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A method is introduced to calculate the influence of wind and temperature gradients in
stratified media on sound propagating above an absorbing ground surface. It is based on the
“two-way wave equation” for the Fourier transforms of the sound pressure P and its derivative
V. The vector containing P and V is stepwise extrapolated through the medium in the direction
perpendicular to the ground surface, fulfilling the boundary conditions at the ground surface,
at a top level, and at the source height. The propagation equations for P and V appear as
simple plane-wave equations, and computer (CPU) time within each layer is very low.
Therefore, many thin layers (in the order of centimeters if desired) can be applied, and any
complicated gradient can be used. Calculations for a homogeneous atmosphere, with a
computer program based on this model, show an excellent agreement with previous models.
When a wind profile is present, results are mainly compared with measurements by Parkin and
Scholes [P. H. Parkin and W. E. Scholes, J. Sound Vib. 1, 1-13 (1964); 2, 353-374 (1964)].
They show very good agreement in the no-wind and downwind cases. In the upwind situation,

agreement is very good below 500 Hz. Above this value the model does not predict sound to
penetrate into the shadow region, while Parkin and Scholes found (low) sound levels.

PACS numbers: 43.28.Fp, 43.20.Fn

INTRODUCTION

A model to calculate the influence of wind and tempera-
ture gradients on sound propagation above a ground surface
of finite impedance was developed about 10 years ago by de
Jong,"? using extrapolation models originating from seismic
research. The sound field is extrapolated step by step
through a layered medium, and in every layer the influence
of wind and temperature can be varied. The extrapolation is
basically in the x direction (parallel to the ground surface),
but to account for the absorption of the ground surface, steps
in the z direction (perpendicular to the surface) are also
required. Good agreement between the model and outdoor
measurements was found in the frequency regions below 200
Hz and above 500 Hz. However, in the region between 200
and 500 Hz, discrepancies between the model and measure-
ments were observed.

Subsequently, similar models have been published.*-*
All of the investigators in these publications used extrapola-
tion techniques in layers and tried to solve the basic equa-
tions for sound propagation with Bessel-Hankel transforms
in the Fourier domain. The computer model presented in
this paper departs from the same origin. The solution of the
“full wave equation” in the Fourier domain is written in
matrix form as a “two-way wave equation,” calculating up-
ward and downward traveling waves simultaneously.” The
expression ‘‘two-way wave equation” might be a bit mislead-
ing; it originates from seismic models (see Ursin® for an
overview) to distinguish these propagation methods from
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older techniques where only one-way traveling waves are
considered.

The basic equations are written in the spatial Fourier
domain, dividing the medium into horizontal layers. That
means that the sound waves are decomposed into a set of
plane waves. Each plane wave is described by the Fourier
transform of the sound pressure and its derivative, which is
proportional to the Fourier transform of the normal compo-
nent of the particle velocity. The plane waves are subjected
to the wave equation (which has become one dimensional
because of the Fourier transform ) for each layer, incorporat-
ing wind and temperature effects. When the propagation
through all layers has been completed, an inverse Fourier
transform is carried out to find the real sound pressure.

The strength of the present model is that the propaga-
tion equations for each plane wave within a layer are ex-
tremely simple. There is no need to calculate integrals and/
or series.

Because of the simplicity of the propagation equations
within each layer, the calculation time in a computer model
is short, and therefore many thin layers (if desired, in the
order of a few centimeters) can be introduced and a compli-
cated gradient can be used. Previous models (using Bessel-
Hankel transforms) must use comparatively large layers in
order to keep the calculation time low.

The one physical restriction of our model is that it works
only for stratified media. Because of computer time, two
more restrictions are made.
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(1) The theory is basically three dimensional; however,
we restricted the model to two dimensions.

(2) Computer time tends to increase sharply with fre-
quency. Therefore, we introduce a method which we call
“zoom-fft.”” This leads to some small errors above the sound
source, which is outside the region of interest.

Although our computer time is low when compared to
other models, it still does not run on a personal computer

(PC). Because of the vector nature of the plane waves, it is

very well suited to run on a vector-based computer.

I. THEORY
A. The wave equation

There are two basic equations describing the acoustical
behavior of a flowing medium. These are for the nonlinear
equation of continuity and the nonlinear equation of motion.
If we furthermore assume that the medium follows Hooke’s
law, they can be written as

1 (20
\'S — = <V]p, =0 1
v’+K(at+v )p D
and
a
Vo, +p; E-'—thv v, =0, (2)

with p, the total pressure in the medium, v, the total particle
velocity, p, the total mass density, and K the compression
modulus. In Eq. (2), the term giving the influence of gravity
has been left out, which means that the barometric pressure
must be constant with height.

The total pressure, velocity, and density are split into
two parts:

D =I:“O +P, (33)
P: =pPo+ps (3b)
vV, =W+, (3¢)

where Py, po, and w are time-invariant quantities, describing
the mean pressure, density, and velocity of the flowing medi-
um, and where p, p, and v are the corresponding time-variant
quantities, describing the acoustic-wave field. In the follow-
ing, we assume the acoustical pressure and density to be
small in comparison with the time-invariant quantities and
the time-invariant quantities varying only slowly with space,
and so

|p| < |Poland |VP,| <|Vp|, (4a)
and, similarly,
lol €|po| and [Vpo| <|Vp|. (4b)

By definition it is assumed that variables determining the
medium (X, p,, and w) depend only on the vertical coordi-
nate z (the so-called stratified medium). In addition, we as-
sume that the flow of the medium is in the x and y directions
only, and so the z component of w is equal to 0. Under these
conditions, we find

Vew = 0. (4c)

Now, the linearized versions of Egs. (1) and (2) read

1(d
Vv + — = V]ip=0 5
V+K(at+w )p )
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and
Vo -+ o[ 2+ wY o+ pup, I~ 0. (6)
ot dz

We now apply a threefold Fourier transform on these equa-
tions with 1=, x=k,, and y= k,, defined for the pres-
sure as

P(k,.k,.z,0) = IJ p(x, y,z,t)

X e oo™ gt dx dy, (7a)

and, for the backward transform,

1 o0
p(x’ »2,t) = Q J-J-J‘-.ﬁ° P(kx!ky9z,a))

X elote ~ g =ikY g, dk, dk,. (7b)

A similar Fourier transform is used for the transform from v
toV.

In many cases, k, and &, in Eqgs. (7) are taken as real
variables and the integration in Eq. (7b) is carried out along
the real axis. However, the functions to be integrated may
have poles on the real axis, and in that case &, and k, must be
complex variables and a branch must be taken through the
complex plane. We will come back to this problem in Sec.
IE.

Now a new variable g is introduced, defined as

p=1—wk/o—wk,// o, (8)
where w, and w, are the x and y components of w.
Using Eqs. (7a) and (8), Eq. (5) is transformed to
av,
dz
while Eq. (6) is written out in three equations:

_.]kx Vx —jky Vy +%ﬂp= 0’ (9)

Jw,
_jkxP+.1wp0,u’Vx +Po? Vz = 0’ (loa)
o dw,
—jk, P + jopouV, + po % V,=0, (10b)
9P | jopopV, =0, (10c)

adz
where V., V,, and V, are the components of V.

Now, the wavenumber k and two variables k,, and k,
are introduced, defined as

k2=w2p0/K, (11a)
k,, = uk, (11b)
k§=k,2n—ki—k;. (11c)

As K, u, and p, may vary with z, k, k,,,, and k, also depend
on z.
After eliminating V from Eqgs. (9) and (10), the follow-
ing equation for P is found:
2i( 12£)+k§P=0. (12)
dz \pyu?® 9z

Po Mt

B. The wave equation in air

Until now, only a few assumptions were made about the
medium itself (satisfying Hooke’s law; no shear, no influ-
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ence of static pressure). Equation (12), for instance, can be
applied in all kinds of media with varying values of i, p,, and
K. They are, for instance, used in seismic models if shear
waves are absent and u = 1.

If used in air, a few common assumptions can be made.
First, we assume air to be an ideal gas and the sound propa-
gation to be an adiabatic process. In that case, K = yP,,
where P, is the static pressure, and y = C,/C, (the ratio of
the specific heats). With these assumptions, the variables k
and k,,, can be rewritten. If we introduce a variable c (repre-
senting the local sound speed when the wind speed is not
taken into account) and the Mach vector m (both depending
on z), we find

¢ = yPo/po, (13a)
m,=w,/c,andm, =w,/c, (13b)
k=w/c, (13c)
k,, = w/q —m.k, —mk,. (13d)

In fact, ¢ incorporates the effects of temperature while m
stands for the wind effect. In our derivation they are treated
differently, because the first variable is a scalar and the sec-
ond a vector.

With Egs. (13), Eq. (12) can now be written in two
ways:

d (1 9P\ ki

Z === P=0, 14

c?z(kf,, 5z)+kf,, (4
or as

P" —2(k},/k,)P' +k*P=0, (15)

where the primes denote the derivatives with respect to z.

The given derivation of the wave equation in air is not
new. An equation very similar to Eq. (15) appeared pre-
viously in an article by Pridmore-Brown, written in 1962
[Eq. (7) in Ref. 9]. Pridmore-Brown includes the static
pressure in the derivation of the wave equation. From that
equation, it can be concluded that the gradient of the static
pressure has only a very minor influence when compared
with the wind gradients used in the remainder of this article.
However, in a perfect stable atmosphere (no wind, a tem-
perature gradient of — 0.007 K/m and a pressure gradient
of — 12 Pa/m), the influence of the pressure gradient ap-
pears much greater than the influence of the temperature
gradient. Therefore, care must be taken when omitting the
static pressure.

The equations given here are three dimensional.
Throughout the work presented in this paper, however, we
confined ourselves to the two-dimensional case, mainly to
save computer space and to avoid two-dimensional Fourier
transforms. Until now we have never found any evidence
that inaccuracies in our results are due to this restriction.
This implies that Eqgs. (13d) and (11c) become

k, =w/c —mk,, (16a)

k:=k2 —kZ, (16b)

with m, = m.
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C. The wave equation in matrix form

Pridmore-Brown and other investigators (mentioned in
the Introduction) tried to solve Eq. (15) with a Bessel-Han-
kel transform, after writing the equation in circular coordi-
nates. At this point we take a new direction.

First, we introduce a source situated at (0,z; ). It is pos-
sible to introduce the source term in Egs. (1) and (2). Then,
a “force” can be introduced by adding a term to the right-
hand side of Eq. (2), while similarly a “volume injection”
must be introduced in both Eqs. (1) and (2). They represent
a dipole and a monopole source, respectively, where the
monopole source stands acoustically for a piston in a long
tube or an ideal loudspeaker. Since all previous investigators
used monopole sources (for calculations and for measure-
ments), we also restrict ourselves to this source type, and so
the force is left out, and only the volume injection is taken
into account.

Introducing the monopole source, Eq. (14) can be writ-
ten in matrix form as :

2
m

a[P p] [ 0 ]
217 = k2
alul T[22 o |lul T s@isz -z
i (17
with
1 oP
_ L 9P 18
k2 0z (18)

U is proportional to ¥, ; the multiplication factor is equal to
Jjou/yP,. The rightmost term represents the source vector
for a monopole source. If a dipole is also used, it will appear
as a delta function in the upper part of this vector. The source
strength S(w) is rather arbitrary; we will come back to this
subject in Sec. I D.

Introducing a new notation for the vectors and the ma-

trix, Eq. (17) yields

%Q(Z) = [4(2)]Q(2) + S(2). (19)

Departing from a plane z = z, and extrapolating to a certain
z plane, the solution of Eq. (19) can be written as (see, for
instance, Ref. 10)

Q@) = W220)1QG0) + | [W(z£)1S(4)d. (20)
where the matrix [ W] has to satisfy the differential equation
2 [Wizz)] = (4D W(zz)], @n)

The solution of Eq. (21) will be given below; we start rewrit-
ing Eq. (20):
Q(2) = [W(2,2,)1Q(2), z,<zy0rz;>z (22a)

Q(2) = [W(2,2))1Q(2,) + [W(2,2,)]S0, 20<2, <2,
(22b)

with

0
SO:[S(a))]' (23)

The values of z in Egs. (22a) and (22b) are given under the
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assumption that z > z,. For the opposite case, the boundaries
must be interchanged.

Equation (22a) makes it possible to move stepwise
through a medium. We find, for instance, the following two
cases:

[W(z,20)] = [W(2,2,) ] - [W(22,2,) 1 [W(2,,20) ],
(24a)

[W(z,2))] = [W(z,2,) | [ W(z,,20) ] (24b)
With the use of Eq. (24b), Eq. (22b) can be written as

Q(2) = [W(z,2,) | [ W(2,,20) ] Q(2) + [ W(2,2,) ]S,

(25)
The differential equation (21) can only be solved if [4(z) ] is
a simple function over the layer (which is not necessarily
small). To avoid complicated solutions, the medium is often
represented by small layers, each having a simple form of
[4(z)], but different for each layer. In that case, [ W] will
also be different for each layer. Extrapolation is then carried
. out by a repeated application of Eq. (22a).

The solution of Eq. (21) is as follows. If [4(2)] = [4]
is not a function of z (that means that k,, has a constant
value over the extrapolation layer), the solution can be easily
found (see again Ref. 10):

[W(z,2,)] = exp{[4 ]1(z — 2y}, (26)
where the definition of the exponent can be given similar to
the scalar definition:

[B][B]
2!

[BI[B1[B] _ ...
et

exp([B])=[E]+ [B]+
, (27)

with [E] the diagonal matrix having the values 1 on the diag-
onal.

Wapenaar’ gives a solution of Eq. (21) for a linear wind or
temperature profile over a layer, when

k2,(2) =k2,(2)[1 +Kk(z—2z)], (28)
with |«(z — z,)| € 1.

The first solution is used when the profile is divided in
homogeneous layers, where Wapenaar’s solution stands for lin-
ear layers (Fig. 1). We inserted both solutions in our computer
program, but we did not find significant differences for the
small layers we use. Because the second solution requires much
more time and space in the computer, we decided to confine
ourselves in the rest of this paper to Eq. (26).

To solve Eq. (26), the matrix [4] can be decomposed
with its eigenvectors:

[4] = [LI[A[IL '], ‘ (29)

where [ A] is the diagonal matrix having the eigenvalues on the
diagonal. By applying Eq. (27), it can be verified that

exp([4]) =exp([L][A][L~'])

= [L]lexp([ADIL ~']. (30)
Now, introducing Az = z — z,, Eq. (26) can be rearranged to
[W(z, + Azzy)] = [L]exp([A]Az)[L ~']. (3D
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stepwise linear

= FIG. 1. The atmosphere can be given
2 as stepwise layers or as layers with a
= linear profile.
2 2
K2 K

In our case, the decomposition of the matrix [A4] is found as

2= s s 322
e I
[A] = [ _gk’ ﬂ(: ] (32¢)
and thus i
[W(z, + Az,z,) ]

k2 g "
Om (e.l ZAZ_e—J zAz)

By oI ;
k.

_1
2 & (ejszz_e—jszz) ejk,Az_I_e—jkAz
k>,

(33)

[ W ] is the basic equation for the propagation through the
medium, and, as can be seen, the entries within [ W] are
very simple as only traveling and evanescent plane waves are
found. ‘

In many practical cases, &, k,,, and Az are considered
to be real variables. So, according to Eq. (16b), &, is either
real (|k, | < |k,, |) or completely imaginary (the evanescent
field where |k, |> |k, |). In that case, the entries in [ W]
can be written as real cos, sin, cosh, and sinh functions. How-
ever, for reasons explained in the next section, we use Eq.
(33) id the computer program in the complex form present-
ed. )

One remark about [L] and [L ~'] must be made: They
give the coupling between two-way traveling waves and one-
way pressure waves':

P(z) =[L ~']1Q(2), (34a)
Q(z) = [L]P(2), (34b)
where P is written as
P+
P= [P‘] s (34c)

‘with P* and P ~ the pressure waves traveling up and down,

respectively. Equations (34) can be used to calculate the
boundary conditions at the ground surface, because

P*=R,P~, (35)

with R, the plane-wave reflection coefficient.

D. The extrapolation model

A computer model was developed on the basis of a step-
wise extrapolation through the medium. The extrapolation
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starts at a certain height (the top level, for instance, z = 50
m), where Pand U are calculated assuming that, above this
level, only upgoing waves are present. Making use of Egs.
(32a) and (34b), the starting vector then becomes

~[oen] =l 5]
d U(z,) —jk,/k?, jk/k2

1

o IR L <0
At this stage in the calculations, only the ratio of Pand U is
important, and so for the moment P * (z, ) is given the value
1. The extrapolation is carried out from the starting plane to
the source plane in given steps (see, also, Sec. II A), where
the resulting P, and U, are calculated. The subscript u re-
fers to the upper half-space.

A restart is made at the ground level, where
P* =R, P . Therefore, here we find
o= 1%
& U(Zg) - —jkz/ksn jkz/k%n P_(Zg)

[ R,+1
—Jjk,/k%: (R, — 1)
Again, we choose P~ (z,) = 1. For R, we use the equation
for the locally reacting case:
_Zcosp—1 _ Zk./k, —
Zcosp +1  Zk,/k,, +1 ’
where @ gives the angle of incidence of the plane wave at the
ground surface and Z is the specific acoustic impedance as

given by the well-known equations introduced by Delany
and Bazley'":

Re(Z) =1+ 0.051(270/w)°%"°,

]P—ug. (37)

(38a)

P

(38b)

Im(Z) = — 0.0769(270/»)° ", (38¢c)

where o is the estimated flow resistance of the ground sur-
face (in N s m—*), while all the other variables are taken at
ground level, which also implies that there is no wind speed.
The sign of Im(Z) is taken to be negative, because in our
conventions a pressure wave traveling in the positive z direc-
tion has a negative exponent. Delany and Bazley also used
these conventions in their original paper, but many investi-
gators use positive signs for Im(Z) and the exponent.

From the ground level, extrapolation is carried out up to
the source level, where P, and U, are calculated, the index /
denoting values for the lower half-space.

The given calculation of the starting vectors with Egs.
(36) and (37) is only one way to describe the problem. An-
other way is to calculate the specific acoustic impedances at
the top and ground level, which can easily be done because U
is proportional to ¥, and hence P /U is proportional to the
specific impedance. It is obvious that the result remains the
same.

The next step in our model is to calculate the sound
pressure at the source level. From Eqgs. (22b) and (23)
(where z and z, both tend to z, ), it can be seen that P for the
lower and the upper half-space must be the same; we call this
value P,. From the same equations, we find
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U, = Uy +S(w), (39)

where U, and U, are the values of U for the upper and
lower half-space. Since the ratios of P and U are known for
both half-spaces, the values of U, and U,; can be eliminated,
and P, can be written as

P, = [(P,P)/(P,U, — P,U)]S(@). (40)

At this stage, S(w) must also be chosen. In a homogeneous
atmosphere without ground surface, P, can be calculated
from Egs. (36), (37) (with R, = 0), (33), and (40) as

P, = (—k§/2jk;)S(w), (41)

with k, the value of w/c when there is no wind or tempera-
ture profile. For this particular case, the Fourier transform
can be found in closed form. For instance, using Berkhout’s
calculation'? and leaving out the Hankel function for the
nearfield, we find in two dimensions:

P= (]-kz)—le_jkz’Z—zsl
<:>p(x,z,a)) — (Zﬂkor)_llze_j(k‘""' 7/4)’ (42)

where r is the distance between source and receiver.

Now, the value of S(@) will be found also as a multipli-
cation factor in the x,z domain. We decided to use the follow-
ing values for two cases.

(1) In case 1 (Figs. 3-5), we very arbitrarily gave S(w)
the value 2. Thus the 0-dB level in the figures for the k,
domain is found. In the x,z domain, a multiplication factor
k¥?(2m)~ "2 is found from Egs. (41) and (42), which de-
fines the O-dB level.

(2) In the following frequency plots (Figs. 6-11), the
values in the x,z domain are compared with free-field propa-
gation for the same values of x and z and thus of . Again, we
took S(@) = 2, but, for every microphone position, a multi-
plication with (277) 2k 5~ 3/?is also used in the x,z domain.

E. Avoiding poles of the monopole source

The value of P in Eq. (42) has a pole when |k,| =0,
which is for waves traveling in the x direction. These waves
are the most important, and so a solution for this problem
has to be found.

When a ground plane is present and the atmosphere is
inhomogeneous, P has a more complicated form, but in any
case it has a sharp peak. Applying a standard backward com-
plex fast Fourier transform (CFFT ') from a computer li-
brary leads to errors in the x domain. The solution for this
problem is the application of a complex value k, by writing

kx = kr +jki’ , (43)

where k, and k; are real variables. The result of this method
is that the amplitude of the pressure P still has a finite value
when &k, = k,. This method is commonly used in sefsmic
models and may lead to rather complicated integration
methods. However, in our case we were able to simplify the
problem by using the integration path given in Fig. 2.

The path is given for positive values of k, . A similar path
should be taken for negative values, but, as we calculated the
integral for positive values only (as explained in the next
section), the negative path of the integral can be left out.
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FIG. 2. The integration path for the calculation of the Fourier transform.

The Fourier transform can be written as
P(x,2,0) =2Ljp(kx,z,m)e""‘*" dk,. (44)
T Ji

Because the important values of | P | are around k,, the con-
tributions of the integration paths 1, 2, 4, and 5 can be ne-
glected. Then [making use of Eq. (43) with a constant value
s, for k; ], Eq. (44) can be written as

p(x,z,m)ze"l’z(&j P(k, z)e " dk,
m — o

= exp(s,x)CFFT !, (45)

and now a standard computer library routine can be used to
carry out the Fourier transform.

Calculations for the homogeneous case prove that the
method is very effective when s, is on the order of the step in
k, (weuses, = kyyq/N, coming back to k ,, and Nin Sec.
I1 B). The only disadvantage of the method given here is
that the values of k., &,,,, etc., are complex and require dou-
ble space in the computer, and extra time is needed for calcu-
lations with complex numbers instead of real variables.

Il. THE COMPUTER PROGRAM
A. The value of the extrapolation interval

Before the extrapolation program is started, the z levels
(microphone levels) must be given where the sound pres-
sure has to be calculated. During all the calculations present-
ed here, we used 32 z planes ranging from ground level to
12.4 m in steps of 0.4 m. This last value may differ from the
extrapolation step chosen, because the extrapolation step is
related to the wavelength of the sound. For frequencies
above 500 Hz, the extrapolation step becomes smaller than
0.4 m (see Sec. II B). Because turning planes may occur
above the value of 12.4 m, we started at z = 50 m. This last

" value is very high and could easily be chosen lower, especial-
ly at lower wind speeds. We made no attempt, however, to
optimize the value of the top level.

There are two methods to calculate the sound pressure
at the given z levels.

(1) Extrapolation takes place from both starting planes
(z =50 m and 0) toward the source level (z, ), where P, is
calculated with Eq. (40). From P, starting values are calcu-
lated for the values U, and U,, of both half-planes, and
another set of extrapolations in the opposite direction is car-
ried out toward the desired z levels. There, a CFFT ! is
carried out to transform to p(x,z,®), and these values are
stored in a file.

(2) During extrapolation from the starting planes to the
source level, the values of P(k, ,z,w) are stored in files when
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the given z levels are crossed. Arriving at the source height,
P, and two correction coefficients 4,, and 4, are calculated
from P,, P,, and P, for the upper and the lower half-space.
At each zlevel, the pressure Pis regained from the file, multi-
plied by A, or A,, and Fourier transformed. The value of
p(x,z,m) is stored in computer memory.

The second method requires more computer space and
computer time, because there is more file handling. How-
ever, in the computer configuration we used, we ran into
accuracy problems applying the first method. The evanes-
cent field is calculated as a small difference of two very big
numbers and, to get accurate results, a double-precision
method is required (which was not available in our comput-
er configuration) or special filtering techniques must be ap-
plied. For these reasons, we chose the second method.

When extrapolating, the amplitudes of P and U can be
very large in the evanescent field. To avoid these problems, a
few precautions were made.

(1) Only small steps can be made. We took |Az| =4 /2,
A being the wavelength.

(2) When extrapolating in the region from 50-12.4 m,
only the ratio of Pand Uis important, which is much smaller
than Pand U.

(3) In the region between ground level and 12.4 m, the
values of Pand U are multiplied by exp( jk,, Az) after each
extrapolation step, where k,, is constant with respect to z
and is calculated as

kzO = (kz_ki)”z’ (46)

with k, = w/c,, and ¢, is the sound velocity at the source
height. Before the Fourier transform at level z is carried out,
P is multiplied by exp( — jk,q |z — z,|).

Another criterion for the maximum step in the z direc-
tion is the steepness of the wind or temperature profile. We
used the step of 4 /2 in the region between 50 and 12.4 m.
This value appeared satisfactory (even at a frequency of 50
Hz) because profile gradients are very small in that region.

Wind profiles can be very steep close to the ground.
Therefore, a step of 5 cm is chosen in the region between 0
and 20 cm. In the region from 0.2 to 12.4 m, the step is taken
as the smaller value of either A /2 or 0.4 m.

The values of the steps are deduced by trial and error,
and are found to give good results. It should be noted that
not much effort was given to optimizing these values to speed
up the computer program. It should be possible to find val-
ues of the step size that give quicker results.

B. Filtering, zooming, and the number of data points

In most computer models, the value of &, is taken as a
real value from — ky,, to + ky,,. Assuming a positive val-
ue of the Mach value m, the negative and positive values of
k, may be considered as representing upwind and down-
wind, respectively. Because we had to be very careful with
computer space, we decided to restrict ourselves to positive
values of k, only. To calculate the wave propagation from
the source in the z direction (therefore, right above the
source), positive and negative values around k, = 0 are re-
quired. Thus, our choice of positive k, numbers leads to
small errors in the vicinity of the source. However, that re-
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gion is not of very great interest to our problem. For the
upwind case, a separate run with a negative value of m had to
be carried out.

Wind and temperature effects occur at horizontal dis-
tances of 50 m and more from the source. On the other hand,
we were interested in values of z below 12.4 m only; or, ex-
pressed as an angle, all effects occur within an aperture angle
between zero and about 15 deg as seen from the source.
Translated to the k, domain, all interesting effects occurin a
small band around k, = k;. This allows us to use narrow
filters in the k&, domain, as (again) errors will be found only
for the region above the source. An important consequence
of this filtering technique is that the sample density in the
region around k, = k, can be enlarged by using a smaller
value of Ak, . We call this method our “zoom-fft,” which has
as an advantage that longer distances in the x domain can be
produced while keeping the total number of &, values con-
stant. A small disadvantage (apart from inaccuracies close
to the source) is that computational noise may occur from
aliasing at very low pressure levels, which is the case in the
upwind shadow regions at high frequencies.

The method developed in this paper is very well suited
for running on a vector machine, because all values of k.,
k.., k., P, and U can be considered as complex vectors. We
used a simple HP-1000 computer in conjunction with an
FPS-array processor that is able to contain 64K real
numbers. This means that, in our program structure, where
the vectors are simultaneously in the memory of the array
processor, the maximum number of vector elements is 4096
(complex values). Before Fourier transforming, a few vec-
tors are scratched and the number of complex data points is
enlarged to 8192 by adding zeros.

We choose a value of 400 m as the Nyquist value in the x
domain for each frequency we ran on the computer, and 21
frequencies were chosen in }-octave values, ranging from 50—
4000 Hz. For &, , we find the value

kNyq = ﬂN/xNyq > (47)
from which we deduce
knya/ko = Neo/2 Xnyq f, (48)

where f'is the frequency and N is the number of data points.
Choosing f'= 500 Hz, ¢, = 340 m/s, and N = 2048 leads,
for instance, to k ,, /k, = 1.7408, which is very well suited
for our purpose. We decided to keep this value 1.7408 con-
stant throughout all of our calculations and to select a com-
bination of N and the zoom factor so as to have the Nyquist
distance equal to 400 m. The values of Table I for the number
of data points and the zoom factor for each frequency are
chosen in the computer program.

A Nyquist distance of 400 m means that the wrapar-
ound effect occurs every 800 m. With the type of filtering we
use, aliasing occurs in the region from 700-800 m. The num-
ber of data points and number of steps increase with increas-
ing frequency. Thus the calculation time depends strongly
on the frequency. To complete 32 z levels with x ranging
from 0-800 m requires about 45 s at 50 Hz. At 1000 Hz, CPU
time is about 3 min, 50 s. At higher frequencies, we are able
to keep the number of steps constant because of the zooming
method chosen. That is why the CPU time remains 3 min, 50
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TABLE 1. The number of data points of the Fourier series (¥) and the
zoom factor as a function of the frequency to find a Nyquist distance of 400
m.

Frequency N Zoom factor
50 256 0.8
63 256 1.008
80 256 1.28

100 256 1.6
125 512 1.0
160 512 1.28
200 512 1.6
250 1024 1.0
315 1024 1.26
400 1024 1.6
500 2048 1.0
630 2048 1.26
800 2048 1.6
1000 4096 1.0
1250 4096 1.25
1600 4096 1.6
2000 4096 20
2500 4096 2.5
3150 4096 3.15
4000 4096 4.0
s for higher frequencies.

After each monochromatic run, we select 10 distances
at 10 z levels to save in computer memory. After a complete
run, we have 21 frequencies by 10 distances by 10 z levels. It
takes about 70 min to complete such a run.

lll. RESULTS
A. The wind and temperature profile used

There are only limited data available on the wind profile
in the lower layers of the atmosphere, especially in the first
few meters above the ground. We therefore made some as-
sumptions. We decided to model the wind speed with the
familiar power law and assumed that it is also valid at the
ground surface (which is not strictly the case):

w(z) = w,x(z/10) °, (49)

where w,, is the wind velocity at 10 m high, and a depends
on the surface roughness. When a = 1, we find a linear wind
profile. The log profile, which is preferred in most meterolo-
gical publications, cannot be used, because it has no meaning
close to the ground.

For the temperature profile, more data are available. We
used, for instance, profiles as measured by Huisman et al.!?
and Geiger." From the results of Geiger, we deduced an
exponential temperature profile.

In theory, because the temperature effect is a scalar and
the wind effect is a vector, there is a difference between the
effects of wind and temperature profiles. Dividing Eq. (16a)
into two separate parts for the temperature and wind pro-
files, respectively, we find

k, (z) =w/c(z), (50a)
k,(z) =ky—m(2)k .. (50b)

Now, ¢(z) can be written in terms of the temperature:

L. Nijs and C. P. A. Wapenaar: Wind and temperature gradients 1993

0%:65:01 £20¢ 18quisdsQ G0



o(2) = o[ T(2)/To]",

where the indexes O denote the values at ground level.
Because the variations in the temperature are always
small compared with 7, we find

km (Z) sz[l - AT(Z)/2T0]9

with AT(z) = T(z) — T,

As stated earlier, all of the important phenomena ap-
pear around k, = k,. If we had written k, instead of &k, in
Eq. (50b), we would have found the same effects for the
wind and temperature profiles. As an example, we find that
the effects of a linear temperature profile of 0.86 °C/m corre-
spond to a linear wind profile of 5 m/s at 10 m. In fact,
calculations with the extrapolation model show that there

(31)

(52)

are differences between a wind profile and a corresponding

temperature profile, but they are small. For this reason we
* restrict ourselves to the wind profile (the vector approach)
throughout the remainder of this paper.

B. An examplé of the computational flow

Figure 3(a) shows three examples of |P(k, ,z,w)| at a
receiver height of 1.6 m as a function of k,, ranging from O to
k nyq- The source height is 1.8 m, the frequency is 250 Hz
(ko =4.62), and, according to Eq. (47) and (48), kyy,
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FIG. 3. (a) The sound-pressure level as a function of k, for three different
wind speeds and (b) after Fourier transforming to the x domain. Frequency
is 250 Hz, source height is 1.8 m, receiver height is 1.6 m, o= 2x10°
Nsm™* and @ =0.14.
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= 8.04. In order to show more detail, the vertical axes are
given as 20 log(|P|), where the reference level was already

given in Sec. II B. The oscillations are due to the interaction *

of direct waves and waves reflected at the ground surface.
The flow resistance of the ground surface is taken as
o=2X10°Nsm™*,

Figure 3 shows that all important variations in ampli-
tude between the homogeneous case and the cases with wind
occur in the region where &k, = k,, mainly because the curve
is shifted to higher (upwind) or lower (downwind ) values of
k,.

After filtering and a CFFT !, we find Fig. 3(b), which
gives the value of 20 log(|p(x,z,.@)|) as a function of dis-
tance. Now, the x values range from 0-800 m, being twice
the Nyquist distance. The figure shows wraparound effects
in the region between 700 and 800 m. Doubling the number
of data points proves that no aliasing occurs in the region up
to about 700 m. However, for safety, we restrict ourselves to
400 m in the remainder of this paper. The downwind case
shows a curve that is no longer monotonically decreasing.
This effect was reported before by de Jong” and Raspet et al.?

Figure 3 gives the values at one z plane (1.6 m), buta
complete computer run leads to a set of values of 20 log(|p|),
in 32 z planes from O to 12.4 m. From these values an isobar
plot can be constructed, giving the curves with a constant
value of the relative sound-pressure level in the x—z plane.
Figure 4(a)-(c) gives the wind-free case, the downwind
case, and the upwind case, respectively, now ranging from
the source to a distance of 400 m. The dip found in Fig. 3(b)
is, of course, found again in Fig. 4(b).

We note that, at the frequency taken here, the relative
sound-pressure level with wind lies below the level for the
homogeneous case. This effect is found in the region from
200-500 Hz. Outside this frequency region, the sound-pres-
sure level mainly increases with increasing wind speed.

The dips as found in Figs. 3(b) and 4(b) can be very
deep. Figure 5 shows three curves for wind speeds of 4, 5, and
6 m/s. The dip at 5 m/s at 200 m is the most extreme case we
could find by trial and error. It shows nearly total extinction.
This is probably due to the amplitude of the direct wave from
source to receiver, as ray theory also predicts that the direct
ray tends to decrease in a downwind situation. The dip
changes rapidly if the wind speed differs.only slightly. There-
fore, it will be almost impossible to find these dips experi-
mentally because there is always some variation in the wind
speed that will tend to smear the dip. We simulated this
effect by calculating an énergy mean value over the three
wind speeds. It is given as a solid line in the figure. The dips
appear very sensitive to the shape of the wind profile. The
calculations shown here are taken with a 0.14 exponent in
the wind profile. When a linear profile is used, the dips are
much less pronounced, although they never vanish com-
pletely.

C. The shape of the wind profile

All remaining figures in this paper are frequency plots.
These plots are calculated at }-octave intervals. In fact, these
intervals are rather coarse, and the sharp dips, due to path
length differences between direct and reflected sound that
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FIG. 4. Isobar plots calculated from the sound pressures at different z levels.
Data as in Fig. 3.

occur at higher frequencies (above 1000 Hz), will not be
accurately reproduced. In order to calculate these dips accu-
rately, a smaller interval should be chosen.

The results appear very sensitive to the shape of the
wind profile. To illustrate this effect, we calculated three
frequency plots with three different profiles, as sketched in
Fig. 6(a).

relative SPL (dB)

%] ’ 208 408
distance (m)

FIG. 5. Sound pressure as a function of x to illustrate dips. Frequency is 315
Hz, source height is 1.8 m, microphone height is 1.5 m, o =25x10*
Nsm™* and a =0.14. :
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FIG. 6. (a) Three wind profiles: a, linear profile with wind speed 1.2 m/s at
10 m; b, linear with 5 m/s at 10 m; and ¢, @ = 0.14 and 5 m/s at 10 m; and
(b) the frequency plots calculated with these profiles. Source height is 1.8
m, microphone height is 1.6 m, and source-receiver distance is 200 m,
o0=2X10°Nsm~*

When zis higher than about 0.5 m, the linear curve with
a wind speed of 1.2 m/s at 10 m has about the same gradient
as the standard wind profile (5 m/s and @ = 0.14) used for
most of our calculations. The other profile has the same wind
speed at 10 m, but the gradient is totally different. As can be
seen by comparing the curves labeled a and ¢ with the curve
for profile b in Fig. 6(b), the gradient appears much more
important than the wind speed at 10 m.

It can be concluded that models that assume a linear
wind profile could give satisfactory results as long as a good
estimate is made of the wind gradient. The wind speed at a
height of 10 m is not a good indicator of the profile. The use
of this value in a linear profile will lead to a strong overesti-
mation of the influence of the wind on sound propagation.
Measuring results should always be accompanied by wind-
speed measurements at different heights. ‘

Throughout the rest of this paper, wind profile ¢ in Fig.
6(a) is used with @ = 0.14. We want to compare our calcula-
tions with the measurements of Parkin and Scholes (Sec.
IIT E), and this profile is most likely on the airfield where
they took their measurements.

D. Wind spee& and ground absorption

Figure 7 gives some results of the calculation with the
model. The vertical scale is the sound-pressure level relative
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FIG. 11. Frequency plots with the source-receiver distance as the param-
eter. Sound level is compared to free-field propagation. Source height is 1.8
m, receiver height is 1.6 m, 0 = 2X 10° N s m~*, and a = 0.14. Source re-
ceiver distance is (a) 60 m, (b) 120 m, (c¢) 200 m, and (d) 400 m.
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Parkin and Scholes presented their results at different
distances compared to the sound level measured at a refer-
ence distance of about 20 m from the source. They also made
an estimate of the exact location of the source, in the output
stream of a jet engine. To compare our results, we had to
carry out the same subtraction. Doing so, we always found a
small shift in the interference maxima and minima in the
higher frequencies. This is partially due to our different mi-
crophone height, but we also assume that the distance in the
reference measurements of Parkin and Scholes or the source
height was slightly incorrect, probably because the source in
a jet stream is not exactly known. The plots used for com-
parison are Fig. 3 and 4 of Ref. 17, which are not given here.
The best agreement is found with the “winter measure-
ments” of Fig. 4. To find good agreement with the “summer
plots” of Fig. 3, a lower value of o must be taken.

The results without wind agree very well in the frequen-
cy region from 50-500 Hz. In the region from 6304000 Hz,
we (and many other investigators) find decreasing sound
levels with increasing source-receiver distance [see Fig.

11(a)]. Parkin and Scholes found sound levels that no long-
er decrease for increasing distances. However, Parkin and
Scholes measured their no-wind situation when the wind
speed was perpendicular to the direction of the sound propa-
gation. Daigle'® explained the disagreement as due to turbu-
lence and introduced variations in path length between di-
rect and reflected waves around a mean value.

When we compare the results in the downwind situation
[as in Fig. 11(b)] with the measurements of Parkin and
Scholes, we find surprisingly good agreement over the entire
frequency range, except for the dip at 200 Hz for a distance
of 400 m. For the upwind case, we again find very good
agreement with the measurements in the region up to 500
Hz. Parkin and Scholes, however, found constant sound lev-
els in the frequencies above 500 Hz at about — 20 to — 25
dB. Our model always finds curves that are steadily decreas-
ing in the shadow region [see Fig. 11(c)]. There are prob-
ably other phenomena (vertical wind speeds, scattering at an
uneven ground, etc.) causing some high-frequency sound to
penetrate into the shadow region in the real situation. These
effects are beyond the scope of the present model.

IV. DISCUSSION

The model presented in this paper is a powerful tool for
calculating the influence of wind and temperature gradients
on sound propagation. It uses a stepwise extrapolation
through layers parallel to the ground surface. The math-
ematics behind the model is based on the full wave equation
in the wavenumber domain in three dimensions (%, , k,, and
z). However, to keep CPU time low, the extrapolation is
carried out in two dimensions only. To make a Fourier trans-
form possible from the k., z domain to the x, z domain, a
transform over the complex wavenumber had to be intro-
duced to avoid a pole in the &, , z domain.

The resulting propagation equations are relatively sim-
ple and, as a consequence, the CPU time within each layer is
very short. Therefore, thin layers (if desired on the order of
centimeters) can be applied, and any complicated gradient
may be introduced.
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FIG. 7. Frequency plots to illustrate the influence of the wind speed. Source
height is 1.8 m, receiver height is 1.6 m, source-receiver distance is 200 m,
0=2X10°Nsm~* and a = 0.14.

to the level found in the homogeneous case at the same dis-
tance without a ground plane (free-field propagation). The
curves are calculated with a flow resistance o= 2Xx10°
N s m™*, for four wind speeds: 0, 2, 5, and 10 m/s. For all of
the curves, a = 0.14, the source height is 1.8 m, the receiver
height is 1.6 m, and the distance from source to receiver is
200 m.

The zero-wind curve is within a few tenths of a dB when
compared to the numerous results from calculations and
measurements as published in literature for the ground ef-
fect. For comparison we used a model developed by Koers,
based on the theoretical work of Attenborough et al.'® The
results prove to be insensitive to the fact that we use a two-
dimensional model.

The curves demonstrate that the sound-pressure level
gradually increases with wind speed in the frequency region
above 315 Hz. It is interesting to see that the difference be-
tween 0 and 2 m/s is larger than between 5 and 10 m/s.
There is a tendency (found in other calculations that are not
presented in this paper) toward a decrease in sound levels at
higher frequencies for a wind speed of 10 m/s.

Figure 8 gives the upwind case. At higher wind speeds,
the sound has to penetrate into the shadow region. This ap-
pears possible only for the lower frequencies. At a wind
speed of — 2 m/s, the sound propagation is just above the
boundary ray of the shadow zone. As expected, the curve
then strongly resembles the curve that is found when the
source is at the ground surface in the no-wind situation.

The influence of the source height is shown in Fig. 9.
The source height is now 0.5 m. The zero-wind curve shows
lower sound levels at higher frequencies. The increase with
increasing wind speed from 0-2 m/s is greater than in Fig. 7.

Figure 10 is similar to Fig. 7, but the ground plane is
more absorbing (o= 15X 10* Nsm™*). The decrease in
sound level found between 160 and 315 Hz with increasing
wind speed in Fig. 7 has now almost completely vanished.
Again, we see in Fig. 9 and 10 that the frequency interval is
too coarse to give an accurate account of the frequency dips
above 500 Hz.
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FIG. 8. As in Fig. 7, but for upwind propagation.

E. Frequency plots compared with results from
literature

Our initial results from the computer showed a strong
resemblance with the results of de Jong, except for the region
between 200 and 500 Hz. Introducing a linear temperature
profile in our model, we found excellent agreement with the
results of Rasmussen [his Fig. 5(a) in Ref. 4]. Because of
the limited data available from previous calculation models,
a more detailed comparison of our calculations will be made
with the outdoor measurements of Parkin and Scholes.!”1®

In Fig. 11(a), frequency plots are given for four dis-
tances between source and receiver (60, 120, 200, and 400
m) for the homogeneous case. The sound-pressure levels are
relative to free-field propagation from a monopole source.
Figure 11(b) and (c) gives the results for + 5-and — 5-m/
s wind speeds. Again, the very deep dip in the frequency
curve at 200 Hz can be seen for curve d in Fig. 1(b).

These calculations are used as a basis for comparison
with the measurements of Parkin and Scholes. We had to
make assumptions about the impedance of the ground sur-
face and wind profile in the measurements. We assumed
o = 2X%10° and a = 0.14, where the value for the flow resis-
tivity is from de Jong.? Qur microphone height was 1.6 m,
while Parkin and Scholes gave theirs as 5 ft (1.52 m).

BT T T T 7
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FIG. 9. As in Fig. 7, but with the source at 0.5 m above the ground plane.
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The required memory space of the Fourier series in the
computer increases with frequency. Applying a zoom-fft ap-
pears a useful method for keeping these values constant
above 1000 Hz. A complete set of x, z plots (21 frequencies at
12.4 X 400 m?) takes about 70 min when the model is run on
a vector-based machine. While we deliberately used small
layers, no attempt was made to optimize CPU time. This
time is very short compared to calculation models based on
Bessel-Hankel transforms. Although the model is two di-
mensional, it is in excellent agreement with numerous pre-
vious models for the zero-wind case, which calculate the in-
fluence of an absorbing ground surface on sound
propagation.

Basically, a wind gradient is a vector, while a tempera-
ture gradient is a scalar effect. The model is able to distin-
guish these effects but, from theoretical considerations and
from computer calculations, we found that the differences
are small. Because the gradient of the wind speed is much
more important than the absolute value of the wind speed
(mainly given at 10 m), outdoor measurements of the wind
speed should always be carried out at a number of heights,
starting as low as possible (for instance, at 0.20 m).

The direct comparison of the results of our model with
previous calculations is difficult, because results from pre-
vious models in the case of complicated wind profiles are
scarce. When a linear temperature profile is introduced in
our calculations, a comparison can be made with Rasmus-
sen’s model and excellent agreement is found. The agree-
ment with other models is good when compared qualitative-
ly, but varies from fair to poor when looking at the exact
numerical results.

A comparison is made with the very extensive measure-
ments of Parkin and Scholes. Very good agreement is found
for frequencies below 500 Hz for three cases: downwind, no
wind (which is when the wind direction is perpendicular to
the sound propagation ), and upwind. The agreement for fre-
quencies between 500 and 4000 Hz is only very good in the
downwind case.

No agreement is found in the upwind case for frequen-
cies above 500 Hz. Parkin and Scholes found a (low) con-
stant sound level. In our calculations, only low-frequency
sound was able to penetrate into the shadow zone.

The only physical restriction of our model was the ab-
sence of variations in the propagation parameter in the x
direction. To overcome this problem, we want to extend the
model in future research. The sound propagation is calculat-
ed from the source of a certain x value, assuming constant
parameters over that x region. Then, a restart is made at that
x value with other parameters, introducing a distribution of
source strengths. In that case, we will return to an improved
version of the model of de Jong. This model combined x and
z extrapolation, and therefore was able to calculate the ef-
fects of gradients varying with distance, but could also calcu-
late the influence of sound screens, impedance jumps, etc.
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Since there is rapid development in vector-based com-
puters, we will also make an attempt to optimize CPU time
and to run the program on a new computer configuration.
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