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Short Note

Representation of seismic sources in the one-way wave equations

C. P. A. Wapenaar*

INTRODUCTION

One-way extrapolation of downgoing and upgoing acoustic
waves plays an essential role in the current practice of seismic
migration (Berkhout, 1985; Stolt and Benson, 1986; Claerbout,
1985; Gardner, 1985). Generally, one-way wave equations are
derived for the source-free situation. Sources are then
represented as boundary conditions for the one-way extrapola-
tion problem. This approach is valid provided the source
representation is done with utmost care. For instance, it is not
correct to represent a monopole source by a spatial delta func-
tion and to use this as input data for a standard one-way
extrapolation scheme. This yields an erroneous directivity pat-
tern as illustrated below.

One-way wave equations are derived below that include a
source term. From these equations it becomes clear how seismic
sources can be properly represented in one-way extrapolation
schemes. An important application is pre-stack migration. Par-
ticularly when one tries to image the angle-dependent proper-
ties of subsurface reflectors, a proper treatment of source direc-
tivity is essential. This is also illustrated.

ACOUSTIC TWO-WAY WAVE EQUATION

For an inhomogeneous fluid, the linearized equations of con-
tinuity and motion in the frequency domain read

ia ‘ (12)
va P + VeV = jol
and
iwpV + VP = F, (1b)

where P(r,w) is acoustic pressure, V(r,w) is particle velocity,
K(r) is adiabatic compression modulus, g (r) is volume density
of mass, I(r,w) is volume density of volume injection, F(r,w) is
volume density of external force, r is Cartesian coordinate vec-
tor (xy,z), and w is circular frequency.

Eliminating V from equations (la) and (1b) and separating the

vertical derivatives from the horizontal derivatives yields the two-
way wave equation

Jd /1 6P>
T - _ P - S, (2a)
dz < P az H2
where the second derivative operator #,(r,w) is defined as
_w’p 32 # dnp & dlnp 8 (2b)
O”Z‘K+W+ay2 ax ox dy ay’
and where the source term S(r,w) is defined as
S = —wzpl—pV'<%F>. @0)

ACOUSTIC ONE-WAY WAVE EQUATIONS

Define the first derivative operator ,(r,w) and its inverse
H-1(r,w), such that
C‘LIZP = 0"/10"/1P (33)
and
P = OL/IOL/_lP. (3b)
This formal operator notation is explained in the Appendix with
the aid of generalized spatial convolution integrals. Operator
H1(r,w) represents the well-known square root operator in its
general form. Define downgoing waves P'(r,w) and upgoing
waves P (r,w) that satisfy
P=P + P Bc)

For a homogeneous source-free medium the following one-way
wave equations apply:

0P _ _ iyp (4a)
az
and P _ . o

This is easily verified by adding both equations and differen-
tiating both sides of the resulting equation with respect to z,
yielding
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P+ P)

s _ _1.0%<6P*_6P‘>’ s

9z a7

or, upon substitution of one-way wave equations (4a) and (4b),

2
LELD — o+ ), OD)
or, with definitions (3a) and (3¢),
9P
az2 = - OL/ZPy (SC)

which represents two-way wave equation (2a) for a homogeneous
source-free medium. For an inhomogeneous medium with sources,
the following coupled system of one-way wave equations applies:

LA T la;_l[pa—<lah>(13*— P*)] LS
92 2 92 p (6a)
and
LT 1 Hoy [p i<ldﬂ>(1’+— P‘)] -8
9z 2 az\pP
where (6b)

|

oo e (200 384
S’—ztsH_l{wpI+Pax 0 +Pay 0 +2 2 (72)
and

_ 1, 2 i<£x_> i(&)}_L
S'—zzo‘/_l[wpIJrPax o +p6y o 3 Fz.(7b)

These results can be verified as above. S*(r,) and S7(r,w) are
the one-way representations of the source functions /(r,w) and
F(r,w). For a source function in terms of a volume density of
vertical force F,(r,») a very simple expression for S * (r,») and
S7(r,w) is obtained:

S*(rhw) = = % F.(r,) . (8a)

On the other hand, for a source function in terms of a volume
density of volume injection, I(r,w) (e.g., an air gun) the expres-
sions for $*(r,w) and S™(r,w) are not trivial. In the integral nota-
tion of the Appendix, expressions (7a) and (7b) read for this
situation

S*(r,w) = %ioﬁff [H_l(r, rwe(r’) I(r’,w)} . dx'dy".

o z =1 (8b)
This is the main result of this paper. This equation states that
the one-way representation of a volume injection source is
obtained by spatially convolving the source function with the
inverse square root operator. This is generally ignored in prestack
migration.

SOLUTION OF ACOUSTIC ONE-WAY WAVE EQUATIONS

Equations (6a) and (6b) decouple by neglecting P~ (r,w) with
respect to P (r,®) in equation (6a) for downward propagation
and by neglecting Pt (r,0) with respect to P (r,o) in equation
(6b) for upward propagation. This means that in both equations
multiple reflections are reflected. Hence, primary waves fulfill
the decoupled one-way wave equations

aP* - :Fid{]i P = 4 S + (93.)
9z
where 1 2 /1
Id'/lt = Id'/l + EC‘V-I [p'&<—p—6yl>} . (gb)

For the source-free situation the formal solution reads
Pi(x,y,z;w) = (Wi(X,)’,Z,Zo,w) Pi(X,)’,Zo,w) ) (loa)

or, in the integral notation of the Appendix,

+ o

Pt( r’w) ~ ff [ W:i-_( r’ r’,w) P*(r’,w)] Z'=Zodxld)” (IOb)
The one-way wave-field extrapolation operator W*is discussed

by numerous authors and is therefore not derived in this paper.

The formal solution of one-way wave equation (9), including

the source term, reads

PE(x,y,2,0) = W*(X,%,2,20,0) P *(X,),20,0)

z

if‘W*(x,y,z,z’,w) §*(x,y,2'w) dz' , (lla)

0

or, in the integral notation of the Appendix,

+ oo
P3(rw) = f [W*(r, r'w) P*(r'0)];_,,dx dy’

— oo

ifzz[ﬂmfwi(r,r’,w) St(r',w)]dx’dy’:l dz .
o (11b)

This equation describes one-way wave-field extrapolation to a
depth level z in terms of a surface integral over the one-way wave
field at zo and a volume integral over the one-way sources
between 2o and z. We illustrate these results with some simple
2-D examples. r denotes the 2-D Cartesian coordinate vector
(x,2).

EXAMPLES

Example 1: Dipole source wave-field extrapolation

Consider a line source of vertical force at the origin (r = 0)
of an unbounded homogeneous fluid (propagation velocity:
¢ = 2000 m/s), according to

E(rvw) = 6(") SO(w) ] (123.)
or, according to equation (8a),

S (rw) = = % 5(r) So(o) - (12b)
This one-way source representation is shown for z = 0 in the
space-time domain (x,?) in Figure la. Choose depth level z; in
the upper half-space (zop < 0) and assume that there is no
downgoing wave field P*(r,w) at zo. Then, in analogy with equa-
tion (11b), the expression for 2-D downward extrapolation of
the source wave reads

1 z + 0 ) ,
Pi(rw = 7[ [f LW (r,r',w) 8(r') Solw)]dx ]dz .
B BT (13a)
Here W represents a 2-D operator for one-way wave-field extra-
polation. Therefore we omitted the integral along the y’-axis.

Equation (13a) yields
Prw) =0 for zo < z < 0 (13D
and

P (r,w) = % W (r,0,0) So(w) forz > 0. (13¢)

This one-way wave-field extrapolation result is shown for z =
400 m in the space-time domain (x¢) in Figure 1b. The maximum
of each trace is shown as a function of x in Figure lc. The ampli-
tude shows the behavior of a dipole source function.
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FiG. 1. Dipole source wave-field extrapolation. (a) One-way
representation of a band-limited source of vertical forceatr = 0.
(b) Downgoing wave field at z = 400 m obtained by applying
one-way wave-field extrapolation to the data in (a). (c)
Amplitude cross-section of (b).

Example 2: Monopole source wave-field extrapolation

Consider a line source of volume injection (e.g., an air gun)
at the origin (r = 0) of an unbounded homogeneous fluid,
according to

I(r,w) = 6(r) So(®) . (14a)

Suppose we apply one-way wave-field extrapolation directly to
this spatial delta function. Then the results would be very similar
to Figure 1, which is obviously wrong for the monopole source
considered here. According to the 2-D version of equation (8b),
the correct source representation is given by

1

S*r,w) = 5 iw*p [H_(r,0,0)],_,8() So(w) . (14b)

This one-way source representation is shown for z = 0in the
space-time domain (x?) in Figure 2a. Note that the spatial delta
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FIG. 2. Monopole source wave-field extrapolation. (a) One-way
representation of a band-limited source of volume injection at
r = 0. (b) Downgoing wave field at z = 400 m obtained by
applying one-way wave-field extrapolation to the data in (a).
(c) Amplitude cross-section of (b).

function is smeared due to convolution with the inverse square
root operator. Choose depth level zo in the upper half-space
(zo < 0) and assume that there is no downgoing wave field
P*(r,w) at zo. Then, in analogy with equation (11b), the expres-
sion for 2-D downward extrapolation of the source wave reads

P(rw) = 0 forzo <z <0 (15a)

and | .

P+(r,w)=—im2pso(m)f [(WHr,r',0) H_;(r',0,0)];~o dx’.
2 - (15b)

for z > 0. This one-way wave field extrapolation result is shown
for z = 400 m in the space-time domain (x,) in Figure 2b. The
maximum of each trace is shown as a function of x in Figure
2c. The amplitude shows the behavior of a monopole source
function.
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Example 3: Angle-dependent reflectivity imaging

Consider the simple 2-D subsurface configuration shown
in Figure 3a. The model contains one reflector between two
homogeneous half-spaces. Since there is density contrast only,
the reflectivity function R(w) is independent of the angle a:

P, — P, _ 3000 — 1000 _ 0.5 (16)
P2 + 64 3000 + 1000 o

The reflection response related to a monopole source at (x = 0

z = 0) is shown in the space-time domain (x,f) in Figure 3b.
Two prestack migration experiments were carried out, aimed at
imaging the reflectivity as a function of angle (De Bruin et al.,
1990). In the first migration experiment the monopole source
was erroneously represented by the spatial delta function of
Figure la. The migration result is shown in Figure 4a. It repre-
sents the reflectivity as a function of depth z for different values
of the incidence angle «. Figure 4b shows the imaged reflectivity
at the reflector depth as a function of . Note that it deviates
significantly from R(c) = 0.5. This could be expected since the
monopole source representation was not correct. In the second
migration experiment, the monopole source was correctly repre-
sented by the smeared delta function of Figure 2a. The results
are shown in Figure 5. Note that the imaged reflectivity is con-
stant (as it should be) up to high incidence angles. The deviations
for « — 90 degrees are due to the limited aperture.

R(a) =
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FIG. 3. Model for evaluating angle-dependent reflectivity imag-
ing. (a) Subsurface configuration with a density contrast at z =
100 m, R(«) = 0.5. (b) One-shot record for a monopole source
at (x = 0,z = 0).
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Fi1G. 4. Prestack migration with an erroneous source represen-
tation (Figure 1a). (a) Angle-dependent reflectivity image. Each
trace shows the reflectivity as a function of depth for a specific
incidence angle. (b) Angle-dependent reflectivity at z = 100 m.
This result was retrieved from (a) after envelope detection. Note
that this result deviates significantly from R(a) = 0.5.
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FiG. S. Prestack migration with the correct source representa-
tion (Figure 2a). (a) Angle-dependent reflectivity image.
(b) Angle-dependent reflectivity at z = 100 m. Note that R(«)
= 0.5 up to high incidence angles.
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CONCLUSIONS

In seismic literature one-way wave equations for downgoing
and upgoing waves are generally derived for the source-free situa-
tion. In this paper, one-way wave equations are derived, including
one-way representations of the sources. For sources of the volume
injection type (like air guns), one-way representations are obtained
by spatially convolving the source function with the inverse
square root operator [equation (8b)]. The effect of this spatial
convolution applied to a monopole source of volume injection
is a lateral smearing (Figure 2a). This smearing appears to be
necessary, so that after standard one-way wave-field extrapolation
the true monopole response is obtained (Figures 2b and 2c).
Ignoring the smearing effect of the inverse square root oper-
ator would result in a dipole-like response (as in Figures 1b and
Ic), which is obviously wrong for a monopole source of the vol-
ume injection type. Figures 3, 4, and 5 show that a correct
source representation is essential for angle-dependent relectiv-
ity imaging by prestack migration. In this paper I only consid-
ered the acoustic situation. A derivation of the seismic source
representation in elastic one-way wave equations can be found
in Wapenaar and Berkhout (1989).
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APPENDIX
GENERALIZED SPATIAL CONVOLUTION INTEGRALS

Differentiations with respect to x and y can be written as con-
ventional spatial convolution integrals, according to

3"P(y.zw) f ” o Py , (Ala)
T _mdm(x x') P(x'\y,z,w) dx
and
3 P(é\'),})':,z,w) =f Aoy — »') Ply.z0) dy’ | (A-1b)
with
- 1 ® 5 —ikyx
) = 5 [ Ty e ek, (A1)
and e
d.(y) = S dn(k,) e dk, , (A-1d)

where d(k,) and dm(k,) represent properly chosen band-limited
versions of (—ik,)™ and (—ik,)™, respectively (Berkhout, 1985).
Equations (A-1a) and (A-1b) are exact when P(xy,z,w) is a spa-
tially band-limited function. With these definitions, the opera-
tion <4, P in wave equation (2) can be written as a generalized
spatial convolution integral, according to

Hr(r,w) Pr,w) =f/°°[H2(r,r:w) Prw)], _, dx'dy’
- (A-2a)
where

2
Hieri) = S8 sx-x') oy ~ )

+ dilx — x") o0 — ')
+ 6x -~ x')dy(y — )

- WO G~ x50 - »)
_ dlnp(r) o o R
W s — ) dhly ~ y') . (A2b)

Similarly, the operation ¥, P in equation (3a) can be written as

Hi(r,w) P(r,w) =ff [H,(r,r'w) P(r'w)], _,dx'dy’ ,
- (A-3a)
with H, defined implicitly by

Hy(r,r",w) =ff Hi(r,r'\w) Hy(r',r"w) dx'dy’ .
~ (A-3b)
Finally, the operation <4-,P in equation (3b) can be written as

Ha(rw) P(r,w) =ffm[H_1(r,r/,w) P(r',w)], _,dx'dy’",

(A-4a)
with H_, defined implicitly by

Sx — xSy — »”) =ff Hy(r,r'w) Ho (e rw) dx’dy” .
- (A-4b)





