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One-way versions of the Kirchhoff integral

A. J. Berkhout* and C. P. A. Wapenaar*

ABSTRACT

The conventional Kirchhoff integral, based on the
two-way wave equation, states how the acoustic pres-
sure at a point A inside a closed surface S can be calcu-
lated when the acoustic wave field is known on S. In its
general form, the integrand consists of two terms: one
term contains the gradient of a Green’s function and the
acoustic pressure; the other term contains a Green’s
function and the gradient of the acoustic pressure.

The integrand can be simplified by choosing reflecting
boundary conditions for the two-way Green’s functions
in such a way that either the first term or the second
term vanishes on §. This conventional approach to de-
riving Rayleigh-type integrals has practical value only
for media with small contrasts, so that the two-way
Green’s functions do not contain significant multiple
reflections. We present a modified approach for sim-
plifying the integrand of the Kirchhoff integral by
choosing absorbing boundary conditions for the one-
way Green’s functions. The resulting Rayleigh-type inte-
grals are the theoretical basis for true amplitude one-
way wave-field extrapolation techniques in inhomoge-
neous media with significant contrasts.

INTRODUCTION

An essential step in seismic modeling and inversion is the
simulation or elimination of propagation effects by means of
wave-field extrapolation (forward or backward propagation).
Wave-field extrapolation techniques can be subdivided into
one-way and two-way approaches. The one-way approach is
robust, but handles primary waves only. The two-way ap-
proach handles both multiples and primaries but requires an
accurate description of the source wave field and the geology
of the subsurface. Although a significant amount of research is
being carried out on exact inversion techniques based on two-
way wave-field extrapolation, we expect that, at least in the
coming decade, the seismic industry will depend mainly on

partial but robust inversion techniques based on one-way
wave-field extrapolation. Therefore, we can justify giving a
high priority to the development of accurate extrapolation
algorithms for primary waves only, particularly for elastic
wave-field extrapolation. Our philosophy on this important
issue can be summarized as follows: In practical situations
significant multiples are always surface-related, so the first step
should be elimination of all surface-related multiples (Berk-
hout, 1986). Note that for this preprocessing step no infor-
mation on the subsurface is needed. Next, one-way wave-field
extrapolation can start as part of the inversion process. Now
information about the subsurface is required in terms of a
macro model.

In this paper we analyze Rayleigh-type integrals. In the
frequency (o) domain, the conventional Rayleigh integral rep-
resents the pressure at a point A of the subsurface (z > 0) for a
given pressure distribution at the surface (z = 0):

1[dG
PA:_[[_I:—P:I dx dy,
p (32 z=0

where G is the two-way Green’s wave field generated by two
identical monopoles (with opposite signatures) at (x,, ya, Za)
and (x,, ya, —z,} in a reference medium that is symmetric
with respect to z = 0.

p(x’ Y, Z) = P(x’ Y, —Z)

and
dx, y, 2} = o(x, y, —2).

(p and c¢ represent the density and the propagation velocity,
respectively.) Hence, for a given lower half-space (the subsur-
face), the upper half-space is defined as the mirror image of the
lower half-space. Note that for an inhomogeneous subsurface,
G may become very complicated, since all multiple reflections
between the lower and upper half-spaces must be included
(Figure 1). Note also that G is, in principle, two-way.

For one-way techniques, it is common practice to substitute
in the conventional Rayleigh integral a one-way Green’s func-
tion. In this paper, it is shown that this substitution is funda-
mentally wrong because the conventional Rayleigh integral
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could be derived from the Kirchhoff integral only by making
use of the two-way properties of the Green’s function. We give
a correct derivation that starts with the Kirchhoff integral.
The result, called the “one-way version of the Rayleigh inte-
gral,” is the theoretical basis for all one-way techniques in
inhomogeneous media.

THE KIRCHHOFF INTEGRAL FOR
INHOMOGENEOUS FLUIDS

Consider an inhomogeneous fluid, described by the space-
dependent propagation velocity ¢(r) and the mass density p(r),
where 1 is a shorthand notation for the Cartesian coordinates
(x, ¥, ). In this fluid we consider a volume V enclosed by a
surface S with an outward pointing normal vector n (see
Figure 2). Given a monochromatic acoustic wave field P(r, ©)
radiated by sources outside S, the wave field P(r,. ©) at any
point A inside S can be computed from P(r, ®) and its normal
derivative 0P(r, ®)/0n on S with the aid of the Kirchhoff inte-
gral:

Pr,, ®)

- _§_I_[M P(r, ®)— G(r, T, , ®) (?P(f,u))]ds (1)
s p(r) on n

(Morse and Feshbach, 1953; Burridge and Knopoff, 1964; Aki
and Richards, 1980; Berkhout, 1985). The acoustic wave field
P(r, ®) satisfies in V the two-way wave equation

1
pv - <— VP> + k2P =0, (2a)
P

where the wavenumber k(r, ©) is defined as
k(r, ) = w/c(r). (2b)

Similarly, the Green’s function G(r, r,, ®) satisfies in V the
two-way wave equation with a point source at A

1
pV . <; VG> + k2G = —pd(r —r,). (3)

Hence, the Green’s function can be interpreted as the spatial
impulse response of the medium in V. The actual solution of
equation (3) depends on the choice of the boundary conditions
for G on S. If we choose

oGlr, 1, , )

=0 S 4a
n on (4a)
(Neumann boundary condition), the Kirchhoff integral (1) sim-
plifies to

§ [ 1 JP(r, co):l
P(r,, o) = — Gy(r, 1, @) — ds. (4b)
s | p(r) on

However, the price we must pay is that the Green’s function
G, may become very complicated because equation (4a) means
that S is acoustically hard; i.e., perfectly reflecting (R = +1).
Similarly, if we choose

G(r,r,,®)=0 onS (5a)

\\ANAS /S

_higE:EZCJ— — XXX _ XX—X N
FAVARA

Fi16. 1. A two-way Green’s function for an inhomogeneous
medium contains all multiple reflections between the sym-
metric lower and upper haif-spaces. The case of one horizontal
reflector at = = z, is shown.

FiG. 2. Assuming sources outside S, the Kirchhoff integral (1)
states that the acoustic pressure at any point A inside S can be
calculated using the spatial impulse response G, when the
acoustic wave field and its normal derivative are known on S.

FiG. 3. Configuration for which the closed-surface integral (1)
may be replaced by the open-surface integral (6). The lower
half-space is assumed to be source-free. This configuration is
the basis for the derivation of several types of Rayleigh
integrals,
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9,G=0 at z=z,=>R=+1 G=0 at z=z,=>R=~1

* -
e ]
/// : \ S ,// l\ AN
/ | / / { \ \
t ’
(a) (b}

F1G. 4. (a) Neumann boundary condition: surface z =z, is a
perfect reflector with R = + 1. (b) Dirichlet boundary con-

dition: surface z = z, is a perfect reflector with R = —1.
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FiG. 5. Application of the two-way Rayleigh II integral: (a)
Raypaths in the actual medium for the wave field P(r, ®). (b)
Raypaths in the reference medium for the two-way Green’s
function.

(Dirichlet boundary condition), the Kirchhoff integral (1) sim-
plifies to

1
Plr,, 0) = —43 [— M P(r, (D):I dS. (5b)
s p(r) on

In a manner similar to G, 6G,/0n may become very compli-
cated because equation (5a) means that S is acoustically soft;
ie., perfectly reflecting (R = —1).

The Kirchhoff integral (1), as well as its simplified versions
equations (4b) and (5b), are, in principle, two-way expressions.
In the next section we consider equations (4b) and (5b) for a
special configuration and illustrate the two-way properties
with an example. Next we divert from what is generally done
in the literature and, instead of fully reflecting boundary con-
ditions, we choose fully absorbing boundary conditions for G
on S. Following this alternative route we show how to derive
elegant one-way expressions.

CONVENTIONAL DERIVATION OF RAYLEIGH-TYPE
INTEGRALS (TWO-WAY APPROACH)

Consider the half-space geometry of Figure 3. Closed sur-
face S consists of a horizontal flat surface S, at z =z, and a
hemisphere S, with midpoint A and radius r; in the lower
half-space z > z,. Assuming that the sources of the wave field
P are situated in the upper half-space z < z,, the contribution
of the Kirchhoff integral over S, to the pressure in A vanishes
if r, goes to infinity (Sommerfeld radiation condition, Blei-
stein, 1984). For this situation, equation (1) may be replaced
by

Plry, o)

* P(’ )
JJ r)I: r(;;‘ P(r,0)—G(r, 1, , ®) ;m:lzndxdy.

(6)

Consider again the Neumann and Dirichlet boundary con-
ditions for G,

0G
A Ta, @) (r,rA,w)=0 atz =z,
0z (7a)
or
Grr,,®)=0 atz=zg, (7b)

which are satisfied if we assume for G either a rigid surface or
a free surface at z,. In both cases, the surface acts as a perfect
reflector, so we may alternatively interpret the Green’s func-
tion as if it were caused by two monopoles situated symmetri-
cally with respect to z = z,, in a reference medium which is
also symmetric with respect to z =z, (classical repre-
sentation). If these monopoles have identical source functions
(Figure 4a), Neumann’s condition (7a) is satisfied, and the
Kirchhoff integral (6) may be replaced by the Rayleigh I

integral
dP(r,
rA,m)——Jj[ (1 1,, 0) (ar"m)] dxdy. (8a)
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On the other hand, if the two monopoles have opposite source
functions (Figure 4b), Dirichlet’s condition (7b) is satisfied and
the Kirchhoff integral (6) may be replaced by the Rayleigh 11
integral

o

e ,
P(r,, )= j j [%&‘(ij"—mp(r,m)] dx dy. (8b)

Note that expressions (8a) and (8b) are exact, but for practical
use, are inconvenient because in the general inhomogeneous
case the two-way Green’s functions G, or ¢G/éz may contain
strong surface-related multiple reflections. This means that
these Green’s functions must be designed very accurately,
which is best illustrated with a simple example. Referring to
Figure 5a, we consider a 2-D medium which consists of two
homogeneous half-spaces z > z; (with propagation velocity ¢)
and z < z, (with propagation velocity c,). The surface S, lies
in the homogeneous upper half-space at z = -, with z, < z,.
The wave field P(r, ®) propagating in this medium is radiated
by a source above z,. Figure Sa shows the raypaths for
P(r, ®). In Figure 5b the raypaths for the two-way Green’s
function 8Gy(r, r,, ®)/0z are shown, including the surface-
related multiples. Figure 5c is a space-time domain repre-
sentation of the 2-D wave field p(r, t) at z,. Note that the
direct and the scattered wave fields can be clearly dis-
tinguished.

Figure 5d is a space-time domain representation of the 2-D
two-way Green’s function 0gy(r, r,, t)/0z, at z,. Note that the
multiples between the reflector at z = z; and the surface are
clearly visible. Figure 5e i1s a space-time domain repre-
sentation of the 2-D wave field p(r,, t), obtained by applying
the 2-D version of two-way Rayleigh II integral (8b) for all x,
and taking the inverse Fourier transform. Note that this exact
result represents the transmitted downgoing wave at z =z,
(see also Figure Sa).

In practice we do not often have available an exact descrip-
tion of the medium response dgy(r, r,, t)/dz. Figure 5f is a
space-time domain representation of the 2-D wave field
p(r,, t) which was obtained by applying the Rayleigh Il inte-
gral with a Green’s function that was only slightly in error (the
reflector depth z =z, in Figure 5b was one-half of a wave-
length in error for the central frequency). Note that this result
contains many spurious reflections. We may conclude that
two-way Rayleigh integrals (8a) and (8b) in general require
very accurate generation of the multiple reflections. This accu-
racy can be realized only if the actual medium where the
extrapolation occurs is accurately known. In practice, this
knowledge is generally not available. Therefore the two-way
Rayleigh integrals (8a) and (8b) have practical use only in the
situation where the reference model below the surface does not
contain reflectors but contains only smooth transition zones.
In that case, the two-way Green’s functions do not include
significant multiple reflections.

MODIFIED DERIVATION OF RAYLEIGH-TYPE
INTEGRALS (ONE-WAY APPROACH)

An important property of the Kirchhoff integral is that the
choice of medium for the Green’s function G(r, r,, ®) is not
unique.

Inside volume V' the medium for the Green’s function is
the medium for the acoustic wave field P(r, o).

Qutside volume V the medium for the Green’s function
may be chosen in any convenient way.

We made use of this property in the previous section, where
we chose a reference medium for G that was different from the
actual medium for P (compare Figure 5b with Figure 5a). By
choosing a reference medium with a fully reflecting boundary,
we got a Green’s function containing many significant multi-
ple reflections. Therefore, let us now choose a reference
medium for G which is fully nonreflecting outside V. For the
half-space geometry of Figure 3, this means that we choose a
nonreflecting upper half-space z < z,,. Hence,

plx, ¥, 2 < z9) = p(x, ¥, zo) for all z < z, (9a)

and

clx, ¥, 2 < zg) = c(x, ¥, z,) for all z < z,. (9b)

With this choice, no energy returns from the upper half-space,
so G is purely upgoing at z = z:

Gir, 1y, 0) =G (r, 1y, ®) atz=z,. {10a)

In terms of boundary conditions, we may say that surface
z = z, is an absorbing boundary for G.

The sources for the acoustic wave field P(r, ©) are situated
in the upper half-space, so at z, the wave field consists of the
downgoing incident wave field (including higher order terms)
P7(r, ®) and the upgoing scattered wave field (including

higher order terms) P (r. ) according to
Pir, 0) = P (r, ®) + P (r, ») atz =z,. (10b)

Substitution of equations (10a) and (10b) into the Kirchhoff
integral {6} yields (in shorthand notation):

P(r,,0)= l F‘G?(P*—FP’) G~ 6P++@P‘ dxd
S B Y 0z éz /], Yy

o

(11a)

(a) (b)

FIG. 6. Choosing a reflection-free upper half-space for G, the
Kirchhoff integral (11) consists of (a) a term containing P*
and G~ on z =z, and (b) a term containing P~ and G~ on
2= z,. Only the term with opposite propagating wave fields
on z = z, (a} contributes to the result P(r,, o).
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or

oG~ p _épP*
Plr,, )= -G % dx dy
ﬁG' - N
-G 3 dxdy. (11b)

In the Appendix, we show that the only contribution to
P(r,, ) comes from the first integral in the right-hand side of
equation (11b). In other words, only the wave fields P* and
G~ propagating in opposite directions through z, contribute
to the wave field P(r, , ); see also Figure 6. Hence,

i op*
P(rA,w)=‘[f—|:pﬂ P* -G — ] dx dy (12a)
p| 0z iz |,

ke

1 oG .
rA , (0) P dx dy
p 6z 2o

o€

-1 __ épP*
+ ﬂ [——G < ] dx dy. (12b)
p 0z |,

We also show in the?Appendix that the two integrals in the
right-hand side of equation (12b) are identical. Hence, equa-
tion (12b) may be rewritten as

or

x

/-\P+ :
P(rA,w)=—ZJf[LG“(r,rA,w)u—ﬂ)] dxdy (13a)
p(r) 0z 20

-

or, equivalently,

1" 6G(r,1,,0)
P* dx dy. 13b
P(r,,0)= J][P(ﬂ % r, (D)lo x dy (13b)

By analogy with equations (8a) and (8b), we call equations
(13a) and (13b) the one-way versions of the Rayleigh I and
Rayleigh II integrals, respectively. For the special case of a
homogeneous medium, G, at z, in equation (8a) equals 2G ™ at
z, in equation (13a); similarly, dG,/dz at z, in equation (8b)
equals 280G~ /0z at z,, in equation (13b). Hence, for the special
case of a homogeneous medium, the two-way Rayleigh inte-
grals (8a) and (8b) are identical to the one-way Rayleigh inte-
grals (13a) and (13b), respectively.

For arbitrarily inhomogeneous media, however, the one-
way Rayleigh integrals (13a) and (13b) are very different from
the two-way Rayleigh integrals (8a) and (8b). Because the one-
way Green’s functions do not contain surface-related multi-
ples, one-way Rayleigh integrals (13a) and (13b) are rather
insensitive to small errors in the reference model. This is illus-
trated in Figure 7, where the experiment of Figure 5 was
repeated for the downgoing wave field P*, using the one-way
Rayleigh II integral for downgoing wave fields, as given by
equation (13b). Note that a small error in the reference

medium has a minor effect on the extrapolation result (Figure
7f). This result is typical for one-way techniques.

PRACTICAL ASPECTS

In one-way wave-field extrapolation techniques as used in
processes such as nonrecursive redatuming and nonrecursive
depth migration, a one-way Green’s function must be com-
puted for an inhomogeneous medium. Considering forward
extrapolation, one starts with the two-way Rayleigh integral
(8b) and computes the upward traveling part of the Green’s
function at the surface with a ray-tracing or Gaussian beam
method. Although this intuitive approach leads to the correct
results for primary events, it is a procedure that cannot be
justified theoretically for an inhomogeneous medium, since

~e
-
-

;,' S L) ’
o sl it ~ - ~2a2g
€-Co i DAy C=Cq
o -A'____ 2.2, &%, — ———1-2
- — - & — dr = —=2ay v H

—e X

DOWNGOING WAVEFIELD ONE-WAY GREEN'S
AT 2o FUNCTION

(c) : (@

. x I

EXTRAPOLATED ! AS IN (o), BUT WITH
WAVEFIELD AT z, | A SUGHTLY ERRONEOUS
‘ REFERENCE MODEL

(e g 0

F1G. 7. Application of the one-way Rayleigh II integral. (a)
Raypaths in the actual medium for the wave field P(r, ). (b)
Raypaths in the reference medium (actual medium) for the
one-way Green’s function.
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equation (8b) applies for a reference medium with a fully
reflecting surface.

In summary, if only the upward traveling part of the
Green’s function is used (characteristic of one-way techniques),
then the two-way Rayleigh integral (8b) should be replaced by
the one-way Rayleigh integral (13b). The difference between
integrals (8b) and (13b) largely clarifies the confusion that still
exists as to the justification of using one-way Green's (unc-
tions in inhomogeneous media. Note that G in integral (13b)
includes reflections and internal multiples in the lower half-
space (z > z,). However, in one-way techniques, these higher-
order contributions are generally neglected, meaning that the
outcome of integral (13b) is a downgoing wave ficld (P = P ).
[n a subsequent paper, we shalt show that the elastic counter-
part of integral (13b) plays a key role in elastic one-way wave-
field extrapolation.

CONCLUSIONS

(1) A formulation has been given for the acoustic version of
the Kirchhoff integral, where both the velocity and the density
may be inhomogeneous:

1[éG ‘P
Po=||-|—P—-—G—| dxdy (14)
pLcz (S P

The medium properties of one half-space (the half-space of A)
should be the same for P and G. The medium properties of the
other half-space may be chosen for G in any convenient way.

(2) The conventional approach for transforming the Kirch-
hoff integral into Rayleigh-type integrals produces

*

1 P
-[[ [Gl =] (15
p cz 0

-

Il

PA
or

’.

166,
-|— P | dxdy, (15b)
p ¢z o

- r

Py

where z, defines a reflection-free surface of a reference medium
that is symmetric with respect to z, The two-way Green’s
functions G, and G, represent the pressure responses of two
monopoles which have equal and opposite polarities. G, and
G, were interpreted as the pressure responses of a single

monopole for =, being a rigid surface (R, = +1) and a free
surface (R, = — 1). respectively (Figure 4). In this way, it can
be easily seen that G, and G,, contain surface-related multiples
for media with large contrasts. Therefore, expressions (15a)
and (15b) have practical value only for media with small con-
trasts.

(3) An alternative approach to transform the Kirchhoff
integral into Rayleigh-type integrals yields

X

1 . _érP*
P, = —ZJJ—[G ] dx dy, (16a)
p éz |,

o

or

x

1]éG™
ZJJ-[-—;‘— P+:| dx dy, (16b)
P (&4 zo

-

P,

where the upper half-space (z < zg) of the reference medium is
assumed to be reflection-free, P* is the downgoing source
wave field, and the one-way Green’s function G~ represents
the pressure response at z = z, due to a single monopole situ-
ated at A (Figure 6a). Expressions (16a) and (16b) are poten-
tially valuable in practical situations where an inhomogeneous
half-space (z > z,) has significant contrasts. They form the the-
oretical basis of one-way extrapolation techniques.
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APPENDIX
PROOF OF THE CONCLUSIONS DRAWN FROM EQUATIONS (11) AND (12)

First we present a simple proof, assuming Vp = 0 and
Ve =0at z = z,. Later we generalize the proof for arbitrary p
and ¢, assuming only ép/¢éz = 0 and é¢/éz =0 atz = z,,.

We define the 2-D spatial Fourier transform A(k,. k,) of a
space-dependent function A(x, y) by

o

Alk,. k)= _[[A(X’ Pletix k) gy gy

-

(A-1a)

Similarly, we define

%

Bik,. k,) = JJB(X, y)eEx i dy dy,

hale

(A-1b)

Using equations (A-la) and (A-1b), the 2-D version of
Parseval’s theorem is



Downloaded 11/29/23 to 145.90.34.119. Redistribution subject to SEG license or copyright; see Terms of Use at http://library.seg.org/page/policies/terms

DOI:10.1190/1.1442672

466 Berkhout and Wapenaar

”A(x, VIB(x, y) dx dy

1\ ([~ .
=(5> JJA(kx,ky)B(—kx, —k)dk, dk,  (A-lc)

-

(Dudgeon and Mersereau, 1984).
Applying this theorem to Kirchhoff integral (11b) yields

=€

1\ ([1[aGy ~, ~_ 6P
=(— | =2P" -G, dk, dk
P(rA’w) <2Tt> J‘J\p[ aZ ° 62 ]zo ¥ i’

e

o

1N? ((1]0Gy ~ ~ 0P
— | —=2P -Gy —| dk,dk,,
) [ 5er - ] mas

-

(A-2a)
where
Pt = ﬁt(kx’ k,, z; o) (A-2b)
and
Gy =G (—k,, —k,, 21 X5, Va, 245 ). (A-2¢)
P* and (75 satisfy the one-way wave equations
épt -
— = Fik, P* atz =z, (A-3a)
oz
and
0Gy -
%—0 = +ik, G, at z = z,, (A-3b)
Oz
where
k, = \/u)z/cz — k2 —k2 at z = z,. (A-3¢c)
Now it can be easily verified that
8Gy ~ L 0P
[ — P~ -G, ——] =0, (A-4)
oz oz |,

meaning that the only contribution to P(r, , ®) comes from the
first integral in the right-hand side of equation (A-2a). Hence,

o6

1\? ([1[eGy ~, ~_ 0P
Pr,, o) =— |22 5 Gy ==k, dk
2n pl Oz oz |, v

— o

(A-5a)
or
1N [ 18G5 -
={— - | dk_dk
resco= (5:) [ [5% 7] e
1\? —1 . 6P
— — Gy k. dk,. A-5
(&) [[[5 6 %] wa v

From one-way wave equations (A-3), it follows that

Gy g _ _[g; "
oz T ez |
Z0 Z0

meaning that the two integrals in the right-hand side of equa-
tion (A-5b) are identical. Hence, according to Parseval’s theo-
rem (A-1c), the two integrals in the right-hand side of equation
(12b) are also identical. This completes the proof for the
simple case that Vp =0and Ve =0at z = z,.

We now consider a more general case, assuming only
éplx, v, 2)/6z = 0 and de(x, y, z)/6z =0 at z = z,. We intro-
duce scaled pressure functions

(A-6)

P,=P./p atz=z, (A-Ta)
and
G,=G/\/Jp atz=z,, (A-7b)
so the KirchhofT integral (11b) can be rewritten as
oGy ., _oP;
Pr,,0) = - P — G, dx dy
éz oz |,
oG, _éP;
+ — P, — G, — | dxdy. (A-8)
oz oz |,

-

Substitution of P, and G, into equations (2) and (3) yields

VEP, +kiP,=0 atz=gz, (A-9a)
and
VG, + kIG,=0  atz=z,, (A-9b)
with
k:=%2‘—§‘282+y£8 at z = zg; (A-9¢c)
¢ 4)|p 2p

see also Brekhovskikh (1980). Equation (A-9a) can be rewrit-
ten as

?ZP 22 ~2
£ “=—[k§+0 +—0—~]PS atz=z,. (A-10)

oz ox? " ay?

The spatial differentiations 82/8x? and 8?/8y* can be written
as spatial convolutions along the x-axis and y-axis, respec-
tively, according to

| o
[ (xz’ Y) = J dZ (x _ x’)A(x’, y) dx' (A-lla)
Ox w
and
P A(x, ©
—_6(;2 D _ J d, (y — Y)A(x, y') dy, (A-11b)
with
dy(x) = % f D, (kJe™ " dk, (A-110)
and
1 (= . ,
4 () =~ f D, (ke dk,, (A-11d)
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where D, (k,) and 52(ky) represent band-limited versions of
—kZ and —k?2, respectively (Berkhout, 1985). Equation (A-11)
is exact when A , ¥} is a spatially band-limited function. With
definitions (A- llc) and (A-11d), equation {(A-10) can be rewrit-

ten as
0%P (r, w) 7 , . Coa
— = [Hy(r,r, P (r, w) | dx dy,
62 z0 zo
h (A-12a)
where

H,(r,r, ®) = kX(r, 0)8{x — x)8(y — V)

+dy(x — xW(y — ¥+ x — xMy (v — V)
(A-12b)
with
r=(x, y z) (A-12¢)
and
r'={x,y,z =z (A-12d}

Note that operator H, is symmetric inrand r':
H,(r',r, )= H,(r, ¥, o).
Let us now implicitly define an operator H, according to
H,r'r,w)= JJH,(r”, r,o)H,(r,r,w)dx' dv, (A-13a)

— o

with
r=(x", y", 2" = z). (A-13b)
Note that operator H, is symmetric inr and r":
Hr',r,w)=H,(r, r, o). {A-13¢)

From equations (A-12) and (A-13), we obtain the following
one-way wave equations for the scaled pressure functions:

x

= 1iJJ [H,(r’, r, 0)PE(r, w):| dx' dy'.

‘ (A-14a)

éPX(r, )

s

0z

Similarly,

X

= +1fj [H,(r, r, w)G (r, rA,w):| dx dy.

h (A-14b)

0G, (I, r,, 0)

0z

Substitution of equation (A-14) into equation (A-8) yields

Pir,. )

J JJ[ (r,r, ®)G_(r, rA.co)] dxdy PJ(r (o)} dx' dy'

’

+ JJ{(; (r.r,.o) Jf l:iHl(r’, r,0)P(r, (o)] dx’ d_v’} dxdy

-

+ J {JJ[IHl(r. r.o)G(r, rA.(o)] dxdy P (r, u))} dx’ dy'

4

Jf {F (r.ry. (x))JH: H,(r',r,o)P (r, w)] dx’ dy’} dxdy.

s

(A-15)

From symmetry property (A-13c), it follows that the last two
terms in the right-hand side of equation (A-15) cancel, mean-
ing that the only coutribution to P(r,, ®} comes from the first
two terms. Furthermore, from the same symmetry property
(A-13¢), it follows that the first two terms in equation (A-15)
arc identical. Hence, the two integrals in the right-hand side of
cquation (12b) are identical. This completes the proof for the
casc of *p(x. y. 2)/¢z = Oand Ce(x, y, z)/éz = 0 at z = z,.





