF is equal to R1+ R2 and R3+ R4, respec-
tively [see equations (12)–(14) and (18)–(20)]. However, the
obtained p= p0, for which R1+ R2= 0 or R3+ R4= 0 might
be complex valued (the imaginary part of this p0 is much
smaller than the real part of this p0). In general, [Re(p0)]−1

is the surface-wave velocity, whereas its attenuation is given by
Im(−p0ω).

FIG. 4. Reflection/transmission at the interface between wa-
ter and water-saturated sand layer using the rigid-grain
approximation.

Table 3. Parameters for a clay/silt layer and a sand layer (obtained from a shallow borehole): porosity, φ; skeletal grains density,
ρs; skeletal grain bulk modulus, Ks; jacketed bulk modulus, Kb; shear modulus, G; steady-state permeability, k0; and tortuosity,
α∞. Both porous layers are above the water table and are therefore air filled.

φ ρs (kg m−3) Ks (GPa) Kb (GPa) G (GPa) k0 (10−12 m2) α∞

Clay/silt 0.21 2840 30 3.0 4.1 0.035 1.0
Sand 0.26 2760 40 5.8 3.4 0.950 2.3

INTERFACE BETWEEN WATER AND AN AIR-FILLED
POROUS MEDIUM

In this section we consider an interface between water and
an air-filled porous medium (instead of a water-saturated one).
Analogously to the previous section we use core and log data
obtained from a shallow borehole near Huesca, Spain, and we
distinguish two different types of porous media: an air-filled
clay/silt layer and an air-filled sand layer. The parameters defin-
ing these two media are shown in Table 3. The pore fluid is air,
and it is characterized by ρ f = 1.2 kg m−3, K f = 0.1 MPa, and
η= 1.82 10−5 Pa·s.

The phase velocities and attenuations of the fast P-wave,
slow P-wave, and S-wave in the air-filled clay/silt layer and
air-filled sand layer are shown in Figures 5 and 6. The velocities
of the fast and slow P-wave in the air-filled porous media are
much lower than the ones in water-saturated porous media

FIG. 5. Air-filled clay/silt layer; phase velocity and attenuation
of fast P-wave, S-wave, and slow P-wave. The roll-over fre-
quency is fc=ωc/2π = 14.5 MHz.
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(as shown in Figures 3 and 4). Also, in the air-filled porous
medium the attenuations of the fast P-wave and S-wave are
more or less the same; in the water-saturated porous medium
the S-wave is much more attenuated than the fast P-wave.

The reflection and transmission coefficients RF , T P1, and T S

for an interface between water and an air-filled porous medium
are shown in Figures 7 and 8. Again, |T P2| is much smaller
than |RF |, |T P1|, and |T S| and the results for T P2 are therefore
omitted. We further note that for the air-filled media the exact
solution for RF , T P1, T P2, and T S is equal to the corresponding
rigid-grain approximation, where Ks→∞. The rigid-grain ap-
proximation is excellent because of the very low value of the
pore fluid bulk modulus K f (the bulk modulus of air).

The significant difference between the open-pore and sealed-
pore results in Figures 7 and 8 is quite remarkable. Since
the roll-over frequencies fc are very high (clay/silt layer:
fc= 14.5 MHz; sand layer: fc= 287 kHz), we would have ex-
pected that the numerically obtained RF , T P1, and T S would
be equal to the values for an interface between water and an
effective elastic medium described by Gassmann wave veloci-
ties. Consequently, for f = 10 Hz the open-pore results should
not differ that much from the sealed-pore ones. However,
for f ¿ 10 Hz the open-pore results ultimately approach the
sealed-pore results (as expected).

FIG. 6. Air-filled sand layer; phase velocity and attenuation of
fast P-wave, S-wave, and slow P-wave. The roll-over frequency
is fc=ωc/2π = 287 kHz.

The significant difference between the open-pore and sealed-
pore results (as shown in Figures 7 and 8) can be explained
as follows. At the water/porous-medium interface with open
pores, the wave displacements in water are mainly coupled
to the wave displacements in air (the pore fluid). The acous-
tic impedance of water is much higher than the acoustic
impedance of air; consequently, for the open-pore case and
f = 10 kHz the coefficients |T P1|, |T P2|, and |T S| are very small
while |RF | ≈ 1. On the other hand, in sealed-pore case the wave
displacements in water are mainly coupled to wave displace-
ments in the porous skeleton. The acoustic impedances of wa-
ter and the porous skeleton are of the same order of mag-
nitude; accordingly, the sealed-pore results differ significantly
from the results for the open-pore case, for which there is a
large impedance difference.

To calculate RF , T P1, T P2, and T S we used the closed-form
expressions given by equations (12)–(17) (sealed pores) and
equations (18)–(23) (open pores). A close examination of these
expressions is helpful. Equation (20) shows the reflection and
transmission coefficients for the open-pore case are clearly de-
pendent on the density ratio ρ/ρ f , but this kind of dependency
is not present in any of the closed-form expressions for RF ,
T P1, T P2, and T S valid for the sealed-pore case.

Because of the large density difference between water and
air (i.e., ρ/ρ f ≈ 800), one finds by using equation (20) that |R4|
is much larger than |R3| for f = 10 kHz. Consequently, by using
equation (18) one obtains for the open-pore case |RF | ≈ 1 (see
Figures 7 and 8; f = 10 kHz). At f = 10 Hz the large ratio ρ/ρ f

is somewhat compensated by the other terms in equation (20);
hence, for the open-pore case this leads to a reflection coeffi-
cient |RF | that differs significantly from 1 (see Figures 7 and 8;
f = 10 Hz). The difference between the open-pore and sealed-
pore results only disappears at f ¿ 10 Hz, i.e., only at extremely

FIG. 7. Reflection/transmission at the interface between wa-
ter and air-filled clay/silt layer (no difference between exact
solution and corresponding rigid-grain approximation).
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small frequencies is the large ratio ρ/ρ f fully compensated by
the other terms in equation (20).

Finally, we show in Figure 9 that RF and T P1 for the open-
pore case (T = 0) change gradually into the coefficients for
the sealed-pore case (T→∞) if one increases the surface-flow
impedance T . The results for the intermediate values of T are
obtained by solving numerically the set of four linear equa-
tions with the coefficients RF , T P1, T P2, and T S as the four
unknowns [this set represents the four boundary conditions
given in equations (10) and (11)].

CONCLUDING REMARKS

We have presented our current research on the reflection
and transmission properties of waves at a fluid/porous-medium
interface. We have assumed that Kb¿ Ks and K f ¿ Ks (the
rigid-grain approximation), and we have considered two types
of boundary conditions: open pore and sealed pore. For both
types of conditions the obtained closed-form expressions for
the reflection and transmission coefficients RF , T P1, T P2, and
T S are relatively simple [see equations (12), (15)–(18), and
(21)–(23)]. The usefulness of these expressions has been illus-
trated by considering four different fluid/porous-medium in-
terfaces. The results presented in this paper might be useful
for (near) surface seismics (5–200 Hz), crosswell tomography
(200–2000 Hz), and sonic wireline logging (2–20 kHz). We also
believe this paper is a good starting point for acquiring physical
insight into the dependencies of RF , T P1, T P2, and T S on the
many measurable quantities defining the fluid and the porous
material.

One interesting result in this paper concerns the remark-
able difference between the open-pore and sealed-pore cases
in Figures 7 and 8. Since the roll-over frequencies fc for the air-

FIG. 8. Reflection/transmission at the interface between water
and air-filled sand layer (no difference between exact solution
and corresponding rigid-grain approximation).

filled clay/silt layer and air-filled sand layer are both very large,
one would expect that the obtained RF , T P1, and T S are equal
to the ones for an interface between water and an effective
elastic medium described by Gassmann wave velocities. This is
indeed the case for an interface with sealed pores; however, an
interface with open pores shows peculiar behavior because of
the large difference between the acoustic impedance of water
and the acoustic impedance of air (the pore fluid). Moreover,
the closed-form expressions for RF , T P1, T P2, and T S given by
equations (18)–(23) (open pores) show a clear dependency on
the ratio ρ/ρ f À 1, while this ρ/ρ f dependency is not present
in the closed-form expressions for the sealed-pore case given
by equations (12)–(17). These open-pore results for air-filled
porous media suggest that it is not always a good idea to model
a fluid/porous-medium interface in the way one normally does
at low frequencies f ¿ fc, i.e., to replace the porous medium
by an effective elastic medium.

Further, the results presented in this paper might facilitate
current research in forward and inverse surface wave analysis.
The denominator of the reflection coefficient RF plays a
central role in determining the phase velocity and attenuation
of the surface wave traveling along the fluid/porous-medium
interface. For the sealed-pore and open-pore cases this surface-
wave denominator is equal to R1+ R2 and R3+ R4, respectively
[see equations (12)–(14) and (18)–(20)]. Hence, the surface-
wave velocity and its attenuation can be obtained by finding

FIG. 9. Reflection/transmission at the interface between water
and air-filled sand layer, four different surface flow impedances
T with f = 10 kHz (no difference between exact solution and
corresponding rigid-grain approximation).
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a (complex-valued) horizontal slowness p= p0 for which the
surface-wave denominator R1+ R2 or R3+ R4 is zero, i.e., find
a p= p0 such that for sealed-pores

11 + ρqP1

4qGc2
S

+ γ
(
12 + ρqP2

4qGc2
S

)
= 0, (24)

and for open-pores

13+ γφρqP216

αρ f q
+ qP2

qP1

(
γ14+ φρqP115

αρ f q

)
= 0. (25)

Here, the phase velocity of the surface wave is equal to
[Re(p0)]−1, whereas its attenuation in the propagation direc-
tion is equal to Im(−ωp0). We finally note that the third and
fourth term in equations (24) and (25) will disappear if f → 0.
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Geertsma, J., and Smit, D. C., 1961, Some aspects of elastic
wave propagation in fluid-saturated porous solids: Geophysics, 26,
169–181.

Gurevich, B., and Schoenberg, M., 1999, Interface conditions for Biot’s
equations of poroelasticity: J. Acoust. Soc. Am., 105, 2585–2589.

Johnson, D. L., Koplik, J., and Dashen, R., 1987, Theory of dynamic
permeability and tortuosity in fluid-saturated porous media: J. Fluid
Mech., 176, 379–402.

Kelder, O., 1998, Frequency-dependent wave propagation in water-
saturated porous media: Ph.D. thesis, Delft Univ. of Technology.

Kelder, O., and Smeulders, D., 1997, Observation of the Biot slow wave
in water-saturated Nivelsteiner Sandstone: Geophysics, 62, 1794–
1796.

Mavko, G., Mukerji, T., and Dvorkin, J., 1998, The rock physics
handbook: Tools for seismic analysis in porous media: Cambridge
Univ. Press.

Nagy, P., Adler, L., and Bonner, B., 1990, Slow wave propagation in
air-filled porous materials and natural rocks: Appl. Phys. Lett., 56,
2504–2506.

Plona, T. J., 1980, Observation of a second bulk compressional wave
in a porous medium at ultrasonic frequencies: Appl. Phys. Lett., 36,
259–261.

Rasolofosaon, P. N. J., 1988, Importance of interface hydraulic condi-
tion on the generation of second bulk compressional wave in porous
media: Appl. Phys. Lett., 52, 780–782.

Rasolofosaon, N. J. P., and Coussy, O., 1985a, Propagation des on-
des acoustiques dans les milieux poreux saturés: Effets d’interface
(première partie): Rev. Inst. Fr. Petr., 40, 581–594.

——— 1985b, Propagation des ondes acoustiques dans les milieux
poreux saturés: Effets d’interface (deuxième partie): Rev. Inst. Fr.
Petr., 40, 785–802.

——— 1986, Propagation des ondes acoustiques dans les milieux
poreux saturés: Effets d’interface (troisième partie): Rev. Inst. Fr.
Petr., 41, 91–103.

Santos, J., Corbero, J., Ravazzoli, C., and Hensley, J., 1992, Reflec-
tion and transmission coefficients in fluid-saturated porous media:
J. Acoust. Soc. Am., 91, 1911–1923.

Schön, J. H., 1996, Physical properties of rocks: Fundamentals and
principles of petrophysics: Elsevier Science Publ. Co., Inc.

Smeulders, D. M. J., and van Dongen, M. E. H., 1997, Wave propaga-
tion in porous media containing a dilute gas-liquid mixture: Theory
and experiments: J. Fluid. Mech., 343, 351–373.

White, J. E., 1983, Underground sound: Application of seismic waves:
Elsevier Science Publ. Co., Inc.

Wu, K., Xue, Q., and Adler, L., 1990, Reflection and transmission of
elastic waves from a fluid-saturated porous solid boundary: J. Acoust.
Soc. Am., 87, 2349–2358.

APPENDIX A
WAVE DISPLACEMENTS IN THE SPACE–FREQUENCY DOMAIN

The fluid/porous-medium interface is located at z= 0 (z< 0:
fluid; z> 0: porous medium). The fluid displacement U in the
x-z plane with z< 0 is defined as

Ux(x, z, ω) = pAI exp[− jω(px+ qz)]

+ pAR exp[− jω(px− qz)], (A-1)

Uz(x, z, ω) = q AI exp[− jω(px+ qz)]

−q AR exp[− jω(px− qz)], (A-2)

where AI and AR are the amplitudes for the incident and re-
flected P-waves, respectively. Furthermore, p is the real-valued
horizontal slowness and q is the vertical slowness [Re(q)> 0
and Im(q)= 0, or Re(q)= 0 and Im(q)< 0]. The slownesses
p and q are related to the propagation velocity c defined by
equation (1):

p2 + q2 = 1
c2
. (A-3)

Note that p and c are related to the incident angle θ as
pc= sin(θ) for the domain |pc| ≤ 1, while for |pc|> 1 the in-
cident and reflected waves are evanescent (inhomogeneous
waves propagating along the fluid/porous-medium interface).
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The skeletal grains displacement Us in the x-z plane with
z> 0 is defined as

Us,x(x, z, ω) = pAP1 exp[− jω(px+ qP1z)]

+ pAP2 exp[− jω(px+ qP2z)]

−qSAS exp[− jω(px+ qSz)], (A-4)

Us,z(x, z, ω) = qP1 AP1 exp[− jω(px+ qP1z)]

+qP2 AP2 exp[− jω(px+ qP2z)]

+ pAS exp[− jω(px+ qSz)], (A-5)

where AP1, AP2, and AS are the amplitudes of the fast P-wave,
slow P-wave, and S-wave, respectively. The vertical slownesses
qP1, qP2, and qS (all with a nonnegative real part and a nonpos-
itive imaginary part) are related to the horizontal slowness p
and the wave velocities cS, cP1, and cP2 defined in equations (4)
and (7) as follows:

p2 + q2
P1 =

1
c2

P1

, p2 + q2
P2 =

1
c2

P2

, p2 + q2
S =

1
c2

S

.

(A-6)

There is a simple relation between the pore-fluid displace-
ment U f and the skeletal grains displacement Us, i.e., the x-
and z-directions of U f are also given by the right-hand sides
of equations (A-4) and (A-5) but with one modification: am-
plitudes AP1, AP2, and AS must be multiplied by factors GP1,

GP2, and GS, respectively. These factors are defined as (Feng
and Johnson, 1983a)

GP1 = Q− c2
P1ρ12

c2
P1ρ22 − R

= A+ 2G− c2
P1ρ11

c2
P1ρ12 − Q

, (A-7)

GP2 = Q− c2
P2ρ12

c2
P2ρ22 − R

= A+ 2G− c2
P2ρ11

c2
P2ρ12 − Q

, (A-8)

GS = −ρ12

ρ22
= α − 1

α
. (A-9)

The generalized elastic coefficients A, Q, and R are related to
measurable quantities by the following expressions (Biot and
Willis, 1957):

A = (1− φ)2KsK f − (1− φ)KbK f + φKsKb

K f

(
1− φ − Kb

Ks

)
+ φKs

− 2
3

G,

(A-10)

Q = φK f (Ks(1− φ)− Kb)

K f

(
1− φ − Kb

Ks

)
+ φKs

, (A-11)

R= φ2K f Ks

K f

(
1− φ − Kb

Ks

)
+ φKs

. (A-12)

These expressions for A, Q, and R are also valid for porous
materials that are not fully fluid saturated. For an extensive
discussion on partially saturated porous media, see Smeulders
and van Dongen (1997).

APPENDIX B
USEFUL EXPRESSIONS

The useful parameter γ and modified wave speeds ξP1 and
ξP2 are defined as

γ = qP1ξ
2
P1c2

P2

qP2ξ
2
P2c2

P1

= qP1

qP2


(

K f

αρ f

)
− c2

P2

c2
P1 −

(
K f

αρ f

)
 , (B-1)

ξ 2
P1 =

(
α

φ
− 1

)[
αρ f

K f
− 1

c2
P1

]−1

, (B-2)

ξ 2
P2 =

(
α

φ
− 1

)[
1

c2
P2

− αρ f

K f

]−1

, (B-3)

where |c2
P2|< |K f /αρ f |< |c2

P1|. The parameters11, . . . ,18 are
similar to the Rayleigh-wave denominator (de Hoop and van
der Hijden, 1983), and they are defined as

11 = p2qSqP1 +
(

p2 − K P1

2Gc2
P1

)2

, (B-4)

12 = p2qSqP2 +
(

p2 − K P2

2Gc2
P2

)2

, (B-5)

13 = p2qSqP1 +
(

p2 − 1
2c2

S

)2

, (B-6)

14 = p2qSqP2 +
(

p2 − 1
2c2

S

)2

, (B-7)

15 = p2qSqP1 +
(

p2 − K p

2Gc2
P1

)2

, (B-8)

16 = p2qSqP2 +
(

p2 − K p

2Gc2
P2

)2

, (B-9)

17 = ρc2
P2

ρ f ξ
2
P2

[
p2qSqP1 +

(
p2 − 1

2c2
S

)(
p2 − K p

2Gc2
P1

)]
,

(B-10)

18 = ρc2
P2

ρ f ξ
2
P2

[
p2qSqP2 +

(
p2 − 1

2c2
S

)(
p2 − K p

2Gc2
P2

)]
,

(B-11)

with K p= Kb+ 4
3 G, KP1= K p+ ρ f ξ

2
P1, and K P2= K p− ρ f ξ

2
P2.
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È[ÊÇÉ�¼çÌ�¿�ËÐÀ�ÅjÉ�¼�Ï�¿�ÓvÂ�Ï�ÊÇÉ�¼çÓ�ÊÇÏ·È É�¼X½)½�ËÐÔ�×�¼ç¾�Â�ÅjÑm¾�Â�¼Ä½�ó3¼X×�¼s¾vÅj×�½)ÊÇ×�ËÐÀßÕÇÉ�ÅjËÐÑ�½-¾�Â ¼XÏ�½�¼X×EÆÇ¼�½XÝ!�çÂ�ËÐ½
É�ËÐÕÇË�À_ÎªÕÇÉ�ÅjË�ÑÛÅjÈ�È É�ÊyÚ�Ë�Ï·Å3¾�ËÐÊÇÑgÅ3È�È�¼XÅjÉ�½Ö¾�ÊëÔ[¼IÅêì1¿�ËE¾�¼AÕjÊ�Ê_ÀØÊÇÑ�¼·Ë�ÑØÏ·ÅjÑaÁNÈ�É�ÅjÓs¾�ËÐÓyÅj×�ÓyÅ3½�¼X½�Ý
î�Ê;Ã/¼�Æj¼XÉXä�Ò¥ÊÇÉ/×�Ê;Ã�ÎªÈ[ÊÇÉ)ÊÇ½�ËE¾ªÁ·É)Ê�Óvó1½çÊÇÑ ¼�½�Â�Êj¿�×�ÀIÑ�Ê3¾ç¿�½�¼�¾�Â�Ë�½�ÅjÈ�È�É)ÊyÚ ËÐÏAÅC¾�Ë�ÊjÑ?ä1½�Ë�Ñ ÓX¼�Ò¥ÊÇÉ ¾�Â�ËÐ½
ó1Ë�Ñ�ÀÛÊjÒ�ÏAÅ3¾�¼XÉ)ËæÅj×Ð½�¾�Â�¼ß¾ªÃ/ÊêÔ�¿�×ÐóëÏ�Ê�À�¿ ×�Ë6Åj½)½�Ê_ÓXË�Å3¾�¼�ÀÛÃ�ËE¾�Âè¾�Â�¼�È�ÊjÉ�ÊÇ¿�½�½)ój¼X×Ð¼�¾�ÊÇÑØÅjÑ ÀN¾�Â ¼
½�ó3¼X×Ð¼�¾vÅ3×�½�ÊÇ×ÐË�À"ÕÇÉ�Å3Ë�Ñ�½çÅ3É�¼�Ï·ÊjÉ�¼¢ÊÇÉç×Ð¼X½�½�¼�ì_¿�Åj×?¾�Ê�¼yÅjÓvÂÞÊj¾�Â�¼XÉ�Ý�çÂ�¼�¿�½�¼sÒ¥¿�×�Ñ ¼X½�½�ÊjÒ�¾�Â�¼X½)¼¤É)Ë�ÕÇËÐÀ�ÎªÕjÉ�ÅjËÐÑ·¼5Ú È É�¼X½)½�ËÐÊÇÑ�½�Ò¥ÊÇÉ�¾�Â ¼¢É�¼�Ì�¼XÓ�¾�Ë�ÊÇÑÞÅjÑ À9¾�É�Å3Ñ�½�Ï�Ë�½)½�Ë�ÊjÑ
ÓXÊ_¼�Ü�Ó�Ë�¼XÑa¾�½¢Ë�½�ËÐ×�×Ð¿�½)¾�É�Å3¾�¼XÀêËÐÑë¾�Â�ËÐ½�È�Å3È�¼�É�ÔaÁSÅjÈ�È ×ÐÁ_Ë�Ñ�Õ·¾�Â�¼�Ï ¾�Ê"Å·Ã�ÅC¾�¼XÉ�Í3È[ÊÇÉ�ÊÇ¿ ½�ÎªÏ�¼XÀ Ë�¿�Ï
Ë�Ña¾�¼XÉ)Ò]Å3ÓX¼jä3Ã�Â�¼XÉ)¼�Ò¥ÊÇ¿�É%À ËÐû�¼XÉ�¼�Ña¾-¾ªÁ_È�¼�½6ÊjÒZÈ�ÊjÉ�ÊÇ¿�½\ÏAÅC¾�¼XÉ)ËæÅj×Ð½KÅjÉ�¼�À Ë�½)¾�Ë�Ñ�Õj¿�Ë�½)Â�¼XÀ/�/â¥Ë�ã\ÅÄÃ�Å3¾�¼XÉ
Î
½�ÅC¾�¿�É�Å3¾�¼�À.Ó�×æÅyÁ Í3½�ËÐ×Ð¾)Î�×æÅyÁÇ¼�ÉXä	â]ËÐË�ã/Å�Ã�Å3¾�¼�É�Î�½�Å3¾�¿�É�Å3¾�¼XÀÞ½�ÅjÑ À�Îª×�Å;Áj¼XÉ�äKâ]Ë�ËÐË�ã�ÅjÑÞÅjË�É
Î�é�×Ð×�¼�ÀAÓX×�ÅyÁ�ÍC½�Ë�×E¾)Î
×æÅyÁj¼XÉXä�ÅjÑ�À â]ËÐÆ ãmÅjÑ$ÅjË�É
Î�é�×Ð×�¼�Àü½�ÅjÑ�À_Îª×æÅyÁj¼XÉXÝL�çÂ�¼.È É�¼X½)¼XÑa¾�¼�À�É�¼�½�¿�×E¾�½�Ï·ËÐÕÇÂa¾ßÔ�¼Þ¿�½�¼sÒ¥¿�×çÒ¥ÊÇÉ��;



â]Ëæã¢â]Ñ�¼XÅjÉvã�½)¿�É)Ò]ÅjÓ�¼Ö½)¼XËÐ½�Ï�Ë�ÓX½¤â�í;ð ñjòjò�îÄï;ã5äKâ]Ë�Ëæã/ÓXÉ)ÊÇ½�½�Ã�¼�×�×�¾�ÊjÏ·ÊÇÕjÉ�ÅjÈ�ÂaÁSâ~ñjòÇò;ð ñjòÇòÇòmîÄï;ã5ä�Å3Ñ�À
â]ËÐË�Ëæã ½�ÊjÑ�Ë�Ó�Ã�ËÐÉ�¼X×ÐË�Ñ�¼�×�ÊÇÕÇÕjË�Ñ�Õ"â�ñ;ð ñjòmó_î�ïyãsÝ�çÂ�¼9ÊÇ¿�¾�×�ËÐÑ�¼mÊjÒ�¾�Â�¼AÈ�ÅjÈ�¼�ÉÖËÐ½+Å3½¤Ò¥ÊÇ×Ð×�Ê;Ã�½XÝ9»N¼ßé�É�½�¾�À�ËÐ½�ÓX¿ ½�½+¾�Â�¼�Ã�ÅyÆÇ¼AÆj¼X×ÐÊ�Ó�ËÐ¾�ËÐ¼X½¤Ë�ÑNÅ
Ì�¿�ËÐÀêÅ3Ñ�ÀêÅ�È�ÊjÉ�ÊÇ¿�½�Ï·Å3¾�¼�É�Ë�Åj×~Ý-»N¼¤¾�Â�¼XÑ.È�É�¼�½�¼�Ñ1¾�¾�Â�¼¤ÓX×ÐÊÇ½�¼�À�Î�Ò¥ÊjÉ�Ï ¼5Ú�È�É�¼�½�½�ËÐÊÇÑ�½�Ò¥ÊjÉ�¾�Â�¼¤É�¼5Î
Ì�¼�Ó�¾�ËÐÊÇÑ9Å3Ñ�À�¾�É�ÅjÑ ½�Ï�Ë�½�½)Ë�ÊÇÑ�ÓXÊ_¼�Ü�Ó�Ë�¼XÑa¾�½/Ò¥ÊÇÉ Å¤Ì�¿�Ë�ÀZÍCÈ�ÊÇÉ)ÊÇ¿�½
ÎªÏ�¼XÀ�ËÐ¿�ÏnËÐÑ1¾�¼XÉ�Ò]ÅjÓX¼�Åj½�ÊÇÔ ¾�ÅjË�Ñ�¼�À
ÔaÁM2�¼�Ñ�Ñ�¼�ÏAÅjÑS¼s¾¢Åj×�Ý-" ½�¼XÅj×�¼�ÀSÈ�ÊjÉ�¼X½mâ~ñjòÇòjòaã5��ÊÇÈ�¼�ÑëÈ[ÊÇÉ�¼�½ßâ~ñjòjò � ã&%�Ý��çÂ ¼X½�¼ß¼5Ú È É�¼X½)½�ËÐÊÇÑ�½�ÅjÉ)¼
¿�½)¼XÀ"¾�ÊmÓyÅ3×�ÓX¿ ×æÅ3¾�¼�¾�Â ¼¢É�¼�Ì�¼XÓ�¾�Ë�ÊÇÑÞÅjÑ À9¾�É�Å3Ñ�½�Ï�Ë�½)½�Ë�ÊjÑ9ÓXÊ_¼�Ü�ÓXËÐ¼XÑa¾�½çÒ¥ÊÇÉ�ÅjÑIË�Ña¾�¼�É)Ò]ÅjÓ�¼¢Ô�¼s¾ªÃ�¼�¼XÑ
Ã�Å3¾�¼�É�ÅjÑ�ÀêÅ�Ã�Å3¾�¼�É�Î�½�Å3¾�¿�É�Å3¾�¼XÀëÈ[ÊÇÉ)ÊÇ¿�½�×�ÅyÁÇ¼XÉ�ÝN'�¼5Ú�¾Xä�Ã/¼+È�É)¼X½)¼XÑa¾�¾�Â ¼+É�¼�½�¿�×E¾�½ÄÒ¥ÊÇÉÄÅjÑëË�Ña¾�¼XÉ�Î
Ò]ÅjÓ�¼¤Ô[¼�¾ªÃ/¼X¼�ÑëÃ�ÅC¾�¼XÉ�ÅjÑ�À.ÅjÑ.ÅjË�É
Î�é�×Ð×�¼�ÀIÈ�ÊÇÉ)ÊÇ¿�½�×æÅyÁj¼XÉXÝE �ÊÇÉçÓXÊÇÑaÆj¼XÑ�ËÐ¼XÑ�Ó�¼��O�\ÅjÔ�×Ð¼ � ÓXÊjÑ1¾�ÅjË�Ñ ½
Åm×�ËÐ½)¾çÊjÒ%½)Á_Ï�Ô[ÊÇ×�½ç¿ ½�¼XÀÞ¾�Â�É)ÊÇ¿�ÕÇÂ ÊÇ¿ ¾ç¾�Â Ë�½çÈ�ÅjÈ[¼XÉ�Ý
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»g¼mé�É)½)¾ÖÓXÊÇÑ ½�Ë�À ¼XÉ¢¾�Â�¼ß½)Ë�Ï�È�×�¼�ÓXÅj½�¼ßÊjÒ/Ã�ÅyÆj¼·È�É)ÊÇÈ�ÅjÕÇÅ3¾�ËÐÊÇÑë¾�Â�É)ÊÇ¿�ÕÇÂNÅjÑèË�ÑaÆ_Ë�½)ÓXËÐÀèÌ�¿�Ë�À?Ý�çÂ�¼¤È�É�ÊjÈ�ÅjÕaÅ3¾�Ë�ÊÇÑ·ÆÇ¼X×ÐÊ�Ó�ËÐ¾ªÁIÊ3Ò-Åßô%Î�Ã�ÅyÆÇ¼+ËÐ½�¾�Â�¼�Ñ.ÕjËÐÆÇ¼�Ñ.ÔaÁ

fNgih j kCl â � ã
Ã�Â�¼�É�¼ j ÅjÑ À k ÅjÉ)¼.¾�Â ¼êÔ�¿�×ÐóüÏ·Ê_À�¿�×Ð¿�½·ÅjÑ�À À ¼XÑ�½)ËÐ¾ªÁ$ÊjÒ�¾�Â ¼.Ì�¿�ËÐÀ?ä�É)¼X½�È[¼XÓs¾�ËEÆÇ¼X×EÁÇÝm�çÂ�¼
È�É)¼X½�½)¿�É�¼ondËÐÑSÅ·Ì�¿�ËÐÀêÓXÅjÑSÔ�¼ÖÓyÅj×ÐÓX¿�×�Å3¾�¼�ÀêÔaÁ.¿�½�ËÐÑ�ÕCn gqp jsrutwv â¥Ò¥ÊÇÉ�È�×æÅjÑ ¼ÖÃ�Å;Æj¼X½#��¾�Â ¼
¼sÚ�È�É)¼X½)½�Ë�ÊjÑ+Ò¥ÊÇÉ�¾�Â�¼ Ì�¿�ËÐÀ¤Ã�ÅyÆÇ¼�À�ËÐ½�È�×�ÅjÓX¼�Ï·¼�Ña¾ v ÓXÅjÑ�Ô[¼ Ò¥Êj¿�Ñ�À+ËÐÑ+Å3È�È�¼�Ñ�À�Ë Ú¤ý¢ãsÝ�»N¼/Ò¥¿�É�¾�Â�¼�É
Ñ�Êj¾�¼Ä¾�Â�Å3¾ Ë�Ñ·ÅjÑ·Ë�ÑaÆ_Ë�½�Ó�Ë�ÀßÌ�¿�ËÐÀ�¾�Â�¼�½)Â�¼yÅjÉ Ï�Ê�À�¿ ×�¿�½�Ë�½�ï�¼XÉ�Ê���Ó�ÊÇÑ�½�¼�ì1¿�¼XÑa¾�×EÁÇäZõaÎ�Ã�Å;Æj¼X½�ÓXÅjÑ�Ñ�Ê3¾
È�É)ÊÇÈ�ÅjÕaÅC¾�¼�¾�Â É�ÊÇ¿�ÕjÂêÅjÑ"ËÐÑ1Æ_ËÐ½�ÓXËÐÀIÌ�¿�Ë�À	Ý0ªÑI¾�Â�¼¢Ó�×æÅj½)½�Ë�Ó�È�ÅjÈ[¼XÉ�½çÊ3Òx�/Ë�Êj¾¢â ��� íy�ÇÅ�� ��� í��jÔ�ã/ÊÇÑ�¼�é�Ñ À�½�¾�Â�ÅC¾�¾�Â�¼¢È[ÊÇÉ)¼�Ì�¿�ËÐÀIÈ�É�¼�½�½�¿ É�¼n{z-Ë�½çÕÇËEÆÇ¼�Ñ.ÔaÁ

n{z g|pA} ~ rmt�v�� p�� ~ rTt�v z l â~ñjã

Ã�Â�¼�É�¼yÅ3½·¾�Â ¼ÞÒ¥ÊÇÉ)ÓX¼�½9ÅjÓs¾�Ë�Ñ ÕÛÊjÑ$¾�Â ¼.½)ÊÇ×�ËÐÀúÈ[ÊÇÉ�¾�Ë�ÊjÑ�½ßÊjÒ�¿�Ñ ËÐ¾�ÓX¿�Ô[¼êÊ3Ò�È[ÊÇÉ�ÊÇ¿ ½·Ï·Å3¾�¼�É�Ë�Åj×�ËÐ½
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� gT� " r�v���� â r�vC� ã���% �>� â rTt�v�� ã�� �>} â rmt�v z~ã�� l â ; ã
Ã�Â�¼�É�¼	�ÞË�½�Åß¿�Ñ�ËE¾�¾�¼�Ñ�½�ÊjÉXÝ0ªÑ$¼�ì1¿�Å3¾�ËÐÊÇÑ�½Þâ�ñÇã�ÅjÑ�À â ; ã¤¾�Â�¼IÆj¼XÓ�¾�ÊÇÉ�½ v z�ÅjÑ À v�� Å3É�¼9¾�Â ¼9Ã�ÅyÆÇ¼ÞÀ�ËÐ½�È�×�ÅjÓX¼�Ï·¼�Ñ1¾�½mÊjÒ
¾�Â ¼ÖÈ[ÊÇÉ�¼�Ì�¿�ËÐÀëÅjÑ À.¾�Â ¼Ö½)ÊÇ×�ËÐÀ.Ï·Å3¾�¼�É�Ë�Åj×?Ï·Åjó1Ë�Ñ�Õ�¿�È.¾�Â�¼+½)ój¼�×�¼�¾�ÊÇÑ?ä[É�¼�½�È[¼XÓ�¾�ËÐÆj¼X×ÐÁgâ�Ò¥ÊÇÉ�È�×æÅjÑ ¼
Ã�Å;Æj¼X½#�-¾�Â�¼ç¼5Ú È É�¼X½)½�ËÐÊÇÑ�½6Ò¥ÊÇÉ-¾�Â ¼çÀ�Ë�½)È�×æÅjÓ�¼XÏ�¼XÑa¾�½ v z�ÅjÑ�À v�� ÓyÅ3ÑmÔ�¼�Ò¥ÊÇ¿ Ñ�ÀßË�ÑßÅjÈ�È[¼XÑ À�ËEÚ�ý¢ãsÝ�çÂ�¼ÖÕÇ¼XÑ�¼�É�Åj×ÐË�ï�¼XÀê¼�×æÅj½�¾�ËÐÓÖÓ�Ê�¼sÜ·Ó�Ë�¼�Ñ1¾�½ � ä } ä	Å3Ñ�À � ËÐÑê¼Xì1¿�ÅC¾�Ë�ÊjÑ�½�â�ñÇã�ÅjÑ�À â ; ãÄÅ3É�¼¤É�¼X×�Å3¾�¼�À
¾�ÊI¾�Â�¼mÏ·¼XÅj½�¿ É�ÅjÔ�×Ð¼mì1¿�ÅjÑa¾�ËE¾�Ë�¼�½ ~ ä � ä j3� ä j z)ä�ÅjÑ�À jo� Å3½¢½�Â�Ê;Ã�ÑÛË�ÑÛÅjÈ�È[¼XÑ�À ËEÚSýÖÝmî�¼�É�¼3ä~ ËÐ½�¾�Â�¼mÈ[ÊÇÉ)ÊÇ½�ËE¾ªÁÇä � ¾�Â�¼m½)Â�¼yÅjÉ¢Ï�Ê_À�¿�×�¿ ½Xä jo� ¾�Â�¼m½�ó3¼X×�¼s¾vÅj×6ÕjÉ�ÅjËÐÑëÔ�¿�×Ðó.Ï�Ê�À ¿�×�¿�½�ä j z�¾�Â ¼
È[ÊÇÉ�¼�Ì�¿ Ë�ÀèÔ�¿�×ÐóêÏ�Ê�À�¿ ×�¿�½�ä�ÅjÑ�À j3� ¾�Â�¼���ÅjÓvój¼s¾�¼�ÀgÔ�¿�×ÐóêÏ�Ê�À ¿�×�¿�½�ÊjÒ/¾�Â�¼ßÈ�ÊjÉ�ÊÇ¿�½¢Ï·Å3¾�¼XÉ�Ë�Åj×" ÊÇÉçÀ�É)ÁAÒ¥É�ÅjÏ�¼¢Ô�¿�×Ðó9Ï·Ê_À�¿�×Ð¿�½ jo����� Åj½çÀ ¼�é�Ñ�¼�ÀêËÐÑ��.Å;Æ_ó3ÊA¼�¾�Åj×�Ý�â ���)�)$ ã<%~Ý0�¾çÃ�Å3½ÄÊjÔ ¾vÅjËÐÑ�¼XÀIÔaÁ��/Ë�Êj¾¤â ��� í��jÅ�� ��� í��jÔZã�¾�Â�Å3¾ç¾�Â�É�¼�¼�À�ËÐû�¼XÉ)¼XÑa¾çÃ�ÅyÆj¼X½ÄÏAÅyÁ·È�É�ÊÇÈ�ÅjÕaÅ3¾�¼
Ë�ÑèÅ3ÑSË�½�Ê3¾�É�ÊjÈ�Ë�Ó3ä	Â�ÊÇÏ�ÊÇÕÇ¼�Ñ�¼XÊj¿�½¢È�ÊjÉ�ÊÇ¿�½¢Ï·Å3¾�¼XÉ�Ë�Åj×���Å9Ò]Åj½�¾�ô%Î�Ã�ÅyÆÇ¼jäKÅI½�×ÐÊ;Ãnô%Î~Ã�ÅyÆÇ¼3ä%Å3Ñ�ÀèÅ
õ1Î~Ã�ÅyÆÇ¼aÝ6ý�ÓXÓ�ÊÇÉ�À�ËÐÑ�Õm¾�ÊA��Ë�Ê3¾��V½�¾�Â�¼�ÊÇÉ)Á9¾�Â�¼Öõ1Î�Ã�ÅyÆÇ¼�ÆÇ¼�×�Ê_ÓXËÐ¾ªÁAË�½çÕÇËEÆÇ¼�Ñ.ÔaÁ

f5�Wg h � k������� Ã�ËÐ¾�Â �,�xg k����Ik���� p k,� ��� l âI4aã
Ã�Â�¼�É�¼�¾�Â�¼�À�¼�Ñ�½�ËE¾ªÁ9¾�¼�É�Ï�½ k���� ä k���� äZÅ3Ñ�À k���� ÅjÉ)¼¤À ¼�é�Ñ�¼�ÀëÅj½k���� g â � p ~ ã k � p k���� l k���� g ~ k z p k���� l k���� g|p â(  p � ã ~ k z l â~íjã

Ã�Â�¼�É�¼ k z/ÅjÑ À k � ÅjÉ�¼¤¾�Â�¼¤À�¼XÑ ½�ËÐ¾�Ë�¼�½�ÊjÒ-¾�Â�¼+È[ÊÇÉ)¼¤Ì�¿ Ë�ÀëÅ3Ñ�À.¾�Â�¼+½)ÊÇ×�ËÐÀ.Ï·Å3¾�¼�É�Ë�Åj×�ÏAÅ3ó_ËÐÑ�Õ�¿�È
¾�Â ¼.½)ój¼X×Ð¼�¾�ÊÇÑ?ä�É)¼X½)È�¼�Ó�¾�ËEÆÇ¼�×ÐÁÇÝ$ý�Ó�ÓXÊÇÉ)À�Ë�Ñ�Õè¾�Ê�:jÊÇÂ�Ñ ½�ÊÇÑú¼�¾AÅj×~Ýçâ ���)$)+ ãÖ¾�Â�¼"Ó�ÊÇÏ·È ×�¼sÚ1Î~ÆjÅ3×�¿�¼�À
À�É�ÅjÕßÓXÊ_¼�Ü�ÓXËÐ¼XÑa¾� üÒ¥ÊjÉ�ÅmÌ�¿�Ë�À�Î�½�Å3¾�¿�É�ÅC¾�¼XÀ"È[ÊÇÉ�Êj¿�½�ÏAÅ3¾�¼XÉ)ËæÅj×�Ë�½çÀ�¼sé�Ñ�¼XÀêÅj½  g  ]¡i¢ � pq£/¤¦¥¤ h � � £ �ñ ¤¤¦¥E§ Ã�ËÐ¾�Â ¤¦¥ g ¨ ~© � k z< ¦¡ l â(�Çã
Ã�Â�¼�É�¼s ]¡ Ë�½9¾�Â�¼S¾�ÊÇÉ�¾�¿�ÊÇ½)ËÐ¾ªÁåâ]Ñ�Êj¾�¼S¾�Â�Å3¾Y ¦¡^ª � ã5ä ¤ ¾�Â�¼ÛÅjÑ�Õj¿�×æÅjÉ·Ò¥É�¼Xì1¿�¼�Ñ�Ó�Ájä © � ¾�Â ¼
½)¾�¼yÅjÀ�Á1Î�½)¾�Å3¾�¼ßÈ[¼XÉ�Ï�¼yÅ3Ô�Ë�×ÐËÐ¾ªÁÇä?ÅjÑ�À ¨ ¾�Â ¼�½�¾�¼XÅjÀ ÁaÎª½�¾vÅ3¾�¼�½)Â�¼yÅ3É�Æ_ËÐ½�ÓXÊj½�ËÐ¾ªÁjÝo'�Êj¾�¼m¾�Â�Å3¾¢Ò¥ÊjÉ�×�Ê;Ã
Ò¥É�¼�ì1¿�¼XÑ�Ó�Ë�¼�½ ¤E«¬¤¦¥ ¾�Â�¼+ËÐÑ1¾�¼XÉ�ÅjÓ�¾�Ë�ÊÇÑÞÔ�¼s¾ªÃ�¼�¼XÑS¾�Â ¼+ÕÇÉ�ÅjË�Ñ�½ÄÅjÑ À.¾�Â ¼+È[ÊÇÉ�¼�Ì�¿�ËÐÀêË�½ÄÀ�ÊÇÏ�Ë�Ñ�Å3¾�¼�À
ÔaÁIÆ_Ë�½�Ó�ÊÇ¿�½�¼�û�¼XÓs¾�½�ÅjÑ�À"Ò¥ÊÇÉçÂ�ËÐÕÇÂ ¤E«¬¤¦¥ ÔaÁ"Ë�Ñ ¼XÉ)¾�ËæÅj×�¼�û�¼XÓs¾�½XÝ ý�¾ÄÉ�ÊÇ×Ð×EÎ�Ê=Æj¼XÉ�Ò¥É)¼Xì1¿�¼XÑ Ó�Á ¤¦¥ ¾�Â ¼
Æ_Ë�½)ÓXÊÇ¿�½ÄÅjÑ À.ËÐÑ�¼XÉ�¾�ËæÅ3×	¼�û�¼XÓs¾�½�ÅjÉ�¼�ÊjÒ\ÓXÊjÏ·È�Å3É�ÅjÔ�×Ð¼�Ï·ÅjÕÇÑ�ËE¾�¿�À�¼3Ý

í



ý�Ó�ÓXÊÇÉ)À�Ë�Ñ�Õ�¾�ÊA��Ë�Ê3¾��V½�¾�Â�¼XÊjÉ)ÁI¾�Â ¼¤Ò]Åj½�¾�ô-Î~Ã�ÅyÆj¼+ÆÇ¼�×�Ê_ÓXËÐ¾ªÁ f#­ � Å3Ñ�À.½)×�Ê;Ãáô%Î�Ã�ÅyÆÇ¼¤ÆÇ¼X×ÐÊ�Ó�ËÐ¾ªÁf5­ � ÅjÉ)¼¢ÕÇËÐÆj¼XÑÞÔ1Á
f � ­ � g � � �¯® � � � p 4 �,�<� �ñ �,� l f � ­ � g � � p ® � � � p 4 �,�&� �ñ ��� l â + ã
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Ô[¼�¾ªÃ/¼X¼XÑcÃ�Å3¾�¼XÉ9Å3Ñ�ÀcÅSÃ�ÅC¾�¼XÉ
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¾�Â ¼�Ò]ÅjÓs¾�¾�Â�Å3¾�¾�Â�¼ß½)¾�¼XÅjÀ ÁaÎª½�¾vÅ3¾�¼AÈ[¼XÉ)Ï·¼XÅjÔ�Ë�×ÐËÐ¾ªÁ © � ËÐÑÛ¾�Â�¼ß½�ÅjÑ�À_Îª×æÅyÁj¼XÉ¤Ë�½�É�ÊÇ¿ ÕÇÂ�×ÐÁSíjòI¾�Ë�Ï�¼X½
Â�ËÐÕÇÂ�¼XÉç¾�Â�ÅjÑ"¾�Â�¼�ÊÇÑ�¼�ËÐÑÞ¾�Â�¼�ÓX×æÅyÁ Í3½)Ë�×Ð¾�Îª×�Å;Áj¼XÉ�ä�Ë~ÝV¼jÝEä ¾�Â ¼ÖÂ�ËÐÕÇÂ�¼�É�¾�Â�¼¤È�¼�É�Ï�¼yÅjÔ Ë�×�ËE¾ªÁ·¾�Â�¼�×æÅjÉ)ÕÇ¼XÉ
¾�Â ¼.Å3Ï·ÊÇ¿ Ñ1¾�ÊjÒÄÃ�Å3¾�¼�É�Ì�Ê;Ã ÅjÓXÉ)ÊÇ½�½ß¾�Â�¼"ËÐÑ1¾�¼XÉ�Ò]ÅjÓX¼IÃ�ËÐ¾�Â$ÊjÈ�¼�Ñ$È[ÊÇÉ�¼�½Xä Ã�Â�Ë�ÓvÂ$É�¼X½)¿�×Ð¾�½ßË�ÑúÅ
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È[¼�¾�É�ÊÇÈ Â1Á_½)Ë�ÓX½#���6×Ð½�¼�Æ_ËÐ¼XÉ�õ�ÓXËÐ¼XÑ�Ó�¼¤ô�¿ Ô�×~ÝZø�Ê ÝÐä±0ªÑ�Ó3Ý
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¼�Ñ�ÓX¼Öô6¿�Ô�×�ÝZø�Ê�ÝEä±0ªÑ�ÓjÝ

»N¿?äx*mÝEä���¿�¼jä���ÝÐäKÅjÑ�ÀNý�À�×Ð¼XÉ�ä]ý6ÝEä ���)� ò ä¦.�¼�Ì�¼�Ó�¾�ËÐÊÇÑØÅ3Ñ�ÀÛ¾�É�ÅjÑ ½�Ï�Ë�½�½)Ë�ÊÇÑèÊjÒ�¼X×�Åj½)¾�Ë�ÓmÃ�ÅyÆj¼X½
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Ã�Â�¼�É�¼ �b¶ ÅjÑ�À ��· ÅjÉ�¼Ö¾�Â�¼ßÅjÏ�È�×ÐËÐ¾�¿ À�¼X½�Ò¥ÊÇÉ�¾�Â�¼�Ë�Ñ ÓXË�À ¼XÑa¾�ÅjÑ�ÀSÉ)¼�Ì�¼�Ó�¾�¼XÀNô-Î~Ã�ÅyÆj¼X½Xä�É)¼X½�È[¼XÓ5Î
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Z PWV$X[ILH \5]^NT_�`a_cbd �fe d � e d � g N1OQNTV']�h3]�OQKA_c]�]^ic]^i/h3IRj�NTHYj�k�HYN1h3],hMl�],mT]^HJIWj�`JhM`J]^K�n �oe n ­ � e NT_�i8n ­ �n p�q(r�N^mT]smT]^HJItj�`Yh9P/`Y_vuwk�`ain � e n ­ � e n ­ � mT]^HJItj�`Yh9PxITS Z q(r�NymT] e SzNTK3h=p{q(r�NymT] e NT_�i8KQHJIyr|p{q(r�NymT]s`a_ g ITOQILk�K�V']^i�`Yk}V~ e���e ~ ¥ eW� ¥ S�OM]^�tkc]^_�j�Pvr=`JhMl ~8� ���1�1� NT_�i/OMILHaH�q(IymT]�O�S�OM]^�tkc]^_�j�Pvr=`JhMl ~ ¥ � � ¥ �1�1�� ��ew� K3h3]^NTicP�q9K3hMN1h3] g ]�OQV ]^N1X}`YHY`Jh:P�NT_�i g ITOMILKQ`Jh9PRITS g ITOMILk}K�V']^i�`Yk�V� e � � lcITOQ`J��IL_�hMNTH�KMHJIor=_c]^KMK^��ic]^_cILV `Y_}N1h3ITO�ITS�� ´ `YK���]�OQI S�ITO � � � �� e � ­ � e � ­ � e � � mT]�OMhM`Yj�NTH�KQHJIyr=_�]^KMK�ITS�p�q(r�N^mT]$`a_vuwk�`Yi/NT_�ixITSUr�N^mT]^K�`Y_ g ITOMILk�K�V']^i}`Yk�V� e}� j�I�ITOQi}`Y_�N1h3]^K�`Y_ � q � g HaNT_c]�� � ���W� uwk�`Yi2� � ���W� g ITOMILk�K�V']^i�`ak�VR�� ew�'e � bT]^_c]�OQNTHY`J��]^i8]^HYNTK3hM`Yj,j�It]��Rj�`J]^_�hMK�S�ITO g ITOMILk�K�V ]^i�`Yk�V� ¶ e � · r�NymT]sNTV g HY`JhMk�ic]^K�ITS�hMlc]"`Y_}j�`Yic]^_�h�NT_}i/OM]�u}]^j�h3]^i8p{q(r�NymT]s`a_vuwk�`Yi� ­ � e � ­ � e � � r�NymT]sNTV g HY`JhMk�ic]^K�ITS�hMlc],h3OQNT_}KMV `Jh3h3]^i/r�N^mT]^K�`Y_ g ITOMILk�K�V ]^i�`Yk�V� ­ � e � ­ � e � � S�NTj�h3ITOQK�_c]�]^ic]^i8h3I�j�NTHYj�k�HYN1h3],i}`YK g HYNTj�]^V ]^_ h � z S�OMILV¡i�`YK g HaNTj�]^V']^_ h � �� e�¢ � KMlc]^N1O=V'IWi�k�Hak�K�NT_�is£MNTjM¤T]�h3]^i¥X}k�HJ¤vV'Iti}k�HYk�K�ITS g ITOQILk�K�V']^i�`Yk}V¢7e}¢ z X}k�HJ¤vV'Iti}k�HYk�K�ITS¦uwk�`YixNT_�i g ITOM]*u[k�`Yi¢ 4 e�¢�­ � e}¢�­ � ¢ 4 � ¢ �=§ 6 Ý
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