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Reflection and transmission of waves at a

fluid/porous-medium interface

Arthur I. M. Denneman®*, Guy G. Drijkoningen*,

David M. J. Smeulders*, and Kees Wapenaar*

ABSTRACT

We study the wave properties at a fluid/porous-
medium interface by using newly derived closed-form
expressions for the reflection and transmission coeffi-
cients. We illustrate the usefulness of these relatively
simple expressions by applying them to a water/porous-
medium interface (with open-pore or sealed-pore boun-
dary conditions), where the porous medium consists of
(1) awater-saturated clay/silt layer, (2) a water-saturated
sand layer, (3) an air-filled clay/silt layer, or (4) an air-
filled sand layer. We observe in the frequency range
5 Hz-20 kHz that the fast P-wave and S-wave velocities
in the four porous materials are indistinguishable from
the corresponding frequency-independent ones calcu-
lated using Gassmann relations. Consequently, for these
frequencies we would expect the reflection and trans-
mission coefficients for the four water/porous-medium
interfaces to be similar to the ones for corresponding in-
terfaces between water and effective elastic media (de-
scribed by Gassmann wave velocities). This expectation
is not fulfilled in the case of an interface between water
and an air-filled porous layer with open pores. A close ex-
amination of the expressions for the reflection and trans-
mission coefficients shows that this unexpected result is
because of the large density difference between water
and air.

INTRODUCTION

According to Biot’s theory (1956a,b), three different types
of waves may propagate through an isotropic, homogeneous
porous material: a fast P-wave, a slow P-wave, and an S-wave.
The strong predictive power of Biot’s theory has been con-
firmed extensively in many experiments performed during the
past forty years. For instance, the slow P-wave is not only ob-

served at ultrasonic frequencies in synthetic materials [sintered
glass beads (Plona, 1980)] but also in natural air-filled sand-
stone (Nagy et al., 1990) and in natural water-saturated sand-
stone (Kelder and Smeulders, 1997). These slow P-waves are
generated at a fluid/porous-medium interface with open-pore
boundary conditions; actually, experimental results of Rasolo-
fosaon (1988) show that it is hard to generate slow P-waves in
sealed-pore boundary conditions.

At a fluid/porous-medium interface, an incident P-wave in
the fluid is converted simultaneously into a reflected P-wave,
a transmitted fast P-wave, a transmitted slow P-wave, and
a transmitted S-wave. For normal incidence the correspond-
ing reflection and transmission coefficients were obtained by
Geertsma and Smit (1961) and Deresiewicz and Rice (1964);
a summary of their results is found in Bourbié et al. (1987).
For the more complicated case of oblique incidence, Wu et al.
(1990) present results focusing on the dependency of the re-
flection and transmission coefficients on the specific type of
boundary conditions (open or sealed pores); in fact, their
work [based upon initial work of Feng and Johnson (1983a,b)]
confirms Rasolofosaon’s (1988) observation. Similar results
for the fluid/porous-medium interface have been obtained by
Santos et al. (1992), Albert (1993), and Cieszko and Kubik
(1998). The results of Santos et al. (1992) show clearly the
frequency dependency of the reflection and transmission co-
efficients; Albert (1993) considers two interfaces, the air/air-
filled porous medium and the water/water-saturated porous
medium. Cieszko and Kubik (1998) consider a porous medium
with a skeleton consisting of incompressible material. Interest-
ing results can also be found in Kelder (1998) and Rasolofosaon
and Coussy (1985a,b; 1986).

To calculate the reflection and transmission coefficients for
an interface between a fluid and a porous medium, we use
the boundary conditions of Deresiewicz and Skalak (1963).
These boundary conditions lead to a set of four linear equations
with the reflection and transmission coefficients as the four
unknowns. Closed-form expressions for these coefficients can
be obtained straightforwardly by applying Cramer’s rule (each
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coefficient is then equal to the ratio of two determinants of two
different 4 x 4 matrices). However, for oblique incidence the
resulting closed-form expressions are quite complicated (Feng
and Johnson, 1983b; Wu et al., 1990; Kelder, 1998). Because
of this complexity, it is rather difficult to acquire good physi-
cal insight into the dependencies of these coefficients on the
many measurable quantities defining the fluid/porous-medium
interface.

Denneman et al. [sealed pores (2000); open pores (2001)]
show that it is possible to derive simplified expressions for the
reflection and transmission coefficients if one assume that both
the porous skeleton and the pore fluid are much more com-
pressible than the skeletal solid grains themselves. This rigid-
grain approximation appears to be quite good in many practical
cases. However, for low-porosity rocks one should not use this
approximation, since for this kind of materials the two bulk
moduli associated with the porous skeleton and the skeletal
solid grains are more or less equal to each other.

The usefulness of these rigid-grain expressions for the reflec-
tion and transmission coefficients is illustrated in this paper by
applying them to a water/porous-medium interface. Four dif-
ferent types of porous materials are distinguished: (1) a water-
saturated clay/silt layer, (2) a water-saturated sand layer, (3)
an air-filled clay/silt layer, and (4) an air-filled sand layer. The
results might be useful for (near) surface seismics (5-200 Hz),
crosswell tomography (200-2000 Hz), and sonic wireline log-
ging (2-20 kHz).

In this paper we first discuss the wave velocities in a fluid
and a porous material. We then present the closed-form ex-
pressions for the reflection and transmission coefficients for
a fluid/porous-medium interface as obtained by Denneman
et al. [sealed pores (2000); open pores (2001)]. These expres-
sions are used to calculate the reflection and transmission co-
efficients for an interface between water and a water-saturated
porous layer. Finally, we present the results for an interface
between water and an air-filled porous layer. For convenience
Table 1 contains a list of symbols used throughout this paper.

WAVE VELOCITIES IN A FLUID AND A POROUS MATERIAL

We first consider the simple case of wave propagation
through an inviscid fluid. The propagation velocity of a P-wave

in fluid (c) is given by
K
= (€]
P

where K and p are the bulk modulus and density of the fluid,
respectively. The pressure P in a fluid can be calculated by
using P=—KV - U (for plane waves; the expression for the
fluid wave displacement U can be found in Appendix A). In an
inviscid fluid the shear modulus is zero; consequently, S-waves
cannot propagate through an inviscid fluid.
In the classic papers of Biot (1956a,b), pore fluid pressure
Ps is given by
Pf:—gV'US—BV'Uf. 2)
¢ ¢

The forces acting on the solid portions of a unit cube of porous
material is denoted by the stress tensor 7 as
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Table 1. Glossary of symbols.

Symbol Meaning

Q, ai, & Parameters needed to calculate the
velocities Cs, Cpy, and Cpy

c P-wave velocity in fluid

Cs, Cp1, Cp2 Velocity of S-wave, fast P-wave, and slow
P-wave in a porous medium

f,w, fc, wc Frequency with f = w/27 and roll-over
frequency with f. = wc/27

Ko, ¢ Steady-state permeability and porosity
of a porous medium

P, Po Horizontal slowness; denominator of R"
is zero for p = py

d, dp1, 9p2, Js Vertical slowness of P-wave in fluid and
of waves in a porous medium

X, Z Coordinates in x-z plane (z < 0: fluid;
z > 0: porous medium)

A QR Generalized elastic coefficients for a
porous medium

Al AR Wave amplitudes of the incident and
reflected P-wave in a fluid

APL APZ AS Wave amplitudes of the transmitted
waves in a porous medium

GPFl, GP?, GS Factors needed to calculate displacement
Uy from displacement Ug

G, Kp Shear modulus and jacketed bulk
modulus of a porous medium

K, Ks Bulk modulus of fluid and pore fluid

Kp, Kp1, Kpa Kp = Kp + 3G, Kpy = K, + pr&2;, and
Kpy = Kp'— pi&p,

Ks Bulk modufus of skeletal grains in a
porous medium

P, P; Fluid pressure and pore-fluid pressure

RF TPI TP2 TS
R+ R, R+ R

Reflection and transmission coefficients
Surface-wave denominator for sealed
pores and open pores

T Surface flow impedance (sealed pores:
T — oo; open pores: T = 0)

U, Uy, Ug Wave displacement of fluid, pore fluid,
and skeletal grains

o, Ol Drag coefficient and tortuosity of a
porous medium

v, &p1, Ep A useful parameter and two modified
wave speeds

0 Unit tensor

n Steady-state shear viscosity of a pore fluid

0, 6 Incident angle and critical incident angle

0, P, Ps Fluid density, pore-fluid density, and
skeletal grains density

P11, P22, P12 Biot density terms

T Stress tensor related to the solid portions
of a porous material

Aq, ..., Ag Eight parameters similar to the

Rayleigh-wave denominator

T=G[VUs+ (VUs)"] + A(V - Us)d + Q(V - Uy)4,

®)

where 4 is a unit tensor.
In equations (2) and (3) the vectors U and Us are the wave

displacements of the pore fluid and the solid material making
up the skeleton, respectively (for plane waves, see Appendix A
for the expressions for the displacements U and Us). The
generalized elastic coefficients A, Q, and R in equations (2)
and (3) are related to the measurable quantities ¢, G, Ks, K¢,
and Kj as shown in Appendix A. Here, ¢ is the porosity, G
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the shear modulus, Ks the skeletal grain bulk modulus, K¢ the
pore-fluid bulk modulus, and Kj the jacketed bulk modulus of
the porous material [or dry frame bulk modulus K¢,y as defined
in Mavko et al. (1998)].

Biot (1956a,b) ascertained that three different waves may
propagate in an isotropic, homogeneous, porous material: a
fast P-wave, aslow P-wave, and an S-wave. According to Biot’s
theory, the S-wave velocity is given by

G .
Cs = \/? with Q) = P11022 — p122’ (4)

where the density terms p11, 022, and p;; are defined as

p11 = (1 —=@)ps — p12, 02 = ¢pt — P12,
p12 = —(a — 1)¢ps, 5)

where p¢ and ps are the densities of the pore fluid and the
solid material making up the skeleton, respectively. According
to Johnson et al. (1987), the complex-valued drag coefficient «
for a fluid-saturated porous material is defined as

1
dma(1= % 1+i22) with we= 12
® 2 we Koot too

(6)
where «., is the tortuosity (¢ > 1), @ the angular frequency,
ko the steady-state permeability, and n the steady-state shear
viscosity. For low frequencies w/w;, the interaction between
the grains and the pore fluid, is dominated by viscous effects;
for high frequencies, w/w. is dominated by inertial effects. At
roll-over frequency w¢ the viscous and inertial effects are of
comparable magnitude.

According to Biot’s theory, the fast P-wave velocity Cp; and

slow P-wave velocity Cp; are given by
a + /& — daya a; — /a7 — 4a,
C%l = C% 2a

= e ,

2:

’

(7
where parameter a, is defined in equation (4) and where a; and
@, are defined as

a; = Rpi1 —2Qp12 + (A +2G) 22,
R(A+2G) — Q% 8)

with R>0, A+2G >0, and a, > 0.

=9}

REFLECTION AND TRANSMISSION COEFFICIENTS

At a fluid/porous-medium interface an incident P-wave in
the fluid is converted simultaneously into a reflected P-wave,
a transmitted fast P-wave, a transmitted slow P-wave, and a
transmitted S-wave. The corresponding reflection and trans-
mission coefficients RF, TP!, TP2, and TS are related to the
wave amplitudes A', AR, AP AP2 and AS[see equations (A-1),
(A-2), (A-4), and (A-5)] as follows:

AR e ATy AP
Al A A

s_ "M
==

RF =

To find RF, TP!, TP2, and TS, we use the same boundary
conditions for the fluid/porous-medium interface as used by
Deresiewicz and Skalak (1963) [see also Bourbié et al. (1987)
and Gurevich and Schoenberg (1999)]. Hence, at the boundary
z=0,

U; =¢Us, + (1 - ¢)Us,z, —P = —¢Ps + 14, (10)
P=P;+ jCl)T(b(Uf,Z - Us,z), 0 = 174z, (11)

where U, Us ;, and U ; are the z-components of the fluid dis-
placement, pore-fluid displacement, and skeletal grains dis-
placement, respectively. The fluid pressure P can be calcu-
lated by using P=—KV - U. The pore-fluid pressure P and
the components of stress tensor 7 (i.e., 7y, and 1;;) can be cal-
culated by using equations (2) and (3).

The parameter T in equation (11) is the surface flow
impedance; two limiting cases are of special interest: T =0 and
T— oco. The open-pore case T =0 implies free flow of fluid
across the fluid/porous-medium interface. Substituting T =0in
equation (11) leads to P = Ps. For the sealed-pore case T — oo,
there is no fluid flow across the fluid/porous-medium interface.
Substituting T — oo in equation (11) leads to U, =Us, [=U,
by equation (10)].

It is not difficult to show that the boundary conditions given
in equations (10) and (11) lead to a set of four linear equa-
tions with the coefficients RF, TP!, TP? and TS as the four
unknowns. To acquire physical insight in the computed coeffi-
cients, closed-form expressions for RF, TP!, TP2 and TS have
been derived, assuming the skeletal grains are rigid. We only
present the closed-form expressions belonging to the two lim-
iting cases T =0 and T — oo; unfortunately, for the intermedi-
ate cases we were only able to derive closed-form expressions,
which are extremely complicated.

For the sealed-pore case (T — o) the rigid-grain approxi-
mation leads to (Denneman et al., 2000)

R — R
RF= L2 (12)

R +R

where R; and R, are defined as
Ri = A1+ yAs, (13)
P

R=—— + . 14
o) 4qG(;25(qpl Ydp2) (14)

Here, the vertical slownesses g, gp1, and gp; and the parameters
y, A1, and A, are defined in Appendices A and B, respectively.
The corresponding transmission coefficients TP!, TP2 and TS
are given by

—p/G K

TPl — p/ 2 P1 , 15
R+R P 2GC|2:,1 ( )
— G K

TP2 — vp/ 2 P2 ’ 16
R+ R P ZGC|232 ( )
4pgcR,

TS= —3—, 17
R +R {17

where the horizontal slowness p and the effective moduli Kp;
and Kp, are defined in Appendices A and B, respectively.



Waves at Fluid/Porous-Medium Interface 285

For rigid skeletal grains and open pores (T = 0), the reflec-
tion coefficient RF is given by (Denneman et al., 2001)

R: —

RF — 37R4’ (18)

Rs+ Ry

where R; and R, are defined as

A

R, = As+ Y ar2 4’ (19)
°[31
op
R = 222 (A5 4y n). (20)
aptq

The parameters Az, A4, As, and Ag are defined in Appendix B.
The corresponding transmission coefficients TP, TP2 and TS
are given by

TR 288 (21)
R+ Ry
_2A,
P2 _ — 22
Rs + Ry 22)
-1
TS 2p(gp2A7 — gp1As) ot — Lz @)
R+ Ry ZCS

where the parameters A7 and Ag are defined in Appendix B.

INTERFACE BETWEEN WATER AND A WATER-SATURATED
POROUS MEDIUM

We illustrate the results obtained by applying them to the
case of an interface between water and a water-saturated
porous medium. Using core and log data obtained from a shal-
low borehole near Huesca, Spain, we distinguish two differ-
ent types of porous media: a water-saturated clay/silt layer
and a water-saturated sand layer. The parameters defining
these two media are shown in Table 2. The (pore) fluid is
water, characterized by 7 =0.001 Pa-s, p = ps = 1000 kg m~3,
and K = K; =2.22 GPa.

The fast P-wave velocity, the slow P-wave velocity, and the
S-wave velocity can be calculated by using the expressions
for cs, cp1, and cp, given by equations (4) and (7). In gen-
eral, the wave velocities Cpy, Cpz, and Cs are complex valued.
The phase velocities are given by [Re(cp})] ™!, [Re(Cpy)] ™,
and [Re(cg")]™!; the corresponding attenuations are defined
as Im(—w/cp;), Im(—w/cCp;), and Im(—w/cs). The results for
the water-saturated clay/silt layer and the water-saturated sand
layer are shown in Figures 1 and 2.

In both figures one observes

1) the fast P-wave velocity and S-wave velocity are weakly
dependent on frequency f,

2) the slow P-wave velocity is strongly dependent on fre-
quency f,

3) the roll-over frequency f. is high compared to the fre-
quencies used in (near) surface seismics, crosswell tomog-
raphy, and sonic wireline logging (these techniques are in
the frequency range 5 Hz-20 kHz, while f.is4.1 MHz and
43 kHz for the clay/silt layer and sand layer, respectively),
and

4) for the frequency domain 5 Hz-20 kHz the slow P-wave
is strongly attenuated and has a low phase velocity.

We further note that the fast P-wave in the clay/silt layer is
much more attenuated than the one in the sand layer. On the
other hand, for rather low frequencies the S-wave in the sand
layer is much more attenuated than the one in the clay/silt layer.

The reflection and transmission coefficients RF, TP TP2,
and TS for the water/porous-layer interfaces are calculated
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FiG.1. Water-saturated clay/silt layer; phase velocity and atten-

uation of fast P-wave, S-wave, and slow P-wave. The roll-over
frequency is fo = /27 =4.1 MHz.

Table 2. Parameters for a clay/silt layer and a sand layer (obtained from a shallow borehole): porosity, ¢; skeletal grains density,
ps; skeletal grain bulk modulus, Kj; jacketed bulk modulus, K,; shear modulus, G; steady-state permeability, k(; and tortuosity,
ao. Both porous layers are below the water table and are therefore water saturated.

® os (kg m™3) Ks (GPa) Ky, (GPa) G (GPa) ko (10712 m?) oo

Clay/silt 0.18 2840 30 3.0 4.1 0.007 1.0
Sand 0.24 2760 40 5.8 3.4 0.390 2.3
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by using equations (12) and (15)-(17) in the case of sealed
pores and by using equations (18) and (21)—(23) in the case of
open pores. Note that K is much larger than K, and K (see
Table 2), which justifies the use of the rigid-grain approxima-
tion. Nevertheless, this approximation introduces a small error
in the calculated values of RF, TP, TP2 and TS. However, for
our purpose this error is negligible, since an exact calculation
would not change our remarks/observations in the remainder
of this section.

The seismic and wireline techniques mentioned before are in
the frequency range 5 Hz-20 kHz; consequently, we calculate
R, TP!, TP2 and T Sfor the frequencies 10 Hz and 10 kHz. The
results obtained for an interface between water and a water-
saturated clay/silt layer are shown in Figure 3. The results for
an interface between water and a water-saturated sand layer
are shown in Figure 4. We have omitted the results for the
transmission coefficient TP? in Figures 3 and 4, since |TF?| is
much smaller than |RF[, [TP!|, and |TS|. Note that the results
given in Figures 3 and 4 can easily be transformed into figures
showing |RF|, [TP!|, and |T9| as a function of incident angle 6
by using the relation # = arcsin(pc) for the domain | pc| < 1.

One observes in Figures 3 and 4 that for f =10 Hz the re-
flection and transmission coefficients are independent of the
specific type of boundary conditions. This result is consistent
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FiG. 2. Water-saturated sand layer; phase velocity and attenu-

ation of fast P-wave, S-wave, and slow P-wave. The roll-over
frequency is fo = wc/27 =43 kHz.

with the observation that the roll-over frequencies f; for the
water-saturated clay/silt layer and the water-saturated sand
layer are much higher than 10 Hz (clay/silt layer: fo=4.1 MHz;
sand layer: f.=43 kHz). That is, for a sufficiently low fre-
quency the water/porous-medium interface is similar to an
interface between water and an effective elastic medium de-
scribed by Gassmann wave velocities (Gassmann, 1951; White,
1983; Schon, 1996). Consequently, for f — 0 the slow P-wave
disappears and the coefficients RF, TP, and TS are equal to
those for a fluid/elastic-medium interface (de Hoop and van
der Hijden, 1983); hence, for f — 0 there is no dependency on
the specific type of boundary conditions.

In the case of a clay/silt layer, the roll-over frequency
fc =4.1 MHz is still much higher than 10 kHz; so one observes
in Figure 3 that the coefficients R", TP!, and TS are also for
f =10 kHz, independent of the specific type of boundary con-
ditions. On the other hand, for the sand layer the roll-over
frequency f. =43 kHz is not much higher than 10 kHz, which
for f =10 kHz results in a difference between the open-pore
and sealed-pore results (Figure 4). These results are consistent
with the fact that the steady-state permeability Ky in the sand
layer is roughly 50 times higher than the one in the clay/silt
layer, i.e., the higher the permeability, the larger the amount
of water flow across the interface with open pores, which leads
to a larger difference between the open-pore and sealed-pore
results.

Three clear discontinuities can be observed in all the plots
shown in Figures 3 and 4, i.e., for the clay/silt layer at pc~ 0.52,
pc=1,and pc~1.17 and for the sand layer at pc~0.52, pc=1,
and pc~ 1.25. The first discontinuity at pc~ 0.52 is associated
with the critical incident angle 6, &~ arcsin(0.52) ~ 35° at which
the transmitted fast P-wave becomes evanescent. The next

f=10Hz f =10 kHz
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Fic. 3. Reflection/transmission at the interface between water
and water-saturated clay/silt layer using the rigid-grain approx-
imation. Solid and dashed lines overlap for the most part.
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discontinuity at pc= 1is associated with the maximum incident
angle 8 =90° (for pc> 1 the incident and reflected P-waves are
evanescent). At the third discontinuity (pc~ 1.17 for clay/silt
and pc~1.25 for sand) the S-wave in the porous medium be-
comes evanescent.

In Figures 3 and 4 one also observes that the reflection and
transmission coefficients are very large for pc~1.36 (clay/silt
layer) and 1.43 (sand layer). These two pcvalues are associated
with the surface wave traveling along the fluid/porous-medium
interface. Actually, ignoring damping, the surface-wave veloc-
ity is equal to the reciprocal of the horizontal slowness p for
which the reflection and transmission coefficients are maxi-
mum. Thus, the surface wave traveling along the interface be-
tween water and a water-saturated clay/silt layer is 5% faster
than the wave traveling along the water/sand-layer interface.

The surface-wave velocity can also be obtained as follows:
Find the horizontal slowness p= py for which the denomina-
tor of R is zero. For the sealed-pore and open-pore cases the
denominator of R is equal to R; + R, and R; + Ry, respec-
tively [see equations (12)—(14) and (18)—(20)]. However, the
obtained p= py, for which R, + R, =0 or R; + Ry =0 might
be complex valued (the imaginary part of this py is much
smaller than the real part of this py). In general, [Re(py)]™
is the surface-wave velocity, whereas its attenuation is given by

Im(—pyw).

f=10Hz f=10kHz

----- sealed-pore —— open-pore ---- sealed-pore —— open-pore

20 3.0

2 2
@ @
B =
1 1
%0 10 20 0 %o 10 20 3.0
pc pc

FiG. 4. Reflection/transmission at the interface between wa-
ter and water-saturated sand layer using the rigid-grain
approximation.

INTERFACE BETWEEN WATER AND AN AIR-FILLED
POROUS MEDIUM

In this section we consider an interface between water and
an air-filled porous medium (instead of a water-saturated one).
Analogously to the previous section we use core and log data
obtained from a shallow borehole near Huesca, Spain, and we
distinguish two different types of porous media: an air-filled
clay/siltlayer and an air-filled sand layer. The parameters defin-
ing these two media are shown in Table 3. The pore fluid is air,
and it is characterized by p; =1.2 kg m—3, K; =0.1 MPa, and
n=1.82107° Pa-s.

The phase velocities and attenuations of the fast P-wave,
slow P-wave, and S-wave in the air-filled clay/silt layer and
air-filled sand layer are shown in Figures 5 and 6. The velocities
of the fast and slow P-wave in the air-filled porous media are
much lower than the ones in water-saturated porous media
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FiG. 5. Air-filled clay/silt layer; phase velocity and attenuation
of fast P-wave, S-wave, and slow P-wave. The roll-over fre-
quency is fo=wc/2m =14.5 MHz.

Table 3. Parameters for a clay/silt layer and a sand layer (obtained from a shallow borehole): porosity, ¢; skeletal grains density,
pPs; skeletal grain bulk modulus, Kj; jacketed bulk modulus, K,; shear modulus, G; steady-state permeability, k(; and tortuosity,
Q0. Both porous layers are above the water table and are therefore air filled.

¢ ps (kgm™>) Ks (GPa) Kb (GPa) G (GPa) ko (10-2 m?) N

Clay/silt 0.21 2840 30 3.0 4.1 0.035 1.0
Sand 0.26 2760 40 5.8 34 0.950 23
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(as shown in Figures 3 and 4). Also, in the air-filled porous
medium the attenuations of the fast P-wave and S-wave are
more or less the same; in the water-saturated porous medium
the S-wave is much more attenuated than the fast P-wave.

The reflection and transmission coefficients R™, TP!, and TS
for an interface between water and an air-filled porous medium
are shown in Figures 7 and 8. Again, |TF?| is much smaller
than |RF|, |TP!|, and | T S| and the results for T "2 are therefore
omitted. We further note that for the air-filled media the exact
solution for R, TP!, TP2 and T Sis equal to the corresponding
rigid-grain approximation, where Ks — oo. The rigid-grain ap-
proximation is excellent because of the very low value of the
pore fluid bulk modulus K¢ (the bulk modulus of air).

The significant difference between the open-pore and sealed-
pore results in Figures 7 and 8 is quite remarkable. Since
the roll-over frequencies f; are very high (clay’silt layer:
fc=14.5 MHz; sand layer: f. =287 kHz), we would have ex-
pected that the numerically obtained RF, TP!, and TS would
be equal to the values for an interface between water and an
effective elastic medium described by Gassmann wave veloci-
ties. Consequently, for f =10 Hz the open-pore results should
not differ that much from the sealed-pore ones. However,
for f <10 Hz the open-pore results ultimately approach the
sealed-pore results (as expected).

P — fast P-wave --- S-wave --- slow P-wave
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FiG. 6. Air-filled sand layer; phase velocity and attenuation of

fast P-wave, S-wave, and slow P-wave. The roll-over frequency
is fo =w¢/2m =287 kHz.

The significant difference between the open-pore and sealed-
pore results (as shown in Figures 7 and 8) can be explained
as follows. At the water/porous-medium interface with open
pores, the wave displacements in water are mainly coupled
to the wave displacements in air (the pore fluid). The acous-
tic impedance of water is much higher than the acoustic
impedance of air; consequently, for the open-pore case and
f =10 kHz the coefficients | T P!, |T"?|,and | T S| are very small
while |R7| & 1. On the other hand, in sealed-pore case the wave
displacements in water are mainly coupled to wave displace-
ments in the porous skeleton. The acoustic impedances of wa-
ter and the porous skeleton are of the same order of mag-
nitude; accordingly, the sealed-pore results differ significantly
from the results for the open-pore case, for which there is a
large impedance difference.

To calculate RF, TP, TP2 and TS we used the closed-form
expressions given by equations (12)—(17) (sealed pores) and
equations (18)—(23) (open pores). A close examination of these
expressions is helpful. Equation (20) shows the reflection and
transmission coefficients for the open-pore case are clearly de-
pendent on the density ratio p/p¢, but this kind of dependency
is not present in any of the closed-form expressions for RF,
TPL TP2 and TS valid for the sealed-pore case.

Because of the large density difference between water and
air (i.e., p/ps ~800), one finds by using equation (20) that |Ry|
ismuch larger than |Rs| for f =10kHz. Consequently, by using
equation (18) one obtains for the open-pore case |R™ |~ 1 (see
Figures 7 and 8; f =10kHz). At f =10 Hz the large ratio p/p¢
is somewhat compensated by the other terms in equation (20);
hence, for the open-pore case this leads to a reflection coeffi-
cient |RF| that differs significantly from 1 (see Figures 7 and 8;
f =10 Hz). The difference between the open-pore and sealed-
pore results only disappears at f <« 10Hz,i.e., only at extremely

f=10Hz f=10kHz

""" sealed-pore —— open-pore - sealed-pore —— open-pore

4

3

[
m?

a | a
=2l 2
%0 1.0 2.0 3.0 %0 1.0 2.0 3.0
pc pc

Fic. 7. Reflection/transmission at the interface between wa-
ter and air-filled clay/silt layer (no difference between exact
solution and corresponding rigid-grain approximation).
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small frequencies is the large ratio p/p; fully compensated by
the other terms in equation (20).

Finally, we show in Figure 9 that RF and T"! for the open-
pore case (T =0) change gradually into the coefficients for
the sealed-pore case (T — o0) if one increases the surface-flow
impedance T. The results for the intermediate values of T are
obtained by solving numerically the set of four linear equa-
tions with the coefficients RF, TP!, TP2, and TS as the four
unknowns [this set represents the four boundary conditions
given in equations (10) and (11)].

CONCLUDING REMARKS

We have presented our current research on the reflection
and transmission properties of waves at a fluid/porous-medium
interface. We have assumed that Ky <« Kg and K¢ <« K (the
rigid-grain approximation), and we have considered two types
of boundary conditions: open pore and sealed pore. For both
types of conditions the obtained closed-form expressions for
the reflection and transmission coefficients RF, TP!, TP2, and
TS are relatively simple [see equations (12), (15)—(18), and
(21)—(23)]. The usefulness of these expressions has been illus-
trated by considering four different fluid/porous-medium in-
terfaces. The results presented in this paper might be useful
for (near) surface seismics (5-200 Hz), crosswell tomography
(200-2000 Hz), and sonic wireline logging (2-20 kHz). We also
believe this paper is a good starting point for acquiring physical
insight into the dependencies of RF, TP!, TP2 and TS on the
many measurable quantities defining the fluid and the porous
material.

One interesting result in this paper concerns the remark-
able difference between the open-pore and sealed-pore cases
in Figures 7 and 8. Since the roll-over frequencies f; for the air-

f=10Hz f=10kHz
""" sealed-pore  —— open-pore - sealed-pore —— open-pore
3 T 3 T HA
k 2.0 3.0
K 2.0 3.0
1.0 2.0 3.0

pc pc

Fic. 8. Reflection/transmission at the interface between water
and air-filled sand layer (no difference between exact solution
and corresponding rigid-grain approximation).

filled clay/silt layer and air-filled sand layer are both very large,
one would expect that the obtained R", TP!, and TS are equal
to the ones for an interface between water and an effective
elastic medium described by Gassmann wave velocities. This is
indeed the case for an interface with sealed pores; however, an
interface with open pores shows peculiar behavior because of
the large difference between the acoustic impedance of water
and the acoustic impedance of air (the pore fluid). Moreover,
the closed-form expressions for RY, TP!, TP2 and TS given by
equations (18)—-(23) (open pores) show a clear dependency on
the ratio p/ps > 1, while this p/ps dependency is not present
in the closed-form expressions for the sealed-pore case given
by equations (12)-(17). These open-pore results for air-filled
porous media suggest that it is not always a good idea to model
a fluid/porous-medium interface in the way one normally does
at low frequencies f « f, i.e., to replace the porous medium
by an effective elastic medium.

Further, the results presented in this paper might facilitate
current research in forward and inverse surface wave analysis.
The denominator of the reflection coefficient RF plays a
central role in determining the phase velocity and attenuation
of the surface wave traveling along the fluid/porous-medium
interface. For the sealed-pore and open-pore cases this surface-
wave denominator is equal to Ry + R, and R; + Ry, respectively
[see equations (12)—(14) and (18)-(20)]. Hence, the surface-
wave velocity and its attenuation can be obtained by finding

T=0 kgm2s-1 T=0 kgm2s-!
2 _2
r -
A~
-] B
1 1
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3 3 T
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Fic. 9. Reflection/transmission at the interface between water
and air-filled sand layer, four different surface flow impedances
T with f =10 kHz (no difference between exact solution and
corresponding rigid-grain approximation).
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a (complex-valued) horizontal slowness p= py for which the
surface-wave denominator R; + R, or R; + Ry is zero, i.e., find
a p= py such that for sealed-pores

o0p1 odpr2
A
w6g '\ T agee

and for open-pores

A A
As+ Y 9rQap2As + @( $p9p1 5) —0. (25
@ptq ap1 aptq

Here, the phase velocity of the surface wave is equal to
[Re(po)]~", whereas its attenuation in the propagation direc-
tion is equal to Im(—wpy). We finally note that the third and
fourth term in equations (24) and (25) will disappear if f — 0.

A+ =0, (24)
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APPENDIX A
WAYVE DISPLACEMENTS IN THE SPACE-FREQUENCY DOMAIN

The fluid/porous-medium interface is located at z=0 (z < 0:
fluid; z> 0: porous medium). The fluid displacement U in the
X-z plane with z < 0 is defined as

Ux(X. Z, @) = pA' exp[—jw(px+ q2)]
+ pARexp[—jo(px—q2)], (A-1)
Uz(X, z, w) = q A exp[—jo(px + q2)]

—qA%exp[—jo(px—q2)], (A-2)

where A' and AR are the amplitudes for the incident and re-
flected P-waves, respectively. Furthermore, pis the real-valued
horizontal slowness and q is the vertical slowness [Re(q) >0
and Im(q) =0, or Re(q) =0 and Im(q) <0]. The slownesses
p and q are related to the propagation velocity ¢ defined by
equation (1): .

pP+a’ =5 (A-3)
Note that p and c are related to the incident angle 6 as
pc= sin(#) for the domain |pc| <1, while for |pc| > 1 the in-

cident and reflected waves are evanescent (inhomogeneous
waves propagating along the fluid/porous-medium interface).
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The skeletal grains displacement Us in the Xx-z plane with
z> 01is defined as

Usx(X, 2, @) = pA™! exp[—jw(px + dp12)]
+ pA”? exp[—jo(pXx+ gp22)]
—qsAexp[—jw(px +dsz)]. (A-4)
Usz(X, 2 @) = gp1 A”! exp[—jo(pX + qp12)]
+0p2 AP exp[— jo(PX + Qp22)]

+pASexp[—jo(px+ds2)],  (A-5)

where AP!, AP2 and AS are the amplitudes of the fast P-wave,
slow P-wave, and S-wave, respectively. The vertical slownesses
Op1, Op2, and s (all with a nonnegative real part and a nonpos-
itive imaginary part) are related to the horizontal slowness p
and the wave velocities Cs, Cp1, and Cp; defined in equations (4)
and (7) as follows:

1 1 1
D2+Q§>1=CT7 p2+qé2=cz—, p2+q§=g.
P1 P2 S
(A-6)

There is a simple relation between the pore-fluid displace-
ment U; and the skeletal grains displacement Us, i.e., the x-
and z-directions of U; are also given by the right-hand sides
of equations (A-4) and (A-5) but with one modification: am-
plitudes AP!, AP2 and AS must be multiplied by factors G/,

GP2, and GS, respectively. These factors are defined as (Feng
and Johnson, 1983a)

GP! Q-cipiz A+2G—chpon

= = , (A-7)
c2,02 — R Chp12 — Q
Q—cho A+2G-—chn
GP2 == P2 — 5 P2 , (A-S)
Cpyo22 — R Cpyo12 — Q
- —1
GS= P2 _%" " (A-9)
022 a

The generalized elastic coefficients A, Q, and R are related to
measurable quantities by the following expressions (Biot and
Willis, 1957):

(1 —¢)*KsKs — (1 — ¢)KpK s + ¢KsKp 2

"= Kf<1—¢—:2—2>+¢Ks 3G’
(A-10)
o $K 1 (Ks(1 —KQZ) —Kb) (A-11)
Kf<1—¢—K—S>+¢KS
R= P*KiKs (A-12)

Kf<1—¢— &) + ¢Ks
Ks

These expressions for A, Q, and R are also valid for porous

materials that are not fully fluid saturated. For an extensive

discussion on partially saturated porous media, see Smeulders

and van Dongen (1997).

APPENDIX B
USEFUL EXPRESSIONS
The useful parameter y and modified wave speeds £p; and 1 2
&p, are defined as Az = p’qsQpr + (p2 — ﬁ) , (B-6)
KiY_ g i€
dp1&pChy  Op1 | \aps i 2 , 1
y=—r—rrt=— | —rt— |, (B-1) Ay = + -—1, B-7
Up2é3,C5,  Op2 2 (ﬁ) 4 = P Osdp2 p 2 (B-7)
P1 Y . 5
= As=pPasder + (PP~ =5 ). (BS)
2 o apf 1 2Gcy,
¢ K cp Ko\’
- Ag = p’dsOea + | P> — 52 ; (B-9)
o 1 apt 2Gcp,
2
= (2-1)| -2 (B3)
¢ 02 Kf — -
P2 c2 1 K
Ay = P2 pPasaer + (02— o | (PP — 522
where |c3,| < |K¢/aps| < |c3,|. The parameters Ay, ..., Ag are ,Of§|232 2¢% 2GC[231 7
similar to the Rayleigh-wave denominator (de Hoop and van - -
der Hijden, 1983), and they are defined as (B-10)
5 _ -
Kpi PChy | o . 2 Kp
Ay =p +{p*- , B-4 Ag = P2 +p-— - ,
1= P"04sOp1 (P 260%“) (B-4) ’ P1&py _p A2 P 2c% P 2Gch, ]
2
< (B-11)
Ar = pPlastes + [ PP — ——a- | | (B-5) . 4 ) P
2Gc, with Kp=Kp + 4G, Kpi = Kp + p1£2,, and Kpy = K — pr2,.
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ABSTRACT

We study the wave properties at a fluid/porous-medium interface by using newly
derived closed-form expressions for the reflection and transmission coefficients. We
illustrate the usefulness of these relatively simple expressions by applying them to a
water/porous-medium interface (with open-pore or sealed-pore boundary conditions),
where the porous medium consists of (i) a water-saturated clay /silt-layer, (ii) a water-
saturated sand-layer, (iii) an air-filled clay/silt-layer, or (iv) an air-filled sand-layer.
We observe in the frequency range 5 Hz — 20 kHz that the fast P-wave and S-wave
velocities in the four porous materials are indistinguishable from the corresponding
frequency-independent ones calculated using Gassmann relations. Consequently, for
these frequencies we would expect that the reflection and transmission coefficients for
the four water/porous-medium interfaces are similar to the ones for corresponding
interfaces between water and effective elastic media (described by Gassmann wave
velocities). We observe that this expectation is not fulfilled in case of an interface
between water and an air-filled porous layer with open pores. A close examination
of the expressions for the reflection and transmission coefficients shows that this

unexpected result is due to the large density difference between water and air.



INTRODUCTION

According to Biot’s theory (1956a; 1956b) three different types of waves may prop-
agate through an isotropic, homogeneous porous material: a fast P-wave, a slow P-
wave, and a S-wave. The strong predictive power of Biot’s theory has been confirmed
extensively in the many experiments performed the past forty years. For instance, the
slow P-wave is not only observed at ultrasonic frequencies in synthetic materials [sin-
tered glass beads; (Plona, 1980)], but also in natural air-filled sandstone (Nagy et al.,
1990) and in natural water-saturated sandstone (Kelder and Smeulders, 1997). Note
that these slow P-waves are generated at a fluid/porous-medium interface with open-
pore boundary conditions; actually, experimental results of Rasolofosaon (1988) show
that it is hard to generate slow P-waves in case of sealed-pore boundary conditions.

At a fluid/porous-medium interface an incident P-wave in the fluid is converted
simultaneously into a reflected P-wave, a transmitted fast P-wave, a transmitted slow
P-wave, and a transmitted S-wave. In case of normal incidence the corresponding
reflection and transmission coefficients were obtained by Geertsma and Smit (1961)
and Deresiewicz and Rice (1964); a summary of their results can be found in the book
of Bourbié et al. (1987). For the more complicated case of oblique incidence Wu et
al. (1990) presented results focusing on the dependency of the reflection and transmis-
sion coefficients on the specific type of boundary conditions (open or sealed pores);
in fact, their work [based upon initial work of Feng and Johnson (1983a; 1983b)| con-
firmed the above mentioned experimental observation of Rasolofosaon (1988). Similar
results for the fluid/porous-medium interface were obtained by Santos et al. (1992),
Albert (1993), and Cieszko and Kubik (1998). The results of Santos et al. (1992)
show clearly the frequency dependency of the reflection and transmission coefficients
and the paper of Albert (1993) considers the two interfaces “air/air-filled porous
medium” and “water/water-saturated porous medium”. The paper of Cieszko and

Kubik (1998) considers a porous-medium with a skeleton consisting of incompressible



material. We further note that interesting results can be found in the Ph.D. thesis of
Kelder (1998) and in the French papers of Rasolofosaon and Coussy (1985a; 1985b;
1986).

To calculate the reflection and transmission coefficients for an interface between
a fluid and a porous-medium, we use the boundary conditions of Deresiewicz and
Skalak (1963). In the scientific publications mentioned before it is shown that these
boundary conditions lead to a set of four linear equations with the reflection and
transmission coefficients as the four unknowns. Closed-form expressions for these
coefficients can be obtained straightforwardly by applying Cramer’s rule (each coef-
ficient is then equal to the ratio of two determinants of two different 4 x4 matrices).
However, in case of oblique incidence the resulting closed-form expressions are quite
complicated (Feng and Johnson, 1983b; Wu et al., 1990; Kelder, 1998). Due to this
complexity it is rather difficult to acquire a good physical insight in the dependencies
of these coefficients on the many measurable quantities defining the fluid/porous-
medium interface.

It has recently been shown by Denneman et al. [sealed pores (2000); open
pores (2001)] that it is possible to derive simplified expressions for the reflection
and transmission coefficients if it is assumed that both the porous skeleton and the
pore fluid are much more compressible than the skeletal solid grains themselves. This
rigid-grain approximation appears to be a quite good one in many practical cases.
However, for low-porosity rocks one should not use this approximation, since for this
kind of materials the two bulk moduli associated with the porous skeleton and the
skeletal solid grains are more or less equal to each other.

The usefulness of these rigid-grain expressions for the reflection and transmission
coefficients is illustrated in this paper by applying them to a water/porous-medium
interface, where four different types of porous materials are distinguished: (i) a water-
saturated clay/silt-layer, (ii) a water-saturated sand-layer, (iii) an air-filled clay/silt-

layer, and (iv) an air-filled sand-layer. The presented results might be useful for:
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(i) (near) surface seismics (5200 Hz), (ii) crosswell tomography (200-2000 Hz), and
(iii) sonic wireline logging (2-20 kHz).

The outline of the paper is as follows. We first discuss the wave velocities in a
fluid and a porous material. We then present the closed-form expressions for the re-
flection and transmission coefficients for a fluid/porous-medium interface as obtained
by Denneman et al. [sealed pores (2000); open pores (2001)]. These expressions are
used to calculate the reflection and transmission coefficients for an interface between
water and a water-saturated porous layer. Next, we present the results for an inter-
face between water and an air-filled porous layer. For convenience: Table 1 contains

a list of symbols used throughout this paper.

WAVE VELOCITIES IN A FLUID AND A POROUS MATERIAL

We first consider the simple case of wave propagation through an inviscid fluid.

The propagation velocity of a P-wave is then given by

c=4/—, (1)

where K and p are the bulk modulus and density of the fluid, respectively. The
pressure P in a fluid can be calculated by using P=—KV-U (for plane waves: the
expression for the fluid wave displacement U can be found in appendix A). We further
note that in an inviscid fluid the shear modulus is zero; consequently, S-waves cannot
propagate through an inviscid fluid.

In the classic papers of Biot (1956a; 1956b) one finds that the pore fluid pressure

P is given by

p=-9%vu_-lfvu, @)

¢ ¢

whereas the forces acting on the solid portions of unit cube of porous material is

denoted by the stress tensor T as



T = G VU, + (VU] + A(V-Uy)é + Q(V-Uy)s, (3)

where § is a unit tensor.

In equations (2) and (3) the vectors Uy and U are the wave displacements of
the pore fluid and the solid material making up the skeleton, respectively (for plane
waves: the expressions for the displacements Uy and Ug can be found in appendix A).
The generalized elastic coefficients A, (), and R in equations (2) and (3) are related
to the measurable quantities ¢, G, Kg, K¢, and K}, as shown in appendix A. Here,
¢ is the porosity, G the shear modulus, K the skeletal grain bulk modulus, Ky the
pore fluid bulk modulus, and K}, the jacketed bulk modulus of the porous material
[or dry frame bulk modulus Ky, as defined in Mavko et al. (1998)].

It was obtained by Biot (1956a; 1956b) that three different waves may propagate
in an isotropic, homogeneous porous material: a fast P-wave, a slow P-wave, and a

S-wave. According to Biot’s theory the S-wave velocity is given by

G .
Cs = \/F with Qo = P11P22 — pi’ (4)
0

where the density terms p;;, p,,, and p;, are defined as

P = (1 - ¢),0s — P12 P2z = PPt — Pra, P12 = —(Of — 1)¢pf, (5)

where pr and pg are the densities of the pore fluid and the solid material making up
the skeleton, respectively. According to Johnson et al. (1987) the complex-valued

drag coefficient « for a fluid-saturated porous material is defined as

1
O = O 1—]& 1+]_£ with We = 77¢ ’ (6)
w 2 w(; kOpfaOO

where ., is the tortuosity (note that a., > 1), w the angular frequency, k, the

steady-state permeability, and 7 the steady-state shear viscosity. Note that for low
frequencies w/w. the interaction between the grains and the pore fluid is dominated
by viscous effects and for high w/w. by inertial effects. At roll-over frequency w, the

viscous and inertial effects are of comparable magnitude.
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According to Biot’s theory the fast P-wave velocity cp; and slow P-wave velocity
cp, are given by

) a, +1/a? — 4aa, ) a, —/a? — 4aqa, ™

CPI = ) CP2 I
2a, 2a,

where parameter q, is defined in equation (4), whereas a, and a, are defined as
a, = Rpy, —2Qp:, + (A + QG)pzza Gy, = R(A + 2G) - Q2 (8)

with R>0, A4+2G >0, and a,>0.

REFLECTION AND TRANSMISSION COEFFICIENTS

At a fluid/porous-medium interface an incident P-wave in the fluid is converted
simultaneously into a reflected P-wave, a transmitted fast P-wave, a transmitted slow
P-wave, and a transmitted S-wave. The corresponding reflection and transmission
coefficients RY, T', T*?, and T® are related to the wave-amplitudes A", A® A"', A"

and AS [see appendix A: in equations (A-1), (A-2), (A-4), and (A-5)] as follows:

AR APl AP2 AS
F_ " TP1:_ TP2:_ TS:_.
R AI’ Al ) Al ’ Al (9)

To find R*, T"', T*, and T° we use the same boundary conditions for the
fluid /porous-medium interface as used by Deresiewicz and Skalak (1963) [see also
the book of Bourbié et al. (1987) and the paper of Gurevich and Schoenberg (1999)];

hence, at the boundary z=0:

U, = quf,z + (1 - ¢)US,21 0 = T4z, (10)

P = P+ jwT¢(Ur, — Us,), —P = —¢P; + 7, (11)

where U,, Ut,, and Us, are the z-components of the fluid displacement, pore fluid

displacement, and skeletal grains displacement, respectively. The fluid pressure P can



be calculated by using P=—KV-U. The pore fluid pressure P and the components
of stress tensor 7 (i.e., 7., and 7,,) can be calculated by using equations (2) and (3).

The parameter T in equation (11) is the surface flow impedance; two limiting
cases are of special interest, i.e., T'=0 and T'— 0o. The open-pore case T'=0 implies
free flow of fluid across the fluid/porous-medium interface. Substitution of 7’=0 in
equation (11) leads to P = F;. For the sealed-pore case T — oo there is no fluid flow
across the fluid/porous-medium interface. Substitution of 7" — oo in equation (11)
leads to Ut ,,=Us, [=U, by equation (10)].

It is not difficult to show that the boundary conditions given in equations (10) and
(11) lead to a set of four linear equations with the coefficients R*, "', T**, and T* as
the four unknowns. To acquire physical insight in the computed coefficients, closed-
form expressions for RY, T"", T"* and T* have been derived assuming that the skeletal
grains are rigid. In this paper we only present the closed-form expressions belonging
to the two limiting cases 7'=0 and 7' — oco; unfortunately, for the intermediate cases
we were only able to derive closed-form expressions that are extremely complicated.

For the sealed-pore case (T'— 00) the rigid-grain approximation leads to (Denne-

man et al., 2000)

R, — R
RF=— 2 12
R TR (12)
where R, and R, are defined as
R, = A, +7A,, (13)
P
R, = m(qpl + ’quz)- (14)

Here, the vertical slownesses ¢, gp;, and ¢p, and the parameters v, A,, and A, are de-
fined in appendix A and B, respectively. The corresponding transmission coefficients

T"', T*? and T* are given by

—p/G 2 Ko,
T = —— — 15
R, +R, (p 2Gc, ) (15
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—0/G (5  Ks»
T = — 16
R+ R, ( 2Ge2, )’ (16)
4pgc2 R,
s — PA%GT 17
Rl +R2’ ( )

where the horizontal slowness p and the effective moduli K;, and Kp, are defined in
appendix A and B, respectively.
For rigid skeletal grains and open pores (7" = 0) the reflection coefficient R" is

given by (Denneman et al., 2001)

R,— R
R =2 18
R TR (18)

where R, and R, are defined as

A

Rs = As + Ve 4a (19)
gr1
R, = PPt (Ay 4+ 7A,), (20)
apsq

whereas the parameters A,, A,, A;, and A, are defined in appendix B. The corre-

sponding transmission coefficients 77", T*, and T* are given by

2A

Pl — 21
R, +R,’ (21)
—2A
P2 — 7 22
R TR (22)
TS — 2p(QP2A7 - quAS) 2 L - (23)
R, + R, 2¢2 ’

where the parameters A; and A, are defined in appendix B.

INTERFACE BETWEEN WATER AND A WATER-SATURATED POROUS

MEDIUM

The obtained results so far are illustrated by applying them to the case of an

interface between water and a water-saturated porous-medium. Using core and log
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data obtained from a shallow borehole near the town Huesca in Spain, we distinguish
two different types of porous media: (i) a water-saturated clay/silt-layer and (ii) a
water-saturated sand-layer. The parameters defining these two media are shown
in Table 2. The (pore) fluid is water, which is characterized by n = 0.001 Pas,
p=p;=1000 kgm—3, and K = K;=2.22 GPa.

The fast P-wave velocity, the slow P-wave velocity, and the S-wave velocity can
be calculated by using the expressions for cs, ¢p;, and cp, given by equations (4)
and (7). In general, the wave velocities ¢p;, Cpy, and cs are complex-valued: the phase

~' and [Re(cs?)]”, whereas the

velocities are then given by [Re(cz!)] ™", [Re(czl)]
corresponding attenuations are defined as Im(—w/cp,), Im(—w/cp,), and Im(—w/cs).
The results for the water-saturated clay /silt-layer and water-saturated sand-layer are
shown in Figures 1 and 2.

In both figures one observes: (i) the fast P-wave velocity and S-wave velocity are
weakly dependent on frequency f, (ii) the slow P-wave velocity is strongly dependent
on frequency f, (iii) the roll-over frequency f. is high compared to the frequencies
used in (near) surface seismics, crosswell tomography, and sonic wireline logging (these
techniques are in the frequency range 5 Hz — 20 kHz, while f. is 4.1 MHz and 43 kHz
for the clay/silt-layer and sand-layer, respectively), and (iv) for the frequency domain
5 Hz — 20 kHz the slow P-wave is strongly attenuated and it has a low phase velocity.
We further note that the fast P-wave in the clay/silt-layer is much more attenuated
than the one in the sand-layer. On the other hand, for rather low frequencies the
S-wave in the sand-layer is much more attenuated than the one in the clay /silt-layer.

The reflection and transmission coefficients RF, TF', T*?, and T° for the
water /porous-layer interfaces are calculated by using equations (12) and (15)—(17)
in case of sealed pores and by using equations (18) and (21)—(23) in case of open
pores. Note that K is much larger than K} and K; (see Table 2), which justifies
the use of the rigid-grain approximation. Nevertheless, this approximation intro-

duces a small error in the calculated values of R*, T, T"? and 7®. However, for
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our purpose this error is negligible, since an exact calculation would not change our
remarks/observations in the remainder of this section.

The seismic and wireline techniques mentioned before are in the frequency range
5 Hz — 20 kHz; consequently, we calculate R", T"* T*? and T® for the frequencies
10 Hz and 10 kHz. The obtained results for an interface between water and a water-
saturated clay/silt-layer are shown in Figure 3, whereas the results for an interface
between water and a water-saturated sand-layer are shown in Figure 4. We have
omitted the results for the transmission coefficient 7°* in Figures 3 and 4, since |17’
is much smaller than |R"|, |T7'|, and |T®|. Note that the results given in Figures 3
and 4 can easily be transformed into figures showing |R"|, |T""|, and |T%| as a function
of incident angle 6 by using the relation #=arcsin(pc) for the domain [pc| <1.

One observes in Figures 3 and 4 that for f =10 Hz the reflection and transmission
coefficients are independent of the specific type of boundary conditions. This result
is consistent with the observation that the roll-over frequencies f. for the water-
saturated clay/silt-layer and the water-saturated sand-layer are much higher than
10 Hz (clay/silt-layer: f.=4.1 MHz; sand-layer: f. =43 kHz). That is, for a suf-
ficiently low frequency the water/porous-medium interface is similar to an interface
between water and an effective elastic medium described by Gassmann wave veloci-
ties (Gassmann, 1951; White, 1983; Schon, 1996). Consequently, for f — 0 the slow
P-wave disappears and the coefficients RF, T"', and T® are equal to the ones for a
fluid/elastic-medium interface (de Hoop and van der Hijden, 1983); hence, for f —0
there is no dependency on the specific type of boundary conditions.

In case of a clay/silt-layer the roll-over frequency f.=4.1 MHz is still much higher
than 10 kHz, so one observes in Figure 3 that the coefficients R, T*' and T° are
also for f =10 kHz independent of the specific type of boundary conditions. On the
other hand, for the sand-layer the roll-over frequency f.=43 kHz is not much higher
than 10 kHz, which results for f =10 kHz in a difference between the open-pore and

sealed-pore results as can be observed in Figure 4. These results are consistent with
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the fact that the steady-state permeability k, in the sand-layer is roughly 50 times
higher than the one in the clay/silt-layer, i.e., the higher the permeability the larger
the amount of water flow across the interface with open pores, which results in a
larger difference between the open-pore and sealed-pore results.

Three clear discontinuities can be observed in all the plots shown in Figures 3
and 4, i.e., for the clay/silt-layer at pc =~ 0.52, pc = 1, and pc = 1.17 and for the
sand-layer at pc ~ 0.52, pc =1, and pc = 1.25. The first discontinuity at pc = 0.52
is associated with the critical incident angle 6, ~ arcsin(0.52) ~ 35° at which the
transmitted fast P-wave becomes evanescent. The next discontinuity at pc =1 is
associated with the maximum incident angle § = 90° (for pc > 1 the incident and
reflected P-waves are evanescent). At the third discontinuity (pca1.17 for clay/silt
and pca1.25 for sand) the S-wave in the porous medium becomes evanescent.

In Figures 3 and 4 one also observes that the reflection and transmission coef-
ficients are very large for pc &~ 1.36 (clay/silt-layer) and for pc ~ 1.43 (sand-layer).
These two values for pc are associated with the surface wave traveling along the
fluid/porous-medium interface. Actually, ignoring damping, the surface wave veloc-
ity is equal to the reciprocal of the horizontal slowness p for which the reflection and
transmission coefficients are maximum; thus, the surface wave traveling along the
interface between water and a water-saturated clay /silt-layer is 5 percent faster than
the one traveling along the water/sand-layer interface.

The surface wave velocity can also be obtained as follows: find the horizontal
slowness p=p, for which the denominator of RF is zero. For the sealed-pore case and
open-pore case the denominator of R" is equal to R, + R, and R,+ R,, respectively
[see equations (12)—(14) and (18)—(20)]. We note, however, that the obtained p=p,
for which R,+ R,=0 or R,+ R, =0 might be complex-valued (the imaginary part of
this p, is much smaller than the real part of this p,). In general, [Re(p,)] " is the

surface wave velocity, whereas its attenuation is given by Im(—p,w).

11



INTERFACE BETWEEN WATER AND AN AIR-FILLED POROUS

MEDIUM

In this section we consider an interface between water and an air-filled porous-
medium (instead of a water-saturated one). Analogously to the previous section we
use core and log data obtained from a shallow borehole near the town Huesca in Spain
and we distinguish two different types of porous media: (i) an air-filled clay /silt-layer
and (ii) an air-filled sand-layer. The parameters defining these two media are shown in
Table 3. The pore fluid is air and it is characterized by ps=1.2 kem=3, K;=0.1 M Pa,
and n=1.8210"° Pas.

The phase velocities and attenuations of the fast P-wave, slow P-wave, and S-
wave in the air-filled clay/silt-layer and air-filled sand-layer are shown in Figures 5
and 6. One observes that the velocities of the fast and slow P-wave in the air-filled
porous media are much lower than the ones in water-saturated porous media (as
shown in Figures 3 and 4). One also observes that in an air-filled porous medium the
attenuations of the fast P-wave and S-wave are more or less the same; in a water-
saturated porous medium the S-wave is much more attenuated than the fast P-wave.

The reflection and transmission coefficients R", 7", and 7° for an interface be-
tween water and an air-filled porous medium are shown in Figures 7 and 8. Again,
|T"?| is much smaller than |RF|, |T™|, and |T®| and the results for 77 are therefore
omitted. We further note that for the air-filled media the exact solution for R*, T,
T, and T® is equal to the corresponding rigid-grain approximation where Kg— oc.
The rigid-grain approximation is now an excellent one because of the very low value
of the pore fluid bulk modulus K (the bulk modulus of air).

The significant difference between the open-pore and sealed-pore results in Fig-
ures 7 and 8 is quite remarkable. Since the roll-over frequencies f. are very high
(clay/silt-layer: f.=14.5 MHz; sand-layer: f. =287 kHz), we would have expected

that the numerically obtained R", T**, and T® are equal to the ones for an interface
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between water and an effective elastic medium described by Gassmann wave veloci-
ties. Consequently, for f =10 Hz the open-pore results should not differ that much
from the sealed-pore ones. We note, however, that for f <10 Hz the open-pore results
will ultimately approach the sealed-pore results (as expected).

The significant difference between the open-pore and sealed-pore results (as shown
in Figures 7 and 8) can be explained as follows. At the water/porous-medium inter-
face with open pores the wave displacements in water are mainly coupled to the
wave displacements in air (the pore fluid). The acoustic impedance of water is much
higher than the acoustic impedance of air; consequently, for the open-pore case and
f=10 kHz the coefficients |T™"|, |T7?|, and |T®| are very small while |R*| ~ 1. On
the other hand, in case of sealed pores the wave displacements in water are mainly
coupled to wave displacements in the porous skeleton. The acoustic impedances of
water and the porous skeleton are of the same order of magnitude; accordingly, the
sealed-pore results differ significantly from the results for the open-pore case for which
there is a large impedance difference.

To calculate R*, T"', T"?, and T° we used the closed-form expressions given by
equations (12)—(17) (sealed pores) and the ones given by equations (18)—(23) (open
pores). Does a close examination of these expressions help us? Yes! That is, equa-
tion (20) tells us that the reflection and transmission coefficients for the open-pore
case are clearly dependent on the density ratio p/p¢, while this kind of dependency is
not present in any of the closed-form expressions for R¥, T, T** and T* valid for
the sealed-pore case.

Due to the large density difference between water and air (i.e., p/pr =~ 800) one
finds by using equation (20) that |R,| is much larger than |R,| for f = 10 kHz.
Consequently, by using equation (18) one obtains for the open-pore case: |R"| =1
(see Figures 7 and 8; f =10 kHz). At f =10 Hz the large ratio p/ps is somewhat
compensated by the other terms in equation (20); hence, for the open-pore case this

now leads to a reflection coefficient |R"| that differs significantly from 1 (see Figures 7
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and 8; f =10 Hz). We note that the difference between the open-pore and sealed-
pore results only disappears at f < 10 Hz, i.e., only at extremely small frequencies
the large ratio p/ps is fully compensated by the other terms in equation (20).
Finally, we show in Figure 9 that the coefficients R and 7™ for the open-pore
case (T = 0) change gradually into the ones for the sealed-pore case (T — oo) if
one increases the surface flow impedance 7'. The results for the intermediate values
of T are obtained by solving numerically the set of four linear equations with the
coefficients R¥, T*', T**, and T*® as the four unknowns [this set represents the four

boundary conditions given in equations (10) and (11)].

CONCLUDING REMARKS

In this paper we have presented our current research on the reflection and trans-
mission properties of waves at a fluid/porous-medium interface. We have assumed
that K}, < K; and K; < K (the rigid-grain approximation) and we have considered
two types of boundary conditions: the open-pore ones and the sealed-pore ones. For
both types of boundary conditions the obtained closed-form expressions for the re-
flection and transmission coefficients R", T, T"? and T* are relatively simple [see
equations (12), (15)—(18), and (21)-(23)]. The usefulness of these expressions has
been illustrated by considering four different fluid/porous-medium interfaces. The
results presented in this paper might be useful for (near) surface seismics (5-200 Hz),
crosswell tomography (200-2000 Hz), and sonic wireline logging (2-20 kHz). We also
believe that this paper is a good starting point for acquiring a good physical insight in
the dependencies of R*, T™', T"* and T° on the many measurable quantities defining
the fluid and the porous material.

One interesting result in this paper concerns the remarkable difference between the
open-pore and sealed-pore cases in Figures 7 and 8. Since the roll-over frequencies f.

for the air-filled clay/silt-layer and air-filled sand-layer are both very large, one would
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expect that the obtained R*, 7', and T® are equal to the ones for an interface be-
tween water and an effective elastic medium described by Gassmann wave velocities.
This is indeed the case for an interface with sealed pores; however, an interface with
open pores shows peculiar behavior due to the large difference between the acoustic
impedance of water and the acoustic impedance of air (the pore fluid). Moreover, the
closed-form expressions for R*, T*', T"? and T°® given by equations (18)—(23) (open
pores) show a clear dependency on the ratio p/ps > 1, while this p/ps-dependency
is not present in the closed-form expressions for the sealed-pore case given by equa-
tions (12)—(17). Note that these open-pore results for air-filled porous media suggest
that it is not always a good idea to model a fluid/porous-medium interface in the way
one normally does at low frequencies f < f, i.e., to replace the porous medium by
an effective elastic medium.

We further note that the results presented in this paper might facilitate the cur-
rent research in forward and inverse surface wave analysis. The denominator of the
reflection coefficient R" plays a central role in the determination of the phase velocity
and attenuation of the surface wave traveling along the fluid/porous-medium inter-
face. For the sealed-pore case and open-pore case this surface-wave denominator is
equal to R, + R, and R,+ R,, respectively [see equations (12)—(14) and (18)-(20)].
Hence, the surface wave velocity and its attenuation can be obtained by finding a
(complex-valued) horizontal slowness p = p, for which the surface wave denominator

R,+R, or R;,+ R, is zero, i.e., find a p = p, such that

) Plp1 Pdra \ _
for sealed-pores: A, + 140G +y (A2 + 4ch§> =0, (24)
QA 2 1A
for open-pores: A, + 19Par2Re + dr2 <7A4 + %> =0. (25)
apeq dp1 apeq

Here, the phase velocity of the surface wave is equal to [Re(p,)] ™!, whereas its atten-
uation in the propagation direction is equal to Im(—wp,). We finally note that the

third and fourth term in equations (24) and (25) will disappear if f— 0.
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APPENDIX A-WAVE DISPLACEMENTS IN SPACE-FREQUENCY

DOMAIN

The fluid /porous-medium interface is located at z=0 (z <0: fluid; z>0: porous

medium). The fluid displacement U in the z-z plane with z <0 is defined as

Uy(z, z,w) = pA'exp [—jw(pz + ¢z)] + pA¥ exp [—jw(pz — ¢z)], (A-1)

U,(z,z,w) = qA"exp [—jw(pz + gz)] — ¢A" exp [—jw(pz — ¢2)], (A-2)

where A" and A® are the amplitudes for the incident and reflected P-waves, respec-
tively; furthermore, p is the real-valued horizontal slowness and ¢ the vertical slowness
[Re(g) >0 and Im(q) =0; or Re(q) =0 and Im(g) <0]. The slownesses p and ¢ are

related to the propagation velocity ¢ defined by equation (1) as follows:
P+’ =5 (A-3)

Note that p and c are related to the incident angle 6 as pc =sin(f) for the domain
|pe| <1, while for |pc| >1 the incident and reflected waves are evanescent (inhomoge-
neous waves propagating along the fluid/porous-medium interface).

The skeletal grains displacement Uy in the x-z plane with z >0 is defined as

Us,(2, 2,w) = pA™ exp [—jw(pz + @p12)] + AT exp [—jw(pT + @ps72)]
—gsA® exp [—jw(px + ¢s2)], (A-4)
Us (2, z,w) = gn A exp [—jw(pr + ¢p12)] + g A™ exp [—jw(pz + ¢p22)]

+pA°®exp [—jw(pz + ¢s2)] , (A-5)

where AP, AP?, and A® are the amplitudes of the fast P-wave, slow P-wave, and
S-wave, respectively. The vertical slownesses gp;, ¢p,, and ¢s (all with a nonnegative
real part and a nonpositive imaginary part) are related to the horizontal slowness p
and the wave velocities cs, ¢p,, and cp, defined in equations (4) and (7) as follows:

1 1 1
P +q, = = P +aq,= = P +q= = (A-6)

P1 P2 S
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There is simple relation between the pore fluid displacement U and the skeletal
grains displacement Uy, i.e., the x and z directions of Uy are also given by the right
hand sides of equations (A-4) and (A-5) but with one modification: the amplitudes
AP AP2 and AS have to be multiplied by the factors G**, G*?, and G®, respectively.

These factors are defined as (Feng and Johnson, 1983a)

Q — 012:1/)12 _ A+2G - 01291:011

G™ = , A-7
cpn—R e p—Q ( )
GP? = Q B c1232p12 _ A+2G — 61232p11 (A-8)
2, — R c2,pp—Q ’
— M2 - 1
GS = pp = O‘a . (A-9)
22

The generalized elastic coefficients A, @), and R are related to measurable quan-

tities by the following expressions (Biot and Willis, 1957):

(1= )*KKr — (1 — ) KK + oK Ky 2

A= Ki(1 — ¢ — Kp/Ky) + 0K 3% (A-10)
O Ki(K(1—¢) - Ky) i
@= K1 - ¢ — Ky/K,) + 0K, (A-11)

2
R= o Kk (A-12)

B Kf(l - d)_Kb/Ks) +¢Ks,

These expressions for A, ), and R are also valid for porous materials that are not
fully fluid-saturated. For an extensive discussion on partially saturated porous media

we refer to the paper of Smeulders and van Dongen (1997).
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APPENDIX B-SOME USEFUL EXPRESSIONS

The useful parameter v and modified wave speeds &p; and &, are defined as

_ QPlflglC?az _ T [(Kf/apf) - 01292‘| (B—l)
QP2§g2012D1 dp C%n - (Kf/apf)
Q [ap 11!
2 f
(1)1 _- B-2
- (31|24 - (B2
e [ 1 ap !
2 £
,==—1) |- , B-3
&= (3-1) |z (B3
where |c2,| <|K;/aps| <|c2,|. The parameters A, ..., A; are similar to the Rayleigh-

wave denominator (de Hoop and van der Hijden, 1983) and they are defined as

K 2

A =+ (17 - o) (B4
A, = pgsges + < ? - 2[;’%2)2, (B-5)
= P*gsqer + (p 262) (B-6)

= P’ Gsqeat (p 202) (B-7)

=p qsqm+<p 2Gc2 ) : (B-8)

Ag = pPqsgeat (p - 2Gcg2> : (B-9)
Epe )] o
N N

with Kp:Kb—i—%G, Koy =K, + pt&2,, and Kp, =K, — pe&2,.
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TABLES

TABLE 1. Glossary of symbols.

Symbol Meaning
Qg, Gy, O parameters needed to calculate the velocities cs, ¢p;, and cp,
c P-wave velocity in fluid

Cs, Cp1, Cp2
frw, fe, we
ko, ¢
s Do
4, ge1, Gr2, Gs
T,z
A QR
A, AR
APL AP A8
G™. 6P, G5
G, Ky,

K, K¢
Ky, Kpi, Kps
Ky
P, P
RF, TP, T®?, TS
R, + R,, Ry + R,
T
U, Uy, U,

Q, Qoo

v 51:’17 £P2

velocity of S-wave, fast P-wave, and slow P-wave in porous medium
frequency with f = w/2n and roll-over frequency with f. = w./27
steady-state permeability and porosity of porous medium
horizontal slowness; denominator of R is zero for p = p,

vertical slowness of P-wave in fluid and of waves in porous medium
coordinates in z-z plane (z < 0: fluid; z > 0: porous medium)
generalized elastic coefficients for porous medium

wave amplitudes of the incident and reflected P-wave in fluid

wave amplitudes of the transmitted waves in porous medium
factors needed to calculate displacement Uy from displacement Uy
shear modulus and jacketed bulk modulus of porous medium

bulk modulus of fluid and pore fluid

K, = Ky + 3G, Koy = Ky + pr€2,, and Ky, = K, — pré2,

bulk modulus of skeletal grains in porous medium

fluid pressure and pore fluid pressure

reflection and transmission coefficients

surface wave denominator for sealed pores and open pores

surface flow impedance (sealed pores: T — oo; open pores: T'=0)
wave displacement of fluid, pore fluid, and skeletal grains

drag coefficient and tortuosity of porous medium

a useful parameter and two modified wave speeds
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1) unit tensor

7 steady-state shear viscosity of pore fluid
0, 6. incident angle and critical incident angle
P, Pty Ps fluid density, pore fluid density, and skeletal grains density
P15 Pazs P12 Biot density terms
T stress tensor related to the solid portions of porous material
Ay, o, A eight parameters that are similar to Rayleigh-wave denominator

TABLE 2. Parameters for a clay/silt-layer and a sand-layer (obtained from a shallow
borehole): porosity ¢, skeletal grains density pg, skeletal grain bulk modulus Kj, jacketed
bulk modulus K3, shear modulus G, steady-state permeability k,, and tortuosity ae,. Both

porous layers are below the water-table and are therefore water-saturated.

¢  ps(kgm™3) K (GPa) Ky (GPa) G (GPa) ky (10712m?) g

clay/silt  0.18 2840 30 3.0 4.1 0.007 1.0

sand 0.24 2760 40 5.8 3.4 0.390 2.3

TABLE 3. Parameters for a clay/silt-layer and a sand-layer (obtained from a shallow
borehole): porosity ¢, skeletal grains density pg, skeletal grain bulk modulus Kj, jacketed
bulk modulus K3, shear modulus G, steady-state permeability &y, and tortuosity a,. Both

porous layers are above the water-table and are therefore air-filled.

¢  ps(kgm™3) K; (GPa) Ky (GPa) G (GPa) ky (1072m?) au

clay/silt  0.21 2840 30 3.0 4.1 0.035 1.0

sand 0.26 2760 40 5.8 3.4 0.950 2.3
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FIGURES

FIG. 1. Water-saturated clay/silt-layer: phase velocity and attenuation of fast P-

wave, S-wave, and slow P-wave. The roll-over frequency: f.=w./2mr=4.1 MHz.

FIG. 2. Water-saturated sand-layer: phase velocity and attenuation of fast P-wave,

S-wave, and slow P-wave. The roll-over frequency: f.=w./27m =43 kHz.

FIG. 3. Reflection/transmission at interface between water and water-saturated
clay /silt-layer by using the rigid-grain approximation. Note that solid and dashed

lines overlap for the major part.

FIG. 4. Reflection/transmission at interface between water and water-saturated sand-

layer by using the rigid-grain approximation.

FIG. 5. Air-filled clay/silt-layer: phase velocity and attenuation of fast P-wave,

S-wave, and slow P-wave. The roll-over frequency: f.=w./27m=14.5 MHz.

FIG. 6. Air-filled sand-layer: phase velocity and attenuation of fast P-wave, S-wave,

and slow P-wave. The roll-over frequency: f.=w./2m =287 kHz.

FIG. 7. Reflection/transmission at interface between water and air-filled clay/silt-
layer (no difference between exact solution and corresponding rigid-grain approxima-

tion).

FIG. 8. Reflection/transmission at interface between water and air-filled sand-layer

(no difference between exact solution and corresponding rigid-grain approximation).

FIG. 9. Reflection/transmission at interface between water and air-filled sand-layer:
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four different surface flow impedances 7" with f =10 kHz (no difference between exact

solution and corresponding rigid-grain approximation).
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FIG. 1. Water-saturated clay /silt-layer: phase velocity and attenuation of fast P-wave,

S-wave, and slow P-wave. The roll-over frequency: f.=w./2mr=4.1 MHz.
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FIG. 2. Water-saturated sand-layer: phase velocity and attenuation of fast P-wave,

S-wave, and slow P-wave. The roll-over frequency: f.=w./2m=43 kHz.
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f=10Hz f=10kHz
""" sealed-pore  —— open-pore ----- sealed-pore —— open-pore

pc pc

FIG. 3. Reflection/transmission at interface between water and water-saturated
clay/silt-layer by using the rigid-grain approximation. Note that solid and dashed lines

overlap for the major part.
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FIG. 4. Reflection/transmission at interface between water and water-saturated

sand-layer by using the rigid-grain approximation.
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FIG. 5. Air-filled clay/silt-layer: phase velocity and attenuation of fast P-wave, S-wave,

and slow P-wave. The roll-over frequency: f.=w./2m=14.5 MHz.
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FIG. 6. Air-filled sand-layer: phase velocity and attenuation of fast P-wave, S-wave,

and slow P-wave. The roll-over frequency: f.=w./2m =287 kHz.
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FIG. 7. Reflection/transmission at interface between water and air-filled clay/silt-layer

(no difference between exact solution and corresponding rigid-grain approximation).
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FIG. 8. Reflection/transmission at interface between water and air-filled sand-layer (no

difference between exact solution and corresponding rigid-grain approximation).
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FIG. 9. Reflection/transmission at interface between water and air-filled sand-layer:
four different surface flow impedances 7" with f = 10 kHz (no difference between exact

solution and corresponding rigid-grain approximation).
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