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Abstract: Inspired by recent developments in wave propagation and scattering experiments with
parity-time (PT ) symmetric materials, we discuss reciprocity and representation theorems for 3D
inhomogeneous PT -symmetric materials and indicate some applications. We start with a unified
matrix-vector wave equation which accounts for acoustic, quantum-mechanical, electromagnetic, elas-
todynamic, poroelastodynamic, piezoelectric and seismoelectric waves. Based on the symmetry prop-
erties of the operator matrix in this equation, we derive unified reciprocity theorems for wave fields
in 3D arbitrary inhomogeneous media and 3D inhomogeneous media with PT -symmetry. These
theorems form the basis for deriving unified wave field representations and relations between reflec-
tion and transmission responses in such media. Among the potential applications are interferometric
Green’s matrix retrieval and Marchenko-type Green’s matrix retrieval in PT -symmetric materials.

Keywords: parity-time symmetry; reciprocity; Green’s matrix; metamaterials

1. Introduction

A parity-time (PT ) symmetric system is a physical system that is invariant under
the combined reversal of the space and time coordinates. Having its roots in quantum
physics [1], the principle of PT -symmetry has recently found many applications in clas-
sical wave propagation and scattering problems in photonic structures [2–4], phononic
crystals [5–7] and acoustic metamaterials [8–10]. Motivations for designing PT -symmetric
materials are the exotic properties that can be achieved, such as unidirectional optical wave
propagation [11], negative refraction [10] and acoustic cloaking [8,9].

Reversal of the time coordinate of a dissipative (passive) material results in an effectual
(active) material and vice versa [12–14]. Hence, a PT -symmetric medium is constructed
from materials with loss and gain, balanced with respect to the origin of the spatial coordi-
nate system. Natural materials are dissipative, but in specific situations waves may gain
energy during propagation. For example, in photonics this occurs through two-wave mix-
ing using the nonlinear photorefractive effect [2,15], whereas in phononic structures waves
may gain energy through the acoustoelectric effect of piezoelectric semiconductors [5,16].
Another possibility is to construct PT -symmetric materials by virtualising the effectual
(active) part of such a medium. References [17–20] propose to construct virtual acoustic
PT -symmetric materials by connecting physical passive systems with numerical active
systems via the principle of immersive wave experimentation [21–23].

The aim of this paper is to present a theoretical framework for analysing reflection
and transmission responses of 3D inhomogeneous PT -symmetric materials. This may find
applications in forward modelling, inverse source problems, inverse scattering problems,
(holographic) imaging, time-reversal acoustics and Green’s function retrieval from passive
or active measurements in such materials. To this end, we derive reciprocity and represen-
tation theorems for wave fields in 3D inhomogeneous PT -symmetric materials, embedded
between two identical homogeneous lossless half-spaces. In general, a wave-field reci-
procity theorem interrelates two states (sources, medium parameters and wave fields) in
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one-and-the-same spatial domain [24–27]. We review two unified reciprocity theorems [28]
for wave fields in 3D arbitrary inhomogeneous media (one of the convolution type and one
of the correlation type) and derive two new reciprocity theorems for 3D inhomogeneous
media with PT -symmetry. As the basis for these four reciprocity theorems we use a unified
matrix-vector wave equation, which covers acoustic, quantum-mechanical, electromag-
netic, elastodynamic, poroelastodynamic, piezoelectric and seismoelectric waves. Next,
we derive wave field representations. In general, a wave field representation is obtained
by replacing one of the states in a reciprocity theorem by a Green’s state [29–32]. Among
other results, we obtain a unified representation for interferometric Green’s matrix retrieval
in a 3D PT -symmetric medium. Following an approach similar to reference [33], we also
use the four reciprocity theorems to derive a number of relations between reflection and
transmission responses for arbitrary inhomogeneous media and for PT -symmetric media.
One of the results is a generalisation of a unitarity relation for 1D scalar fields in a stratified
PT -symmetric medium [6,8] to unified wave fields in a 3D inhomogeneous PT -symmetric
medium. Finally, we discuss the Marchenko method. In general, the Marchenko method
provides a way to retrieve Green’s response between a point at the surface and a point
inside the medium from the reflection response at the surface [34–36]. One of the under-
lying assumptions is that the medium is lossless. We show that this assumption can be
circumvented when the medium is PT -symmetric and the reflection response is available
at two sides of the medium. We illustrate the Marchenko method for a layered medium
with PT -symmetry with a numerical example.

2. Unified Matrix-Vector Wave Equation

As the starting point for our derivations. we consider the following unified matrix-
vector wave equation [28,37–41]

∂3q−A q = d, (1)

where q(x, ω) is a N × 1 wave-field vector, which is a function of space (x) and angular
frequency (ω), with the space coordinate vector defined as x = (x1, x2, x3) (throughout
this paper we assume that the x3-axis is pointing downward). Similarly, d(x, ω) is a
N × 1 space- and frequency-dependent source vector. Operator ∂3 stands for the partial
differential operator ∂/∂x3. Finally, A(x, ω, ∂α) is a N × N operator matrix, containing
space- and frequency-dependent medium parameters (or, for quantum-mechanical waves,
the potential) and operators ∂α (standing for the partial differential operator ∂/∂xα, with
Greek subscript α taking the values 1 and 2). For the moment we consider an arbitrary
inhomogeneous medium (or potential). The specifics for a PT -symmetric medium are
discussed later.

We partition q, d and A as follows

q =

(
q1
q2

)
, d =

(
d1
d2

)
, A =

(
A11 A12
A21 A22

)
, (2)

where sub-vectors q1, q2, d1 and d2 are N/2× 1 vectors and where sub-matrices A11, A12,
A21 and A22 are N/2×N/2 operator matrices. Table 1 gives an overview of the wave-field
sub-vectors q1 and q2 for different wave phenomena. These sub-vectors are organized
such that the power-flux density j in the x3-direction (or, for quantum-mechanical waves,
the probability current density j) follows from

j =
1
4
(q†

1q2 + q†
2q1), (3)

where superscript † denotes transposition and complex conjugation. The source sub-vectors
and operator sub-matrices for all wave phenomena of Table 1 are reviewed or derived in
reference [28], in most cases for anisotropic media.
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Table 1. (After reference [28]). Wave-field sub-vectors q1(x, ω) and q2(x, ω) for different wave
phenomena. For details see Appendix A.1.

N q1 q2

Acoustic 2 p v3

Quantum-mechanical 2 ψ 2h̄
mi ∂3ψ

Electromagnetic 4 E0 =

(
E1
E2

)
H0 =

(
H2
−H1

)

Elastodynamic 6 v =

v1
v2
v3

 −τ3 = −
τ13

τ23
τ33


Poroelastodynamic 8

(
vs

φ(v f
3 − vs

3)

) (−τb
3

p f

)

Piezoelectric 10
(

v
H0

) (−τ3
E0

)

Seismoelectric 12

 vs

φ(v f
3 − vs

3)
H0

 −τb
3

p f

E0



As an example, here we specify the N/2× N/2 operator sub-matrices for electromag-
netic waves (for which N = 4) in an inhomogeneous, isotropic medium (other examples
are given in Appendix A). They are defined as [42,43]

A12 =

(
iωµ− 1

iω ∂1
1
E ∂1 − 1

iω ∂1
1
E ∂2

− 1
iω ∂2

1
E ∂1 iωµ− 1

iω ∂2
1
E ∂2

)
, (4)

A21 =

(
iωE − 1

iω ∂2
1
µ ∂2

1
iω ∂2

1
µ ∂1

1
iω ∂1

1
µ ∂2 iωE − 1

iω ∂1
1
µ ∂1

)
, (5)

with

E = ε +
iσ
ω

, (6)

where i is the imaginary unit, and A11 = A22 = O, where O is a zero matrix (here
it is a N/2 × N/2 matrix, but at other places in this paper it is a N × N matrix; the
size of this matrix is always clear from its context). Operator sub-matrices A12 and A21
contain the medium parameters ε(x, ω) (permittivity), µ(x, ω) (permeability) and σ(x, ω)
(conductivity), and differential operators ∂α. The notation in the right-hand sides of
Equations (4) and (5) should be understood in the sense that differential operators act
on all factors to the right of it. Hence, operator ∂1

1
E ∂1, applied via Equation (1) to the

magnetic field component H2, stands for ∂1(
1
E ∂1H2), etc. When the medium is dissipative,

the medium parameters are frequency-dependent and complex-valued, with (for positive
ω) =(ε) > 0, =(µ) > 0, <(σ) > 0 and hence =(E) > 0 (where < stands for the real part
and = for the imaginary part). On the other hand, when the medium is effectual, we have
(for positive ω) =(ε) < 0, =(µ) < 0, <(σ) < 0 and hence =(E) < 0. When a medium is
dissipative, its adjoint is effectual, and vice versa. Adjoint medium parameters will be
indicated by an overbar. In particular, ε̄ = ε∗, µ̄ = µ∗, σ̄ = −σ∗ and hence Ē = E∗, where
superscript ∗ denotes complex conjugation. More generally, for the wave phenomena of
Table 1, adjoint medium parameters are defined as the complex conjugate of the original
parameters, except when a parameter is explicitly associated to dissipation (like σ), in
which case the adjoint medium parameter is defined as minus the complex conjugate of the
original parameter (next to the conductivity σ, this applies to the fluid viscosity η in porous
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media and to Onsager’s coupling coefficient L for seismoelectric waves, hence, η̄ = −η∗

and L̄ = −L∗).
Operator matrix A in Equations (1) and (2) obeys, for all wave phenomena of Table 1,

the following symmetry properties

AtN = −NA, (7)

A†K = −KĀ, (8)

A∗J = JĀ, (9)

with

N =

(
O I
−I O

)
, K =

(
O I
I O

)
, J =

(
I O
O −I

)
, (10)

where I is an identity matrix (here it is a N/2 × N/2 matrix, but at other places it is
a N × N matrix). Superscript t in Equation (7) denotes transposition. In particular, it
involves matrix transposition and transposition of the operators within the matrix. It
should be noted that ∂t

α = −∂α for α = 1, 2. Moreover, the transpose of a product of
operators is equal to the product of the transposed operators in reverse order, for example
(∂1

1
E ∂2)

t = ∂t
2

1
E ∂t

1 = ∂2
1
E ∂1. Superscript † in Equation (8) denotes transposition and

complex conjugation. Similar as superscript t, it applies to the matrix and to the operators
within the matrix. The overbar in Equations (8) and (9) means that the medium parameters
(or potential) in the operator matrix are replaced by their adjoints. Note that symmetry
relations (7)–(9) do not rely on PT -symmetry.

Next, we consider PT -symmetric materials. For all wave phenomena of Table 1
(except for seismoelectric waves, which will be treated separately), we call a medium
PT -symmetric when each parameter m(x, ω) obeys the symmetry relation

m(−x, ω) = m̄(x, ω). (11)

The overbar denotes again the adjoint parameter which, as discussed above, is the complex
conjugate (and in some cases minus the complex conjugate) of the original parameter.
Since complex conjugation in the frequency domain corresponds to time-reversal in the
time domain, Equation (11) quantifies symmetry in space and time. With this relation, we
find for all wave phenomena of Table 1 (except for seismoelectric waves) the following
additional symmetry property of operator matrix A

A(−x, ω,−∂α) = −A∗(x, ω, ∂α). (12)

For seismoelectric waves we define for Onsager’s coupling factor L the PT -symmetry
relation L(−x, ω) = L∗(x, ω). This is different from Equation (11), since we defined the
adjoint of L earlier as L̄ = −L∗. Nevertheless, with this deviating PT -symmetry relation
for L (and all other parameters obeying Equation (11)), symmetry relation (12) appears to
hold also for the operator matrix A for seismoelectric waves, defined in reference [28].

We obtain an auxiliary wave equation by replacing x by −x, ∂α by −∂α and ∂3 by −∂3
in Equation (1) and using symmetry relation (12). This gives

−∂3q(−x, ω) +A∗(x, ω, ∂α) q(−x, ω) = d(−x, ω). (13)

In the following, we drop the arguments ω and ∂α for notational convenience.

3. Four Reciprocity Theorems

We review two unified reciprocity theorems for arbitrary inhomogeneous media and
we derive two new reciprocity theorems for PT -symmetric media. Consider a spatial
domain D with its center at the origin O, enclosed by two infinite horizontal boundaries
∂D− and ∂D+ at depth levels x3 = −x3,1 and x3 = x3,1, respectively, with outward pointing
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normal vectors (0, 0, n3 = −1) and (0, 0, n3 = +1), respectively, see Figure 1. We define
∂D as the union of the two boundaries; hence, ∂D = ∂D− ∪ ∂D+. In this configuration, we
consider two independent wave states, where each state is characterised by a wave-field
vector q, a source vector d and an operator matrix A. We will distinguish the two states
with subscripts A and B. Both states obey wave Equation (1); when the medium in D is
PT -symmetric, they also obey wave Equation (13). We derive reciprocity theorems, which
formulate relations between the wave states A and B [24–27,44–47]. For the configuration
of Figure 1 we follow the approach of references [28,48,49].

x1

x2
x3

D
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Figure 1. Configuration for the reciprocity theorems.

Consider the quantity ∂3{qt
A(x)NqB(x)}. Applying the product rule for differentia-

tion gives

∂3{qt
A(x)NqB(x)} = {∂3qt

A(x)}NqB(x) + qt
A(x)N{∂3qB(x)}. (14)

Integrating both sides over domain D, using the theorem of Gauss on the left-hand side
and wave Equation (1) on the right-hand side yields∫

∂D
qt

A(x)NqB(x)n3d2xH =
∫
D

[
{AA(x)qA(x) + dA(x)}tNqB(x) + qt

A(x)N{AB(x)qB(x) + dB(x)}
]
d3x. (15)

Here, xH is the horizontal coordinate vector (x1, x2). Using symmetry relation (7) on the
right-hand side and reordering the terms gives∫

∂D
qt

A(x)NqB(x)n3d2xH =
∫
D

[
qt

A(x)N{AB(x)−AA(x)}qB(x) + dt
A(x)NqB(x) + qt

A(x)NdB(x)
]
d3x. (16)

This is a unified reciprocity theorem of the convolution type (since terms such as qt
A(x)NqB(x)

in the frequency domain correspond to convolutions in the time domain). It does not rely on
PT -symmetry.

Next, consider the quantity ∂3{q†
A(−x)NqB(x)}. Following a similar procedure as

above, but this time using auxiliary wave Equation (13), we obtain∫
∂D

q†
A(−x)NqB(x)n3d2xH =

∫
D

[
q†

A(−x)N{AB(x)−AA(x)}qB(x)− d†
A(−x)NqB(x) + q†

A(−x)NdB(x)
]
d3x. (17)

This is a unified reciprocity theorem of the correlation type (since terms such as q†
A(−x)NqB(x)

in the frequency domain correspond to correlations in the time domain). Since we used
wave Equation (13) for its derivation, it only holds for PT -symmetric media. Note that the
integration boundary on the left-hand side is defined as ∂D = ∂D− ∪ ∂D+. For the integra-
tion along ∂D−, the fields qA(−x) and qB(x) are evaluated at ∂D+ and ∂D−, respectively.
Similarly, for the integration along ∂D+, the fields qA(−x) and qB(x) are evaluated at ∂D−
and ∂D+, respectively.

Next, consider the quantity ∂3{q†
A(x)KqB(x)}. A similar procedure as above, using

wave Equation (1) and symmetry relation (8), yields
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∫
∂D

q†
A(x)KqB(x)n3d2xH =

∫
D

[
q†

A(x)K{AB(x)− ĀA(x)}qB(x) + d†
A(x)KqB(x) + q†

A(x)KdB(x)
]
d3x. (18)

This is a unified reciprocity theorem of the correlation type which does not rely on PT -
symmetry.

Finally, consider the quantity ∂3{qt
A(−x)KqB(x)}. Following the same procedure,

using auxiliary wave Equation (13) and symmetry relation (8), yields∫
∂D

qt
A(−x)KqB(x)n3d2xH =

∫
D

[
qt

A(−x)K{AB(x)− ĀA(x)}qB(x)− dt
A(−x)KqB(x) + qt

A(−x)KdB(x)
]
d3x. (19)

This is a unified reciprocity theorem of the convolution type which only holds for PT -
symmetric media.

Equations (16) and (18) were already known [28,48,49]; they hold for arbitrary inho-
mogeneous media. Equations (17) and (19) are new; they hold for inhomogeneous media
media with PT symmetry. We will use these reciprocity theorems as a basis to derive
unified wave field representations (Section 5), relations between reflection and transmission
responses (Section 6), and a Marchenko scheme (Section 7). Before we come to this, we first
analyze the boundary integrals in the four reciprocity theorems.

4. Analysis of the Boundary Integrals

From here onward we consider the situation in which the medium (or potential) at
and outside ∂D is homogeneous, lossless, and identical in both half-spaces and in both
states. For the analysis of the boundary integrals we define a N × 1 wave-field vector p,
according to

p =

(
p+

p−

)
, (20)

where p+ and p− are N/2× 1 vectors containing flux-normalised downgoing and upgoing
wave fields, respectively (for a comprehensive discussion on flux-normalised versus field-
normalised decomposition, see reference [50]). At the boundary ∂D we relate the wave-field
vector q to p in states A and B via

qA(x) = L(x)pA(x), (21)

qB(x) = L(x)pB(x), (22)

for x3 = ±x3,1, where L(x) is a N × N operator matrix, which composes the wave-field
vectors qA,B from their downgoing and upgoing constituents p+

A,B and p−A,B. Note that L
in Equations (21) and (22) is without subscript A or B, since the medium parameters (or
potentials) at ∂D in both states are identical. Explicit expressions for the spatial Fourier
transform of L are given in Appendix A for acoustic, quantum-mechanical, electromagnetic
and elastodynamic waves. Substituting Equations (21) and (22) in the boundary integrals of
reciprocity theorems (16)–(19), we derive in Appendix B, using specific symmetry properties
of L, ∫

∂D
qt

A(x)NqB(x)n3d2xH = −
∫

∂D
pt

A(x)NpB(x)n3d2xH, (23)∫
∂D

q†
A(−x)NqB(x)n3d2xH ≈ −

∫
∂D

p†
A(−x)NpB(x)n3d2xH, (24)∫

∂D
q†

A(x)KqB(x)n3d2xH ≈
∫

∂D
p†

A(x)JpB(x)n3d2xH, (25)∫
∂D

qt
A(−x)KqB(x)n3d2xH =

∫
∂D

pt
A(−x)JpB(x)n3d2xH. (26)
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Equations (23) and (25) were already known [51]; Equations (24) and (26) are new. The
approximation signs in Equations (24) and (25) denote that evanescent waves are ignored
at ∂D. In the following, we replace ≈ by = when the only approximation is the negligence
of evanescent waves.

Using Equations (10) and (20), we can rewrite the right-hand sides of Equations (23)–(26)
explicitly in terms of downgoing and upgoing waves at ∂D, according to∫

∂D
qt

A(x)NqB(x)n3d2xH = −
∫

∂D

(
{p+

A(x)}tp−B (x)− {p−A(x)}tp+
B (x)

)
n3d2xH, (27)∫

∂D
q†

A(−x)NqB(x)n3d2xH = −
∫

∂D

(
{p+

A(−x)}†p−B (x)− {p−A(−x)}†p+
B (x)

)
n3d2xH, (28)∫

∂D
q†

A(x)KqB(x)n3d2xH =
∫

∂D

(
{p+

A(x)}†p+
B (x)− {p−A(x)}†p−B (x)

)
n3d2xH, (29)∫

∂D
qt

A(−x)KqB(x)n3d2xH =
∫

∂D

(
{p+

A(−x)}tp+
B (x)− {p−A(−x)}tp−B (x)

)
n3d2xH. (30)

These equations will be used in Section 6 for the derivation of relations between
reflection and transmission responses. Here we consider a special case. Let us assume that
the medium outside D is source free and that the wave fields in both states are responses to
sources in D. This implies that at ∂D all waves are outward propagating, i.e., at ∂D− there
are only upgoing waves and at ∂D+ only downgoing waves. Hence, p+

A(x) = p+
B (x) =

p−A(−x) = p−B (−x) = 0 for x at ∂D− and p+
A(−x) = p+

B (−x) = p−A(x) = p−B (x) = 0 for x
at ∂D+ (here 0 is a N/2× 1 zero vector). Using this in Equations (27) and (30) yields∫

∂D
qt

A(x)NqB(x)n3d2xH = 0, (31)∫
∂D

qt
A(−x)KqB(x)n3d2xH = 0. (32)

Equation (31) is a compact form of the well-known Sommerfeld radiation condition; Equa-
tion (32) is a new radiation condition.

5. Wave Field Representations

We use the reciprocity theorems derived in Section 3 as the basis for deriving wave
field representations. In Section 5.1 we discuss the unified Green’s matrix and its symmetry
properties. In Section 5.2 we derive a wave field representation by choosing Green’s state
for state A. In Section 5.3 we derive representations for back-propagation and for Green’s
matrix retrieval, also known as interferometry. We consider arbitrary inhomogeneous
media and media with PT -symmetry in D, embedded between two identical homogeneous
lossless half-spaces.

5.1. Green’s Matrix and Its Symmetry Properties

We introduce the N × N Green’s matrix G(x, xA) for an arbitrary inhomogeneous
medium in D as the solution of

∂3G−AG = Iδ(x− xA), (33)

where δ(x) is a Dirac delta distribution, and xA = (x1,A, x2,A, x3,A) defines the position of
a unit point source. We further demand that the time-domain Green’s matrix G(x, xA, t)
is causal, hence G(x, xA, t < 0) = O. Similar to operator matrix A, Green’s matrix is
partitioned as

G(x, xA) =

(
G11 G12
G21 G22

)
(x, xA). (34)

We derive a symmetry property of Green’s matrix. We replace qA and qB in reciprocity
theorem (16) by Green’s matrices G(x, xA) and G(x, xB), respectively. Similarly, we replace
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the source vectors dA and dB by Iδ(x− xA) and Iδ(x− xB), respectively, with xA and xB
denoting the source positions, both in D. Both Green’s matrices are defined in the same
medium; hence, AA = AB = A. This implies that the first term under the integral on the
right-hand side of Equation (16) vanishes. Since the medium outside D is homogeneous,
Green’s matrices at ∂D are outward propagating. This implies that the integral on the left-
hand side of Equation (16) also vanishes, see Equation (31). From the remaining integral,
we thus obtain the following symmetry property of Green’s matrix

Gt(xB, xA)N = −NG(xA, xB). (35)

This is the well-known source-receiver reciprocity relation, which holds for arbitrary
inhomogeneous media in D. It is illustrated in Figure 2a. Next, we define Ḡ(x, xA) as
the outward propagating Green’s matrix of the adjoint medium, obeying the following
wave equation

∂3Ḡ− ĀḠ = Iδ(x− xA). (36)

We will combine G(x, xA) and the complex conjugate of Ḡ(x, xA) to form a so-called
homogeneous Green’s matrix, i.e., a Green’s matrix obeying a wave equation without a
source term on the right-hand side. To this end, we first pre-and post-multiply all terms
in Equation (36) by J, use Equation (9) and JJ = I and subsequently take the complex
conjugate of all terms. This yields

∂3JḠ∗J−AJḠ∗J = Iδ(x− xA). (37)

Subtracting all terms of this equation from the corresponding terms in Equation (33) yields

∂3Gh −AGh = O (38)

with the homogeneous Green’s matrix Gh(x, xA) defined as

Gh(x, xA) = G(x, xA)− JḠ∗(x, xA)J. (39)

Using symmetry relation (35), JN = −NJ and Jt = J, we find the following reciprocity
relation for the homogeneous Green’s matrix

Gt
h(xB, xA)N = −NGh(xA, xB). (40)

Next, we derive symmetry properties of Green’s matrix and the homogeneous Green’s
matrix for PT -symmetric media in D. We replace qA and qB in reciprocity theorem (19) by
Green’s matrices Ḡ(x, xA) and G(x, xB), respectively. Since AA = Ā (see Equation (36))
and AB = A (as before) we have ĀA = AB, hence, the first term under the integral on the
right-hand side of Equation (19) vanishes. Since the medium outside D is homogeneous,
the integral on the left-hand side of Equation (19) also vanishes, see Equation (32). From
the remaining integral, we thus obtain the following symmetry property of Green’s matrix

Ḡt(−xB, xA)K = KG(−xA, xB). (41)

This is an additional source-receiver reciprocity relation, which only holds for media with
PT -symmetry. It is illustrated in Figure 2b. Using symmetry relation (41), JK = −KJ and
Jt = J, we find the following reciprocity relation for the homogeneous Green’s matrix in
PT -symmetric media

Ḡt
h(−xB, xA)K = KGh(−xA, xB). (42)
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Figure 2. (a) Source-receiver reciprocity for an arbitrary inhomogeneous medium in D
(Equations (35) and (40)). (b) Additional source-receiver reciprocity for a medium with PT -
symmetry in D (Equations (41) and (42)). The rays in these and subsequent figures represent full
multi-component responses (direct waves, (multiply-)scattered waves, converted waves etc.) between
the source and receiver points.

5.2. Wave Field Representation

We derive a general wave field representation from the reciprocity theorem of the
convolution type for arbitrary inhomogeneous media (Equation (16)). For state A we
choose Green’s state; hence, we replace qA and dA by Green’s matrix G(x, xA) and unit
source matrix Iδ(x− xA), with xA in D; we leave operator AA as is. For state B we choose
the actual wave state. To this end we drop the subscripts B from qB, dB and AB. We thus
obtain from Equation (16)

Nq(xA) = −
∫
D

Gt(x, xA)Nd(x)d3x +
∫

∂D
Gt(x, xA)Nq(x)n3d2xH −

∫
D

Gt(x, xA)N{A−AA}q(x)d3x. (43)

Using the symmetry property of Green’s matrix, formulated by Equation (35), we obtain

q(xA) =
∫
D

G(xA, x)d(x)d3x−
∫

∂D
G(xA, x)q(x)n3d2xH +

∫
D

G(xA, x){A−AA}q(x)d3x. (44)

This is the unified wave field representation of the convolution type, which does not rely on
PT -symmetry. The left-hand side is the wave field vector q(xA) at a specific position xA.
It is expressed in terms of a volume integral containing the source distribution d(x) in D,
a unified Kirchhoff–Helmholtz boundary integral and an integral containing the contrast
operator A−AA in D. It finds applications in forward modelling [48,49,52], of which a
further discussion is beyond the scope of this paper.
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5.3. Back-Propagation and Interferometric Green’s Matrix Retrieval

We derive representations for back-propagation and for interferometric Green’s matrix
retrieval from the reciprocity theorem of the correlation type for arbitrary inhomogeneous
media (Equation (18)). We replace the wave-field vectors qA and qB by Green’s matrices
Ḡ(x, xA) and G(x, xB), respectively. Accordingly, the source vectors dA and dB are replaced
by source matrices Iδ(x− xA) and Iδ(x− xB), with xA and xB both in D. For the operator
matrices we choose AA = Ā (since Green’s matrix in state A is defined in the adjoint
medium) and AB = A. These choices imply that the first term under the integral on
the right-hand side of Equation (18) vanishes. From the remaining terms in this equation
we obtain

KG(xA, xB) + Ḡ†(xB, xA)K =
∫

∂D
Ḡ†(x, xA)KG(x, xB)n3d2xH. (45)

Using K = −NJ, the symmetry property of Green’s matrix formulated by Equation (35)
and N = −KJ, we rewrite the second term on the left-hand side as −KJḠ∗(xA, xB)J.
Pre-multiplying both sides of the resulting equation by K−1 and using K−1 = K, we
thus obtain

Gh(xA, xB) =
∫

∂D
KḠ†(x, xA)KG(x, xB)n3d2xH, (46)

with the homogeneous Green’s matrix Gh(xA, xB) defined in Equation (39). Equation (46)
is a unified form of the classical homogeneous Green’s function representation [53,54]; it
does not rely on PT -symmetry. Equation (46) is illustrated in Figure 3a. We can inter-
pret G(x, xB) as the response to a source at xB inside D, observed by receivers at x at the
boundary ∂D, which consists of two planar boundaries ∂D− and ∂D+. Green’s matrix
Ḡ†(x, xA) propagates this response back from x at the boundary to xA inside D. The result
is the homogeneous Green’s matrix between xB and xA (the red arrow in Figure 3a). When
these two points coincide, then Gh(xB, xB) can be interpreted as an image of the source
at xB, obtained from observations at ∂D. Equation (46) finds applications in (generalized
forms of) inverse source problems [46,55], inverse scattering [12,54,56,57], (holographic)
imaging [53,58–62], time-reversal acoustics [63] and interferometric Green’s matrix retrieval
from passive measurements [64–66]. To explain the latter type of application, we trans-
pose both sides of Equation (46), use Equations (35) and (40), K = Kt, N−1 = −N and
NK = −KN, to obtain

Gh(xB, xA) = −
∫

∂D
G(xB, x)KḠ†(xA, x)Kn3d2xH. (47)

When the medium is lossless, Ḡ(xA, x) and G(xB, x) can be interpreted as responses to
sources at x at the boundary ∂D, observed by receivers at xA and xB inside D (Figure 3b).
The right-hand side of Equation (47) can be seen as (the Fourier transform of) the cross-
correlation of these responses, integrated along the boundary ∂D. The left-hand side is
the retrieved homogeneous Green’s matrix between xA and xB. Hence, the receiver at
xA (on the right-hand side of this equation) is turned into a virtual source at xA (on the
left-hand side). When the sources at ∂D are uncorrelated noise sources, the right-hand side
of Equation (47) can be turned into a direct cross-correlation of the noise responses at xA
and xB, without needing an integral along the sources (similar as in references [64–68]; a
further discussion of Green’s matrix retrieval from ambient noise is beyond the scope of
this paper).
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D

@D�<latexit sha1_base64="AbYR6ia2y+aksBzjhtRMJuKz6Lg=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIbiwzVbDLgi5cVrAP6AxDJs20oZkHSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3JucHD/hTCrL+jZKK6tr6xvlzcrW9s7unrl/0JFxKghtk5jHoudjSTmLaFsxxWkvERSHPqddf3yd+90HKiSLo3s1Sagb4mHEAkaw0pJnHjkJFoph7oRYjXw/u5l6555ZtWrWDGiZ2AWpQoGWZ345g5ikIY0U4VjKvm0lys3ymwmn04qTSppgMsZD2tc0wiGVbjZLP0WnWhmgIBb6RArN1N8bGQ6lnIS+nswzykUvF//z+qkKGm7GoiRVNCLzh4KUIxWjvAo0YIISxSeaYCKYzorICAtMlC6sokuwF7+8TDr1mn1Rq99dVpuNoo4yHMMJnIENV9CEW2hBGwg8wjO8wpvxZLwY78bHfLRkFDuH8AfG5w+bLpVI</latexit>

@D+
<latexit sha1_base64="sBBBg29BFZNFTBIxr5YVc0Vutgw=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBmqmCXBV24rGAf0BmGTJppQzMPkoxQh+KvuHGhiFv/w51/Y6adhbYeCBzOuTc5OX7CmVSW9W2UVlbX1jfKm5Wt7Z3dPXP/oCPjVBDaJjGPRc/HknIW0bZiitNeIigOfU67/vg697sPVEgWR/dqklA3xMOIBYxgpSXPPHISLBTD3AmxGvl+djP1zj2zatWsGdAysQtShQItz/xyBjFJQxopwrGUfdtKlJvlNxNOpxUnlTTBZIyHtK9phEMq3WyWfopOtTJAQSz0iRSaqb83MhxKOQl9PZlnlIteLv7n9VMVNNyMRUmqaETmDwUpRypGeRVowAQlik80wUQwnRWRERaYKF1YRZdgL355mXTqNfuiVr+7rDYbRR1lOIYTOAMbrqAJt9CCNhB4hGd4hTfjyXgx3o2P+WjJKHYO4Q+Mzx+YJpVG</latexit>

n3 = �1

n3 = +1
x3,1

<latexit sha1_base64="66cSAp2S0EZV67+bQ7k3p1k+8ns=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuIphjwIvHCOYByRJmJ5NkyOzsMtMrhiUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcRSGHTdbye3sbm1vZPfLeztHxweFY9PWiZKNONNFslIdwJquBSKN1Gg5J1YcxoGkreDye3cbz9ybUSkHnAacz+kIyWGglG0Uvupn1avvFm/WHLL7gJknXgZKUGGRr/41RtELAm5QiapMV3PjdFPqUbBJJ8VeonhMWUTOuJdSxUNufHTxbkzcmGVARlG2pZCslB/T6Q0NGYaBrYzpDg2q95c/M/rJjis+alQcYJcseWiYSIJRmT+OxkIzRnKqSWUaWFvJWxMNWVoEyrYELzVl9dJq1L2quXK/XWpXsviyMMZnMMleHADdbiDBjSBwQSe4RXenNh5cd6dj2VrzslmTuEPnM8frAyPGQ==</latexit>

�x3,1
<latexit sha1_base64="9H6DIlJMU7G41ZilmHVIJycFWbw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBg5bdVrDHghePFewHtEvJptk2NMmuSVYsS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjczv/1IlWaRvDeTmPoCDyULGcHGSp3Lp35avfCm/WLJLbtzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n87vnaIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MWPNTJuPEUEkWi8KEIxOh2fNowBQlhk8swUQxeysiI6wwMTaigg3BW355lbQqZa9artxdleq1LI48nMApnIMH11CHW2hAEwhweIZXeHMenBfn3flYtOacbOYY/sD5/AEWeo9Q</latexit>

b)

x
<latexit sha1_base64="b6r9wvYr2YM76cLtGzJD4r2Z8JY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ9lsJ+3SzSbsbsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJYPZpqgH9GR5CFn1Fipk/WDkDzNBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tzZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5easO5nXCapQcmWi8JUEBOT+e9kyBUyI6aWUKa4vZWwMVWUGZtQyYbgrb68Ttq1qndVrd1fVxr1PI4inME5XIIHN9CAO2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AEtVo9u</latexit>

x
<latexit sha1_base64="b6r9wvYr2YM76cLtGzJD4r2Z8JY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ9lsJ+3SzSbsbsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJYPZpqgH9GR5CFn1Fipk/WDkDzNBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tzZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5easO5nXCapQcmWi8JUEBOT+e9kyBUyI6aWUKa4vZWwMVWUGZtQyYbgrb68Ttq1qndVrd1fVxr1PI4inME5XIIHN9CAO2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AEtVo9u</latexit>

Gh(xB ,xA)
<latexit sha1_base64="E3C1YIkDfHGfIFPnwgbDpYf5yHg=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVKkhJakGXVRe6rGAv0IQwmU7aoZMLMxOxhLyAG1/FjQtF3Lp359s4TSNo6w8D3/znHGbO70aMCmkYX1phYXFpeaW4Wlpb39jc0rd32iKMOSYtHLKQd10kCKMBaUkqGelGnCDfZaTjji4n9c4d4YKGwa0cR8T20SCgHsVIKsvRDxLL9eBV6iQW9+EwrWT3+9S5OP6h8yNHLxtVIxOcBzOHMsjVdPRPqx/i2CeBxAwJ0TONSNoJ4pJiRtKSFQsSITxCA9JTGCCfCDvJtknhoXL60Au5OoGEmft7IkG+EGPfVZ0+kkMxW5uY/9V6sfTO7IQGUSxJgKcPeTGDMoSTaGCfcoIlGytAmFP1V4iHiCMsVYAlFYI5u/I8tGtV86Rau6mXG/U8jiLYA/ugAkxwChrgGjRBC2DwAJ7AC3jVHrVn7U17n7YWtHxmF/yR9vEN9g2azA==</latexit>

G(xB ,x)
<latexit sha1_base64="Qs54axcYeWO00JssxOQk2IINHNY=">AAACA3icbZBNS8MwGMfT+TbnW9WbXoJDmCCjnQM9Dj3ocYJ7ga2UNEu3sDQtSSqOUvDiV/HiQRGvfglvfhuzrgfdfCDkx///PCTP34sYlcqyvo3C0vLK6lpxvbSxubW9Y+7utWUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja+mfueeCElDfqcmEXECNOTUpxgpLbnmQdL3fHidVrL7IXUvT3M6cc2yVbWygotg51AGeTVd86s/CHEcEK4wQ1L2bCtSToKEopiRtNSPJYkQHqMh6WnkKCDSSbIdUnislQH0Q6EPVzBTf08kKJByEni6M0BqJOe9qfif14uVf+EklEexIhzPHvJjBlUIp4HAARUEKzbRgLCg+q8Qj5BAWOnYSjoEe37lRWjXqvZZtXZbLzfqeRxFcAiOQAXY4Bw0wA1oghbA4BE8g1fwZjwZL8a78TFrLRj5zD74U8bnD2hZlq4=</latexit>

G(xB ,x)
<latexit sha1_base64="Qs54axcYeWO00JssxOQk2IINHNY=">AAACA3icbZBNS8MwGMfT+TbnW9WbXoJDmCCjnQM9Dj3ocYJ7ga2UNEu3sDQtSSqOUvDiV/HiQRGvfglvfhuzrgfdfCDkx///PCTP34sYlcqyvo3C0vLK6lpxvbSxubW9Y+7utWUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja+mfueeCElDfqcmEXECNOTUpxgpLbnmQdL3fHidVrL7IXUvT3M6cc2yVbWygotg51AGeTVd86s/CHEcEK4wQ1L2bCtSToKEopiRtNSPJYkQHqMh6WnkKCDSSbIdUnislQH0Q6EPVzBTf08kKJByEni6M0BqJOe9qfif14uVf+EklEexIhzPHvJjBlUIp4HAARUEKzbRgLCg+q8Qj5BAWOnYSjoEe37lRWjXqvZZtXZbLzfqeRxFcAiOQAXY4Bw0wA1oghbA4BE8g1fwZjwZL8a78TFrLRj5zD74U8bnD2hZlq4=</latexit>

Ḡ(xA,x)
<latexit sha1_base64="UOrS38gDfYYsceb06S7BeRnK6R0=">AAACB3icbZBNS8MwGMfT+TbnW9WjIMEhTJDRzoEeJx70OMG9wFpGmqVbWJqWJBVH6c2LX8WLB0W8+hW8+W3Muh5084GQH///85A8fy9iVCrL+jYKS8srq2vF9dLG5tb2jrm715ZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON76a+p17IiQN+Z2aRMQN0JBTn2KktNQ3Dx0PicTxfHidVrL7Ie1fnuZ00jfLVtXKCi6CnUMZ5NXsm1/OIMRxQLjCDEnZs61IuQkSimJG0pITSxIhPEZD0tPIUUCkm2R7pPBYKwPoh0IfrmCm/p5IUCDlJPB0Z4DUSM57U/E/rxcr/8JNKI9iRTiePeTHDKoQTkOBAyoIVmyiAWFB9V8hHiGBsNLRlXQI9vzKi9CuVe2zau22Xm7U8ziK4AAcgQqwwTlogBvQBC2AwSN4Bq/gzXgyXox342PWWjDymX3wp4zPH4aQmGY=</latexit>

Ḡ(xA,x)
<latexit sha1_base64="UOrS38gDfYYsceb06S7BeRnK6R0=">AAACB3icbZBNS8MwGMfT+TbnW9WjIMEhTJDRzoEeJx70OMG9wFpGmqVbWJqWJBVH6c2LX8WLB0W8+hW8+W3Muh5084GQH///85A8fy9iVCrL+jYKS8srq2vF9dLG5tb2jrm715ZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON76a+p17IiQN+Z2aRMQN0JBTn2KktNQ3Dx0PicTxfHidVrL7Ie1fnuZ00jfLVtXKCi6CnUMZ5NXsm1/OIMRxQLjCDEnZs61IuQkSimJG0pITSxIhPEZD0tPIUUCkm2R7pPBYKwPoh0IfrmCm/p5IUCDlJPB0Z4DUSM57U/E/rxcr/8JNKI9iRTiePeTHDKoQTkOBAyoIVmyiAWFB9V8hHiGBsNLRlXQI9vzKi9CuVe2zau22Xm7U8ziK4AAcgQqwwTlogBvQBC2AwSN4Bq/gzXgyXox342PWWjDymX3wp4zPH4aQmGY=</latexit> xB<latexit sha1_base64="CKEVBVgVebcono6E6UztW1rzybY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgj0WvXisYD+kXUo2zbahSXZJsmJZ+iu8eFDEqz/Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcjP3O49UaRbJezONqS/wSLKQEWys9JD2gxA9zQbXg3LFrboZ0CrxclKBHM1B+as/jEgiqDSEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqsaDaT7ODZ+jMKkMURsqWNChTf0+kWGg9FYHtFNiM9bI3F//zeokJ637KZJwYKsliUZhwZCI0/x4NmaLE8KklmChmb0VkjBUmxmZUsiF4yy+vknat6l1Ua3eXlUY9j6MIJ3AK5+DBFTTgFprQAgICnuEV3hzlvDjvzseiteDkM8fwB87nD3ESkCM=</latexit>

xA<latexit sha1_base64="kPAzm5quqJbb3Lha/kzqIM4Ij7c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgj1WvHisYD+kXUo2zbahSXZJsmJZ+iu8eFDEqz/Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcjP3O49UaRbJezONqS/wSLKQEWys9JD2gxA9zQbXg3LFrboZ0CrxclKBHM1B+as/jEgiqDSEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqsaDaT7ODZ+jMKkMURsqWNChTf0+kWGg9FYHtFNiM9bI3F//zeokJ637KZJwYKsliUZhwZCI0/x4NmaLE8KklmChmb0VkjBUmxmZUsiF4yy+vknat6l1Ua3eXlUY9j6MIJ3AK5+DBFTTgFprQAgICnuEV3hzlvDjvzseiteDkM8fwB87nD2+OkCI=</latexit>

D

@D�<latexit sha1_base64="AbYR6ia2y+aksBzjhtRMJuKz6Lg=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIbiwzVbDLgi5cVrAP6AxDJs20oZkHSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3JucHD/hTCrL+jZKK6tr6xvlzcrW9s7unrl/0JFxKghtk5jHoudjSTmLaFsxxWkvERSHPqddf3yd+90HKiSLo3s1Sagb4mHEAkaw0pJnHjkJFoph7oRYjXw/u5l6555ZtWrWDGiZ2AWpQoGWZ345g5ikIY0U4VjKvm0lys3ymwmn04qTSppgMsZD2tc0wiGVbjZLP0WnWhmgIBb6RArN1N8bGQ6lnIS+nswzykUvF//z+qkKGm7GoiRVNCLzh4KUIxWjvAo0YIISxSeaYCKYzorICAtMlC6sokuwF7+8TDr1mn1Rq99dVpuNoo4yHMMJnIENV9CEW2hBGwg8wjO8wpvxZLwY78bHfLRkFDuH8AfG5w+bLpVI</latexit>

@D+
<latexit sha1_base64="sBBBg29BFZNFTBIxr5YVc0Vutgw=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBmqmCXBV24rGAf0BmGTJppQzMPkoxQh+KvuHGhiFv/w51/Y6adhbYeCBzOuTc5OX7CmVSW9W2UVlbX1jfKm5Wt7Z3dPXP/oCPjVBDaJjGPRc/HknIW0bZiitNeIigOfU67/vg697sPVEgWR/dqklA3xMOIBYxgpSXPPHISLBTD3AmxGvl+djP1zj2zatWsGdAysQtShQItz/xyBjFJQxopwrGUfdtKlJvlNxNOpxUnlTTBZIyHtK9phEMq3WyWfopOtTJAQSz0iRSaqb83MhxKOQl9PZlnlIteLv7n9VMVNNyMRUmqaETmDwUpRypGeRVowAQlik80wUQwnRWRERaYKF1YRZdgL355mXTqNfuiVr+7rDYbRR1lOIYTOAMbrqAJt9CCNhB4hGd4hTfjyXgx3o2P+WjJKHYO4Q+Mzx+YJpVG</latexit>

n3 = �1�x3,1
<latexit sha1_base64="9H6DIlJMU7G41ZilmHVIJycFWbw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBg5bdVrDHghePFewHtEvJptk2NMmuSVYsS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjczv/1IlWaRvDeTmPoCDyULGcHGSp3Lp35avfCm/WLJLbtzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n87vnaIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MWPNTJuPEUEkWi8KEIxOh2fNowBQlhk8swUQxeysiI6wwMTaigg3BW355lbQqZa9artxdleq1LI48nMApnIMH11CHW2hAEwhweIZXeHMenBfn3flYtOacbOYY/sD5/AEWeo9Q</latexit>

c)

x
<latexit sha1_base64="b6r9wvYr2YM76cLtGzJD4r2Z8JY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ9lsJ+3SzSbsbsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJYPZpqgH9GR5CFn1Fipk/WDkDzNBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tzZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5easO5nXCapQcmWi8JUEBOT+e9kyBUyI6aWUKa4vZWwMVWUGZtQyYbgrb68Ttq1qndVrd1fVxr1PI4inME5XIIHN9CAO2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AEtVo9u</latexit>

Gh(xB ,xA)
<latexit sha1_base64="E3C1YIkDfHGfIFPnwgbDpYf5yHg=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVKkhJakGXVRe6rGAv0IQwmU7aoZMLMxOxhLyAG1/FjQtF3Lp359s4TSNo6w8D3/znHGbO70aMCmkYX1phYXFpeaW4Wlpb39jc0rd32iKMOSYtHLKQd10kCKMBaUkqGelGnCDfZaTjji4n9c4d4YKGwa0cR8T20SCgHsVIKsvRDxLL9eBV6iQW9+EwrWT3+9S5OP6h8yNHLxtVIxOcBzOHMsjVdPRPqx/i2CeBxAwJ0TONSNoJ4pJiRtKSFQsSITxCA9JTGCCfCDvJtknhoXL60Au5OoGEmft7IkG+EGPfVZ0+kkMxW5uY/9V6sfTO7IQGUSxJgKcPeTGDMoSTaGCfcoIlGytAmFP1V4iHiCMsVYAlFYI5u/I8tGtV86Rau6mXG/U8jiLYA/ugAkxwChrgGjRBC2DwAJ7AC3jVHrVn7U17n7YWtHxmF/yR9vEN9g2azA==</latexit>

G(xB ,x)
<latexit sha1_base64="Qs54axcYeWO00JssxOQk2IINHNY=">AAACA3icbZBNS8MwGMfT+TbnW9WbXoJDmCCjnQM9Dj3ocYJ7ga2UNEu3sDQtSSqOUvDiV/HiQRGvfglvfhuzrgfdfCDkx///PCTP34sYlcqyvo3C0vLK6lpxvbSxubW9Y+7utWUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja+mfueeCElDfqcmEXECNOTUpxgpLbnmQdL3fHidVrL7IXUvT3M6cc2yVbWygotg51AGeTVd86s/CHEcEK4wQ1L2bCtSToKEopiRtNSPJYkQHqMh6WnkKCDSSbIdUnislQH0Q6EPVzBTf08kKJByEni6M0BqJOe9qfif14uVf+EklEexIhzPHvJjBlUIp4HAARUEKzbRgLCg+q8Qj5BAWOnYSjoEe37lRWjXqvZZtXZbLzfqeRxFcAiOQAXY4Bw0wA1oghbA4BE8g1fwZjwZL8a78TFrLRj5zD74U8bnD2hZlq4=</latexit>

Ḡ(xA,x)
<latexit sha1_base64="UOrS38gDfYYsceb06S7BeRnK6R0=">AAACB3icbZBNS8MwGMfT+TbnW9WjIMEhTJDRzoEeJx70OMG9wFpGmqVbWJqWJBVH6c2LX8WLB0W8+hW8+W3Muh5084GQH///85A8fy9iVCrL+jYKS8srq2vF9dLG5tb2jrm715ZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON76a+p17IiQN+Z2aRMQN0JBTn2KktNQ3Dx0PicTxfHidVrL7Ie1fnuZ00jfLVtXKCi6CnUMZ5NXsm1/OIMRxQLjCDEnZs61IuQkSimJG0pITSxIhPEZD0tPIUUCkm2R7pPBYKwPoh0IfrmCm/p5IUCDlJPB0Z4DUSM57U/E/rxcr/8JNKI9iRTiePeTHDKoQTkOBAyoIVmyiAWFB9V8hHiGBsNLRlXQI9vzKi9CuVe2zau22Xm7U8ziK4AAcgQqwwTlogBvQBC2AwSN4Bq/gzXgyXox342PWWjDymX3wp4zPH4aQmGY=</latexit>

xB<latexit sha1_base64="CKEVBVgVebcono6E6UztW1rzybY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgj0WvXisYD+kXUo2zbahSXZJsmJZ+iu8eFDEqz/Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcjP3O49UaRbJezONqS/wSLKQEWys9JD2gxA9zQbXg3LFrboZ0CrxclKBHM1B+as/jEgiqDSEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqsaDaT7ODZ+jMKkMURsqWNChTf0+kWGg9FYHtFNiM9bI3F//zeokJ637KZJwYKsliUZhwZCI0/x4NmaLE8KklmChmb0VkjBUmxmZUsiF4yy+vknat6l1Ua3eXlUY9j6MIJ3AK5+DBFTTgFprQAgICnuEV3hzlvDjvzseiteDkM8fwB87nD3ESkCM=</latexit>

xA<latexit sha1_base64="kPAzm5quqJbb3Lha/kzqIM4Ij7c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgj1WvHisYD+kXUo2zbahSXZJsmJZ+iu8eFDEqz/Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcjP3O49UaRbJezONqS/wSLKQEWys9JD2gxA9zQbXg3LFrboZ0CrxclKBHM1B+as/jEgiqDSEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqsaDaT7ODZ+jMKkMURsqWNChTf0+kWGg9FYHtFNiM9bI3F//zeokJ637KZJwYKsliUZhwZCI0/x4NmaLE8KklmChmb0VkjBUmxmZUsiF4yy+vknat6l1Ua3eXlUY9j6MIJ3AK5+DBFTTgFprQAgICnuEV3hzlvDjvzseiteDkM8fwB87nD2+OkCI=</latexit>

�xB<latexit sha1_base64="6O3AMjifGZe6pYMGJEL9otHpZik=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHajYI5BLx4jmAcmIcxOZpMhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXeXH0th0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbqZ+85FrIyJ1j+OYd0M6UCIQjKKVHs7Tjh+Qp0nvulcouiV3BrJMvIwUIUOtV/jq9COWhFwhk9SYtufG2E2pRsEkn+Q7ieExZSM64G1LFQ256aaziyfk1Cp9EkTalkIyU39PpDQ0Zhz6tjOkODSL3lT8z2snGFS6qVBxglyx+aIgkQQjMn2f9IXmDOXYEsq0sLcSNqSaMrQh5W0I3uLLy6RRLnkXpfLdZbFayeLIwTGcwBl4cAVVuIUa1IGBgmd4hTfHOC/Ou/Mxb11xspkj+APn8wfbz5Ba</latexit>

�xA<latexit sha1_base64="AjiayKoDVMNbWaZeyj2nKC6fOo4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHajYI4RLx4jmAcmIcxOZpMhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXeXH0th0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbqZ+85FrIyJ1j+OYd0M6UCIQjKKVHs7Tjh+Qp0nvulcouiV3BrJMvIwUIUOtV/jq9COWhFwhk9SYtufG2E2pRsEkn+Q7ieExZSM64G1LFQ256aaziyfk1Cp9EkTalkIyU39PpDQ0Zhz6tjOkODSL3lT8z2snGFS6qVBxglyx+aIgkQQjMn2f9IXmDOXYEsq0sLcSNqSaMrQh5W0I3uLLy6RRLnkXpfLdZbFayeLIwTGcwBl4cAVVuIUa1IGBgmd4hTfHOC/Ou/Mxb11xspkj+APn8wfaS5BZ</latexit>

Ḡ(�xB ,x)
<latexit sha1_base64="sDR/QAJyxFpro9GHtYQEwsF/cuo=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFqKAlqQVdFl3osoK9QBPKZDqpQyeTMDMRS8jSja/ixoUibn0Ed76N0zQLbf1h4OM/53Dm/F7EqFSW9W0UFhaXlleKq6W19Y3NLXN7py3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Q5qXfuiZA05LdqHBE3QENOfYqR0lbf3Hc8JBLH8+FVWjnJ4CHtXxzndNQ3y1bVygTnwc6hDHI1++aXMwhxHBCuMENS9mwrUm6ChKKYkbTkxJJECI/QkPQ0chQQ6SbZISk81M4A+qHQjyuYub8nEhRIOQ483RkgdSdnaxPzv1ovVv65m1AexYpwPF3kxwyqEE5SgQMqCFZsrAFhQfVfIb5DAmGlsyvpEOzZk+ehXavap9XaTb3cqOdxFMEeOAAVYIMz0ADXoAlaAINH8AxewZvxZLwY78bHtLVg5DO74I+Mzx/49Jie</latexit>

G(�xA,x)
<latexit sha1_base64="QIRVFtkYIrLQ/KjLdXt0dDzzRQY=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVNCS1IIuKy50WcFeoA1hMp20QyeTMDMRS8jCja/ixoUibn0Id76N0zQLrf4w8PGfczhzfi9iVCrL+jIKS8srq2vF9dLG5tb2jrm715FhLDBp45CFouchSRjlpK2oYqQXCYICj5GuN7mc1bt3REga8ls1jYgToBGnPsVIacs1y8nA8+FVWj3J4D51L45zOnLNilWzMsG/YOdQAblarvk5GIY4DghXmCEp+7YVKSdBQlHMSFoaxJJECE/QiPQ1chQQ6STZESk81M4Q+qHQjyuYuT8nEhRIOQ083RkgNZaLtZn5X60fK//cSSiPYkU4ni/yYwZVCGeJwCEVBCs21YCwoPqvEI+RQFjp3Eo6BHvx5L/Qqdfs01r9plFpNvI4iqAMDkAV2OAMNME1aIE2wOABPIEX8Go8Gs/Gm/E+by0Y+cw++CXj4xvWCpbk</latexit>

O
<latexit sha1_base64="ypAwIXn7Izb1ExKoi5R92NW6gj0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxZsV7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6HSPJYPZpKgH9Gh5CFn1Fipk/UYFeRu2i+V3Yo7B1klXk7KkKPRL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5vfOyXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDU/4zJJDUq2WBSmgpiYzJ4nA66QGTGxhDLF7a2EjaiizNiIijYEb/nlVdKqVrzLSvX+qlyv5XEU4BTO4AI8uIY63EIDmsBAwDO8wpvz6Lw4787HonXNyWdO4A+czx+0bY+3</latexit>

D

@D�<latexit sha1_base64="AbYR6ia2y+aksBzjhtRMJuKz6Lg=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIbiwzVbDLgi5cVrAP6AxDJs20oZkHSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3JucHD/hTCrL+jZKK6tr6xvlzcrW9s7unrl/0JFxKghtk5jHoudjSTmLaFsxxWkvERSHPqddf3yd+90HKiSLo3s1Sagb4mHEAkaw0pJnHjkJFoph7oRYjXw/u5l6555ZtWrWDGiZ2AWpQoGWZ345g5ikIY0U4VjKvm0lys3ymwmn04qTSppgMsZD2tc0wiGVbjZLP0WnWhmgIBb6RArN1N8bGQ6lnIS+nswzykUvF//z+qkKGm7GoiRVNCLzh4KUIxWjvAo0YIISxSeaYCKYzorICAtMlC6sokuwF7+8TDr1mn1Rq99dVpuNoo4yHMMJnIENV9CEW2hBGwg8wjO8wpvxZLwY78bHfLRkFDuH8AfG5w+bLpVI</latexit>

n3 = �1

O
<latexit sha1_base64="ypAwIXn7Izb1ExKoi5R92NW6gj0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxZsV7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6HSPJYPZpKgH9Gh5CFn1Fipk/UYFeRu2i+V3Yo7B1klXk7KkKPRL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5vfOyXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDU/4zJJDUq2WBSmgpiYzJ4nA66QGTGxhDLF7a2EjaiizNiIijYEb/nlVdKqVrzLSvX+qlyv5XEU4BTO4AI8uIY63EIDmsBAwDO8wpvz6Lw4787HonXNyWdO4A+czx+0bY+3</latexit>

�x3,1
<latexit sha1_base64="9H6DIlJMU7G41ZilmHVIJycFWbw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBg5bdVrDHghePFewHtEvJptk2NMmuSVYsS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjczv/1IlWaRvDeTmPoCDyULGcHGSp3Lp35avfCm/WLJLbtzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n87vnaIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MWPNTJuPEUEkWi8KEIxOh2fNowBQlhk8swUQxeysiI6wwMTaigg3BW355lbQqZa9artxdleq1LI48nMApnIMH11CHW2hAEwhweIZXeHMenBfn3flYtOacbOYY/sD5/AEWeo9Q</latexit>

d)

x
<latexit sha1_base64="b6r9wvYr2YM76cLtGzJD4r2Z8JY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ9lsJ+3SzSbsbsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJYPZpqgH9GR5CFn1Fipk/WDkDzNBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tzZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5easO5nXCapQcmWi8JUEBOT+e9kyBUyI6aWUKa4vZWwMVWUGZtQyYbgrb68Ttq1qndVrd1fVxr1PI4inME5XIIHN9CAO2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AEtVo9u</latexit>

xA<latexit sha1_base64="kPAzm5quqJbb3Lha/kzqIM4Ij7c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgj1WvHisYD+kXUo2zbahSXZJsmJZ+iu8eFDEqz/Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcjP3O49UaRbJezONqS/wSLKQEWys9JD2gxA9zQbXg3LFrboZ0CrxclKBHM1B+as/jEgiqDSEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqsaDaT7ODZ+jMKkMURsqWNChTf0+kWGg9FYHtFNiM9bI3F//zeokJ637KZJwYKsliUZhwZCI0/x4NmaLE8KklmChmb0VkjBUmxmZUsiF4yy+vknat6l1Ua3eXlUY9j6MIJ3AK5+DBFTTgFprQAgICnuEV3hzlvDjvzseiteDkM8fwB87nD2+OkCI=</latexit>

�xA<latexit sha1_base64="AjiayKoDVMNbWaZeyj2nKC6fOo4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHajYI4RLx4jmAcmIcxOZpMhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXeXH0th0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbqZ+85FrIyJ1j+OYd0M6UCIQjKKVHs7Tjh+Qp0nvulcouiV3BrJMvIwUIUOtV/jq9COWhFwhk9SYtufG2E2pRsEkn+Q7ieExZSM64G1LFQ256aaziyfk1Cp9EkTalkIyU39PpDQ0Zhz6tjOkODSL3lT8z2snGFS6qVBxglyx+aIgkQQjMn2f9IXmDOXYEsq0sLcSNqSaMrQh5W0I3uLLy6RRLnkXpfLdZbFayeLIwTGcwBl4cAVVuIUa1IGBgmd4hTfHOC/Ou/Mxb11xspkj+APn8wfaS5BZ</latexit>

G(�xA,x)
<latexit sha1_base64="QIRVFtkYIrLQ/KjLdXt0dDzzRQY=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVNCS1IIuKy50WcFeoA1hMp20QyeTMDMRS8jCja/ixoUibn0Id76N0zQLrf4w8PGfczhzfi9iVCrL+jIKS8srq2vF9dLG5tb2jrm715FhLDBp45CFouchSRjlpK2oYqQXCYICj5GuN7mc1bt3REga8ls1jYgToBGnPsVIacs1y8nA8+FVWj3J4D51L45zOnLNilWzMsG/YOdQAblarvk5GIY4DghXmCEp+7YVKSdBQlHMSFoaxJJECE/QiPQ1chQQ6STZESk81M4Q+qHQjyuYuT8nEhRIOQ083RkgNZaLtZn5X60fK//cSSiPYkU4ni/yYwZVCGeJwCEVBCs21YCwoPqvEI+RQFjp3Eo6BHvx5L/Qqdfs01r9plFpNvI4iqAMDkAV2OAMNME1aIE2wOABPIEX8Go8Gs/Gm/E+by0Y+cw++CXj4xvWCpbk</latexit>

Gh(�xA,xA)
<latexit sha1_base64="J1BsYOeYkqTBGh9FfP4PjdTJxmA=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApVNCS1IIuKy50WcFeoAlhMp20QycXZiZiCXkCN76KGxeKuHXtzrdxmgbR1h8GPv5zDmfO70aMCmkYX1phaXllda24XtrY3Nre0Xf3OiKMOSZtHLKQ91wkCKMBaUsqGelFnCDfZaTrji+n9e4d4YKGwa2cRMT20TCgHsVIKsvRK4nlevAqdRKL+3CUVk8y4z51Lo5/6MjRy0bNyAQXwcyhDHK1HP3TGoQ49kkgMUNC9E0jknaCuKSYkbRkxYJECI/RkPQVBsgnwk6yc1JYUc4AeiFXL5Awc39PJMgXYuK7qtNHciTma1Pzv1o/lt65ndAgiiUJ8GyRFzMoQzjNBg4oJ1iyiQKEOVV/hXiEOMJSJVhSIZjzJy9Cp14zT2v1m0a52cjjKIIDcAiqwARnoAmuQQu0AQYP4Am8gFftUXvW3rT3WWtBy2f2wR9pH99nU5sC</latexit>

D

@D�<latexit sha1_base64="AbYR6ia2y+aksBzjhtRMJuKz6Lg=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIbiwzVbDLgi5cVrAP6AxDJs20oZkHSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3JucHD/hTCrL+jZKK6tr6xvlzcrW9s7unrl/0JFxKghtk5jHoudjSTmLaFsxxWkvERSHPqddf3yd+90HKiSLo3s1Sagb4mHEAkaw0pJnHjkJFoph7oRYjXw/u5l6555ZtWrWDGiZ2AWpQoGWZ345g5ikIY0U4VjKvm0lys3ymwmn04qTSppgMsZD2tc0wiGVbjZLP0WnWhmgIBb6RArN1N8bGQ6lnIS+nswzykUvF//z+qkKGm7GoiRVNCLzh4KUIxWjvAo0YIISxSeaYCKYzorICAtMlC6sokuwF7+8TDr1mn1Rq99dVpuNoo4yHMMJnIENV9CEW2hBGwg8wjO8wpvxZLwY78bHfLRkFDuH8AfG5w+bLpVI</latexit>

G(xA,x)
<latexit sha1_base64="0sbGJ8EI0F6EETLUWi5skl7+xkU=">AAACA3icbZBNS8MwGMfT+TbnW9WbXoJDmCCjnQM9TjzocYJ7ga2UNEu3sDQtSSqOUvDiV/HiQRGvfglvfhuzrgfdfCDkx///PCTP34sYlcqyvo3C0vLK6lpxvbSxubW9Y+7utWUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja+mfueeCElDfqcmEXECNOTUpxgpLbnmQdL3fHidVrL7IXUvT3M6cc2yVbWygotg51AGeTVd86s/CHEcEK4wQ1L2bCtSToKEopiRtNSPJYkQHqMh6WnkKCDSSbIdUnislQH0Q6EPVzBTf08kKJByEni6M0BqJOe9qfif14uVf+EklEexIhzPHvJjBlUIp4HAARUEKzbRgLCg+q8Qj5BAWOnYSjoEe37lRWjXqvZZtXZbLzfqeRxFcAiOQAXY4Bw0wA1oghbA4BE8g1fwZjwZL8a78TFrLRj5zD74U8bnD2bMlq0=</latexit>

Figure 3. (a) Back propagation in an arbitrary inhomogeneous medium in D (Equation (46)). (b) In-
terferometric Green’s matrix retrieval in an arbitrary inhomogeneous medium in D (Equation (47)).
(c) Green’s matrix retrieval in a medium with PT -symmetry in D (Equation (50)). The integral is
single-sided, but four receivers are required in the medium and its adjoint. (d) As in (c), but requiring
two receivers only in one-and-the-same lossless medium (Equation (51)).

Note that in Equations (46) and (47), the integration boundary ∂D consists of two
boundaries, which together enclose xA and xB. Hence, depending on the application,
one needs either receivers (Equation (46)) or sources (Equation (47)) on both boundaries
∂D− and ∂D+. In many practical situations, a medium is accessible from one side only,
meaning that the integral can only be evaluated along a single boundary. For media with
PT -symmetry, the integral along the two-sided boundary ∂D can be turned into an integral
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along only one of the boundaries ∂D− or ∂D+. We illustrate this for Equation (47). Using
that n3 = ±1 at ∂D±, Equation (47) can be rewritten as

Gh(xB, xA) =
∫

∂D−
G(xB, x)KḠ†(xA, x)Kd2xH −

∫
∂D+

G(xB, x)KḠ†(xA, x)Kd2xH. (48)

For a PT -symmetric medium we can use symmetry relations (35) and (41). Together with
the aforementioned properties of K and N and KN = −J, we thus rewrite the integral
along ∂D+ as∫

∂D+

G(xB, x)KḠ†(xA, x)Kd2xH = −
∫

∂D+

JḠ(−xB,−x)KG†(−xA,−x)Nd2xH

=
∫

∂D−
JḠ(−xB, x)KG†(−xA, x)Nd2xH. (49)

With this, Equation (48) is turned into a single-sided integral, according to

Gh(xB, xA) =
∫

∂D−

(
G(xB, x)KḠ†(xA, x)K− JḠ(−xB, x)KG†(−xA, x)N

)
d2xH. (50)

The evaluation of this integral requires observations at four positions in the PT -symmetric
medium and its adjoint (Figure 3c). For the special case that xB = −xA and the medium is
lossless, we obtain

Gh(−xA, xA) =
∫

∂D−

(
G(−xA, x)KG†(xA, x)K− JG(xA, x)KG†(−xA, x)N

)
d2xH. (51)

This integral can be evaluated when observations at only two positions are available
(Figure 3d).

6. Relations between Reflection and Transmission Responses

In reference [33] we presented a systematic analysis of the relations between reflection
and transmission responses of arbitrary inhomogeneous media. Here we extend this
analysis for PT -symmetric media.

Consider the configuration of Figure 1, with D embedded between two identical
homogeneous lossless half-spaces. Sources may be present outside ∂D, but we assume
there are no sources in D. When the medium in state A is the same as that in state B, we
find for this situation from reciprocity theorems (16) and (17)∫

∂D
qt

A(x)NqB(x)n3d2xH = 0 (52)

and, assuming PT -symmetry,∫
∂D

q†
A(−x)NqB(x)n3d2xH = 0, (53)

respectively. On the other hand, when the medium in state A is the adjoint of that in state
B, we find from reciprocity theorems (18) and (19)∫

∂D
q†

A(x)KqB(x)n3d2xH = 0 (54)

and, assuming PT -symmetry,∫
∂D

qt
A(−x)KqB(x)n3d2xH = 0, (55)
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respectively. Using this for the left-hand sides of Equations (27)–(30), we find that the
right-hand sides of those equations are also equal to zero. Dividing ∂D again into ∂D− and
∂D+, with n3 = −1 and n3 = +1, respectively, we thus obtain∫

∂D−

(
{p+

A(x)}tp−B (x)− {p−A(x)}tp+
B (x)

)
d2xH =

∫
∂D+

(
{p+

A(x)}tp−B (x)− {p−A(x)}tp+
B (x)

)
d2xH, (56)∫

∂D−

(
{p+

A(−x)}†p−B (x)− {p−A(−x)}†p+
B (x)

)
d2xH =

∫
∂D+

(
{p+

A(−x)}†p−B (x)− {p−A(−x)}†p+
B (x)

)
d2xH, (57)∫

∂D−

(
{p+

A(x)}†p+
B (x)− {p−A(x)}†p−B (x)

)
d2xH =

∫
∂D+

(
{p+

A(x)}†p+
B (x)− {p−A(x)}†p−B (x)

)
d2xH, (58)∫

∂D−

(
{p+

A(−x)}tp+
B (x)− {p−A(−x)}tp−B (x)

)
d2xH =

∫
∂D+

(
{p+

A(−x)}tp+
B (x)− {p−A(−x)}tp−B (x)

)
d2xH. (59)

Equations (56) and (58) hold for arbitrary inhomogeneous media in D, whereas PT -
symmetry is assumed for Equations (57) and (59). Equations (56) and (57) hold when
the medium in state A is the same as that in state B, whereas the underlying assumption
for Equations (58) and (59) is that the medium in state A is the adjoint of that in state B.

Next, we define the states to which these reciprocity theorems will be applied. For state
A1 (Figure 4a) we choose a unit source for flux-normalized downgoing waves at xA, just
above ∂D−. The downgoing field p+

A at ∂D−, i.e., just below the source, is Iδ(xH − xH,A),
where xH,A denotes the horizontal coordinates of xA. The upgoing field p−A at ∂D− is the
reflection response R∪(x, xA) (the symbol R∪ standing for “reflection from above”) and
the downgoing field p+

A at ∂D+ is the transmission response T↓(x, xA). At ∂D+ there is
no upgoing field. The fields in state A1 are summarized in the upper-left part of Table 2.
For state A2 (Figure 4b) we choose a unit source for flux-normalized upgoing waves at x′A,
just below ∂D+. The upgoing field p−A at ∂D+, i.e., just above the source, is Iδ(xH − x′H,A),
where x′H,A denotes the horizontal coordinates of x′A. The downgoing field p+

A at ∂D+ is
the reflection response R∩(x, x′A) (the symbol R∩ standing for “reflection from below”) and
the upgoing field p−A at ∂D− is the transmission response T↑(x, x′A). At ∂D− there is no
downgoing field. The fields in state A2 are summarized in the lower-left part of Table 2.
States B1 and B2 are defined in the same way, except that all subscripts A are replaced by
subscripts B (see the upper-right and lower-right parts of Table 2).

Table 2. States for the derivation of relations between reflection and transmission responses from
reciprocity theorems (56)–(59).

State A1 p+
A(x) p−A(x) State B1 p+

B (x) p−B (x)

x at ∂D− Iδ(xH − xH,A) R∪(x, xA) x at ∂D− Iδ(xH − xH,B) R∪(x, xB)

x at ∂D+ T↓(x, xA) O x at ∂D+ T↓(x, xB) O

State A2 p+
A(x) p−A(x) State B2 p+

B (x) p−B (x)

x at ∂D− O T↑(x, x′A) x at ∂D− O T↑(x, x′B)

x at ∂D+ R∩(x, x′A) Iδ(xH − x′H,A) x at ∂D+ R∩(x, x′B) Iδ(xH − x′H,B)

In the following derivations, keep in mind that xA and xB are both just above ∂D−,
whereas x′A and x′B are both just below ∂D+. Consequently, −xA and −xB are both just
below ∂D+, whereas −x′A and −x′B are both just above ∂D−. Finally, when variable x is at
∂D−, then −x is at ∂D+ and vice versa.
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<latexit sha1_base64="tGQYklQReM9j0rxdZkUpDYvuyew=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiCKhKqkVIKxiIWxSH1JTYgc12mtOg/ZDlBF+QEWfoWFAYRY2dn4G9w0AxSOdHWPzrlX9j1uxKiQhvGlFRYWl5ZXiqultfWNzS19e6cjwphj0sYhC3nPRYIwGpC2pJKRXsQJ8l1Guu74cup3bwkXNAxachIR20fDgHoUI6kkRz9ILNeDrfTGiiPEeXhXyYT79CTvzsXRsaOXjaqRAf4lZk7KIEfT0T+tQYhjnwQSMyRE3zQiaSeIS4oZSUtWLEiE8BgNSV/RAPlE2El2TQoPlTKAXshVBRJm6s+NBPlCTHxXTfpIjsS8NxX/8/qx9M7thAZRLEmAZw95MYMyhNNo4IBygiWbKIIwp+qvEI8QR1iqAEsqBHP+5L+kU6uap9Xadb3cqOdxFMEe2AcVYIIz0ABXoAnaAIMH8ARewKv2qD1rb9r7bLSg5Tu74Be0j29k5psP</latexit>

R\(x,x0
A)

<latexit sha1_base64="w7rwdsp8zEGX/bwHZ62p/Cl5Ops=">AAACCXicbVC7TsMwFHXKq5RXgJHFokIUCVVJqQRjEQtjQfQhNaFyXKe16jiR7SCqKCsLv8LCAEKs/AEbf4ObZoDCkSwfn3Ovru/xIkalsqwvo7CwuLS8Ulwtra1vbG6Z2zttGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6Xjji6nfuSNC0pDfqElE3AANOfUpRkpLfRMmjufD6/TWwSiqZI/79Di/++eHR32zbFWtDPAvsXNSBjmaffPTGYQ4DghXmCEpe7YVKTdBQlHMSFpyYkkihMdoSHqachQQ6SbZJik80MoA+qHQhyuYqT87EhRIOQk8XRkgNZLz3lT8z+vFyj9zE8qjWBGOZ4P8mEEVwmkscEAFwYpNNEFYUP1XiEdIIKx0eCUdgj2/8l/SrlXtk2rtql5u1PM4imAP7IMKsMEpaIBL0AQtgMEDeAIv4NV4NJ6NN+N9Vlow8p5d8AvGxzfAopkJ</latexit>

State A2
<latexit sha1_base64="iRdlRkeMwvrFfz/3PzUzCGZrDfo=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIHqQkVdCDh4oXjxXtBzShbLabdulmE3YnQg39JV48KOLVn+LNf+O2zUFbHww83pthZl6QCK7Bcb6twsrq2vpGcbO0tb2zW7b39ls6ThVlTRqLWHUCopngkjWBg2CdRDESBYK1g9HN1G8/MqV5LB9gnDA/IgPJQ04JGKlnlzNPRfgeCLCJd3pd69kVp+rMgJeJm5MKytHo2V9eP6ZpxCRQQbTuuk4CfkYUcCrYpOSlmiWEjsiAdQ2VJGLaz2aHT/CxUfo4jJUpCXim/p7ISKT1OApMZ0RgqBe9qfif100hvPQzLpMUmKTzRWEqMMR4mgLuc8UoiLEhhCpubsV0SBShYLIqmRDcxZeXSatWdc+qtbvzSv0qj6OIDtEROkEuukB1dIsaqIkoStEzekVv1pP1Yr1bH/PWgpXPHKA/sD5/AOE/ko4=</latexit>

x0
A

<latexit sha1_base64="o9wZVtZCUi8D4zE/3ygRYejoxbY=">AAAB8XicbVDLTgJBEOz1ifhCPXqZSIyeyC6ayBHjxSMm8ohAyOwwCxNmZzczvUay4S+8eNAYr/6NN//GAfagYCWdVKq6093lx1IYdN1vZ2V1bX1jM7eV397Z3dsvHBw2TJRoxusskpFu+dRwKRSvo0DJW7HmNPQlb/qjm6nffOTaiEjd4zjm3ZAOlAgEo2ilh7TjB+Rp0rs+6xWKbsmdgSwTLyNFyFDrFb46/YglIVfIJDWm7bkxdlOqUTDJJ/lOYnhM2YgOeNtSRUNuuuns4gk5tUqfBJG2pZDM1N8TKQ2NGYe+7QwpDs2iNxX/89oJBpVuKlScIFdsvihIJMGITN8nfaE5Qzm2hDIt7K2EDammDG1IeRuCt/jyMmmUS95FqXx3WaxWsjhycAwncA4eXEEVbqEGdWCg4Ble4c0xzovz7nzMW1ecbOYI/sD5/AHS8pBT</latexit>

Figure 4. States for the derivation of relations between reflection and transmission responses from
reciprocity theorems (56)–(59). (a) State A1: the source at xA is situated just above ∂D−. The
responses at ∂D− and ∂D+ are the reflection response R∪(x, xA) and the transmission response
T↓(x, xA). (b) State A2: the source at x′A is situated just below ∂D+. The responses at ∂D+ and ∂D−
are the reflection response R∩(x, x′A) and the transmission response T↑(x, x′A).

We substitute combinations of A and B states into the reciprocity theorems (56)–(59).
We start with substitutions in reciprocity theorem (56). Substituting states A1 and B1 yields

R∪(xA, xB) = {R∪(xB, xA)}t. (60)

States A1 and B2 substituted into Equation (56) yields

T↑(xA, x′B) = {T↓(x′B, xA)}t. (61)

Substitution of states A2 and B1 yields a redundant relation which is not given here. Finally,
substitution of states A2 and B2 into Equation (56) yields

R∩(x′A, x′B) = {R∩(x′B, x′A)}t. (62)

Equations (60)–(62) are the source-receiver reciprocity relations for flux-normalised reflec-
tion and transmission responses of an arbitrary inhomogeneous medium [33].

Next, we use reciprocity theorem (59) to derive additional source-receiver reciprocity
relations for these responses in a medium with PT -symmetry. Substituting state A1 (in the
adjoint medium) and state B1 (in the original medium) yields

T↓(−xA, xB) = {T̄↓(−xB, xA)}t. (63)

State A1 (in the adjoint medium) and state B2 substituted into Equation (59) yields

R∩(−xA, x′B) = {R̄∪(−x′B, xA)}t. (64)
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We skip the redundant relation which is obtained by substituting states A2 and state B1. Fi-
nally, substitution of state A2 (in the adjoint medium) and state B2 into Equation (59) yields

T↑(−x′A, x′B) = {T̄↑(−x′B, x′A)}t. (65)

Equations (63)–(65) are illustrated in Figure 5.

D

@D�<latexit sha1_base64="AbYR6ia2y+aksBzjhtRMJuKz6Lg=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIbiwzVbDLgi5cVrAP6AxDJs20oZkHSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3JucHD/hTCrL+jZKK6tr6xvlzcrW9s7unrl/0JFxKghtk5jHoudjSTmLaFsxxWkvERSHPqddf3yd+90HKiSLo3s1Sagb4mHEAkaw0pJnHjkJFoph7oRYjXw/u5l6555ZtWrWDGiZ2AWpQoGWZ345g5ikIY0U4VjKvm0lys3ymwmn04qTSppgMsZD2tc0wiGVbjZLP0WnWhmgIBb6RArN1N8bGQ6lnIS+nswzykUvF//z+qkKGm7GoiRVNCLzh4KUIxWjvAo0YIISxSeaYCKYzorICAtMlC6sokuwF7+8TDr1mn1Rq99dVpuNoo4yHMMJnIENV9CEW2hBGwg8wjO8wpvxZLwY78bHfLRkFDuH8AfG5w+bLpVI</latexit>

@D+
<latexit sha1_base64="sBBBg29BFZNFTBIxr5YVc0Vutgw=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBmqmCXBV24rGAf0BmGTJppQzMPkoxQh+KvuHGhiFv/w51/Y6adhbYeCBzOuTc5OX7CmVSW9W2UVlbX1jfKm5Wt7Z3dPXP/oCPjVBDaJjGPRc/HknIW0bZiitNeIigOfU67/vg697sPVEgWR/dqklA3xMOIBYxgpSXPPHISLBTD3AmxGvl+djP1zj2zatWsGdAysQtShQItz/xyBjFJQxopwrGUfdtKlJvlNxNOpxUnlTTBZIyHtK9phEMq3WyWfopOtTJAQSz0iRSaqb83MhxKOQl9PZlnlIteLv7n9VMVNNyMRUmqaETmDwUpRypGeRVowAQlik80wUQwnRWRERaYKF1YRZdgL355mXTqNfuiVr+7rDYbRR1lOIYTOAMbrqAJt9CCNhB4hGd4hTfjyXgx3o2P+WjJKHYO4Q+Mzx+YJpVG</latexit>

x3,1
<latexit sha1_base64="66cSAp2S0EZV67+bQ7k3p1k+8ns=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuIphjwIvHCOYByRJmJ5NkyOzsMtMrhiUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcRSGHTdbye3sbm1vZPfLeztHxweFY9PWiZKNONNFslIdwJquBSKN1Gg5J1YcxoGkreDye3cbz9ybUSkHnAacz+kIyWGglG0Uvupn1avvFm/WHLL7gJknXgZKUGGRr/41RtELAm5QiapMV3PjdFPqUbBJJ8VeonhMWUTOuJdSxUNufHTxbkzcmGVARlG2pZCslB/T6Q0NGYaBrYzpDg2q95c/M/rJjis+alQcYJcseWiYSIJRmT+OxkIzRnKqSWUaWFvJWxMNWVoEyrYELzVl9dJq1L2quXK/XWpXsviyMMZnMMleHADdbiDBjSBwQSe4RXenNh5cd6dj2VrzslmTuEPnM8frAyPGQ==</latexit>

�x3,1
<latexit sha1_base64="9H6DIlJMU7G41ZilmHVIJycFWbw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBg5bdVrDHghePFewHtEvJptk2NMmuSVYsS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjczv/1IlWaRvDeTmPoCDyULGcHGSp3Lp35avfCm/WLJLbtzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n87vnaIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MWPNTJuPEUEkWi8KEIxOh2fNowBQlhk8swUQxeysiI6wwMTaigg3BW355lbQqZa9artxdleq1LI48nMApnIMH11CHW2hAEwhweIZXeHMenBfn3flYtOacbOYY/sD5/AEWeo9Q</latexit>

O
<latexit sha1_base64="ypAwIXn7Izb1ExKoi5R92NW6gj0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxZsV7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6HSPJYPZpKgH9Gh5CFn1Fipk/UYFeRu2i+V3Yo7B1klXk7KkKPRL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5vfOyXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDU/4zJJDUq2WBSmgpiYzJ4nA66QGTGxhDLF7a2EjaiizNiIijYEb/nlVdKqVrzLSvX+qlyv5XEU4BTO4AI8uIY63EIDmsBAwDO8wpvz6Lw4787HonXNyWdO4A+czx+0bY+3</latexit>

a)
xA

<latexit sha1_base64="TK+y6NEeLdZoU8GIrmtysJ+PLmM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT1WvHisYD+kXUo2zbahSXZJsmJZ+iu8eFDEqz/Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpP5nUeqNIvkvZnG1Bd4JFnICDZWekj7QYieZoPrQbniVt050CrxclKBHM1B+as/jEgiqDSEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqsaDaT+cHz9CZVYYojJQtadBc/T2RYqH1VAS2U2Az1steJv7n9RITXvkpk3FiqCSLRWHCkYlQ9j0aMkWJ4VNLMFHM3orIGCtMjM2oZEPwll9eJe1a1buo1u7qlUY9j6MIJ3AK5+DBJTTgFprQAgICnuEV3hzlvDjvzseiteDkM8fwB87nD25akB4=</latexit>

xB
<latexit sha1_base64="KUUecBgB8H2ntfGHnrToxB8djws=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvXisYD+kXUo2zbahSXZJsmJZ+iu8eFDEqz/Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpP5nUeqNIvkvZnG1Bd4JFnICDZWekj7QYieZoPrQbniVt050CrxclKBHM1B+as/jEgiqDSEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqsaDaT+cHz9CZVYYojJQtadBc/T2RYqH1VAS2U2Az1steJv7n9RITXvkpk3FiqCSLRWHCkYlQ9j0aMkWJ4VNLMFHM3orIGCtMjM2oZEPwll9eJe1a1buo1u7qlUY9j6MIJ3AK5+DBJTTgFprQAgICnuEV3hzlvDjvzseiteDkM8fwB87nD2/ekB8=</latexit>

�xA
<latexit sha1_base64="yTkQbwQlpx7RqhG4qUfUQMadgPU=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHZjQI8RLx4jmAcmIcxOZpMhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXeXH0th0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbqZ+85FrIyJ1j+OYd0M6UCIQjKKVHs7Tjh+Qp0nvulcouiV3BrJMvIwUIUOtV/jq9COWhFwhk9SYtufG2E2pRsEkn+Q7ieExZSM64G1LFQ256aaziyfk1Cp9EkTalkIyU39PpDQ0Zhz6tjOkODSL3lT8z2snGFx1U6HiBLli80VBIglGZPo+6QvNGcqxJZRpYW8lbEg1ZWhDytsQvMWXl0mjXPIuSuW7SrFayeLIwTGcwBl4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb11xspkj+APn8wfZF5BV</latexit>

�xB
<latexit sha1_base64="ZKWqyr+i42nzPH9Q3OnpZZgNszY=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHZjQI9BLx4jmAcmIcxOZpMhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXeXH0th0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbqZ+85FrIyJ1j+OYd0M6UCIQjKKVHs7Tjh+Qp0nvulcouiV3BrJMvIwUIUOtV/jq9COWhFwhk9SYtufG2E2pRsEkn+Q7ieExZSM64G1LFQ256aaziyfk1Cp9EkTalkIyU39PpDQ0Zhz6tjOkODSL3lT8z2snGFx1U6HiBLli80VBIglGZPo+6QvNGcqxJZRpYW8lbEg1ZWhDytsQvMWXl0mjXPIuSuW7SrFayeLIwTGcwBl4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb11xspkj+APn8wfam5BW</latexit>

T#(�xA,xB)
<latexit sha1_base64="04Rv4xb/2oGv07cSZA11u/RlOc0=">AAACEXicbZDLSgMxFIYzXmu9VV26CRahgpaZWtBl1Y3LCr1BW4dMmmlDM8mQZKxl6Cu48VXcuFDErTt3vo1pO4K2/hD4+M85Sc7vhYwqbdtf1sLi0vLKamotvb6xubWd2dmtKRFJTKpYMCEbHlKEUU6qmmpGGqEkKPAYqXv9q3G9fkekooJX9DAk7QB1OfUpRtpYbiYXtzwfVka3rY4YcCSlGOROJt79yL04/qHLIzeTtfP2RHAenASyIFHZzXyaK3EUEK4xQ0o1HTvU7RhJTTEjo3QrUiREuI+6pGmQo4CodjzZaAQPjdOBvpDmcA0n7u+JGAVKDQPPdAZI99RsbWz+V2tG2j9vx5SHkSYcTx/yIwa1gON4YIdKgjUbGkBYUvNXiHtIIqxNiGkTgjO78jzUCnnnNF+4KWZLxSSOFNgHByAHHHAGSuAalEEVYPAAnsALeLUerWfrzXqfti5Yycwe+CPr4xts4Zyx</latexit>

T̄#(�xB ,xA)
<latexit sha1_base64="QzN6JYp/BW+VdLWpGj90u4oOkWw=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARKtQyUwu6rLpxWaE3aMchk2ba0ExmSDLWMvQl3Pgqblwo4lZw59uYXgRt/SHw8Z9zkpzfixiVyrK+jNTS8srqWno9s7G5tb1j7u7VZRgLTGo4ZKFoekgSRjmpKaoYaUaCoMBjpOH1r8b1xh0Rkoa8qoYRcQLU5dSnGCltuWa+7SGRtD0fVke37U444EiIcJA7mXj3I/cy/0MXx66ZtQrWRHAR7BlkwUwV1/zUV+I4IFxhhqRs2VaknAQJRTEjo0w7liRCuI+6pKWRo4BIJ5lsNYJH2ulAPxT6cAUn7u+JBAVSDgNPdwZI9eR8bWz+V2vFyj93EsqjWBGOpw/5MYMqhOOIYIcKghUbakBYUP1XiHtIIKx0kBkdgj2/8iLUiwX7tFC8KWXLpVkcaXAADkEO2OAMlME1qIAawOABPIEX8Go8Gs/Gm/E+bU0Zs5l98EfGxzejDZ5q</latexit>

D

@D�<latexit sha1_base64="AbYR6ia2y+aksBzjhtRMJuKz6Lg=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIbiwzVbDLgi5cVrAP6AxDJs20oZkHSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3JucHD/hTCrL+jZKK6tr6xvlzcrW9s7unrl/0JFxKghtk5jHoudjSTmLaFsxxWkvERSHPqddf3yd+90HKiSLo3s1Sagb4mHEAkaw0pJnHjkJFoph7oRYjXw/u5l6555ZtWrWDGiZ2AWpQoGWZ345g5ikIY0U4VjKvm0lys3ymwmn04qTSppgMsZD2tc0wiGVbjZLP0WnWhmgIBb6RArN1N8bGQ6lnIS+nswzykUvF//z+qkKGm7GoiRVNCLzh4KUIxWjvAo0YIISxSeaYCKYzorICAtMlC6sokuwF7+8TDr1mn1Rq99dVpuNoo4yHMMJnIENV9CEW2hBGwg8wjO8wpvxZLwY78bHfLRkFDuH8AfG5w+bLpVI</latexit>

@D+
<latexit sha1_base64="sBBBg29BFZNFTBIxr5YVc0Vutgw=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBmqmCXBV24rGAf0BmGTJppQzMPkoxQh+KvuHGhiFv/w51/Y6adhbYeCBzOuTc5OX7CmVSW9W2UVlbX1jfKm5Wt7Z3dPXP/oCPjVBDaJjGPRc/HknIW0bZiitNeIigOfU67/vg697sPVEgWR/dqklA3xMOIBYxgpSXPPHISLBTD3AmxGvl+djP1zj2zatWsGdAysQtShQItz/xyBjFJQxopwrGUfdtKlJvlNxNOpxUnlTTBZIyHtK9phEMq3WyWfopOtTJAQSz0iRSaqb83MhxKOQl9PZlnlIteLv7n9VMVNNyMRUmqaETmDwUpRypGeRVowAQlik80wUQwnRWRERaYKF1YRZdgL355mXTqNfuiVr+7rDYbRR1lOIYTOAMbrqAJt9CCNhB4hGd4hTfjyXgx3o2P+WjJKHYO4Q+Mzx+YJpVG</latexit>

x3,1
<latexit sha1_base64="66cSAp2S0EZV67+bQ7k3p1k+8ns=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuIphjwIvHCOYByRJmJ5NkyOzsMtMrhiUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcRSGHTdbye3sbm1vZPfLeztHxweFY9PWiZKNONNFslIdwJquBSKN1Gg5J1YcxoGkreDye3cbz9ybUSkHnAacz+kIyWGglG0Uvupn1avvFm/WHLL7gJknXgZKUGGRr/41RtELAm5QiapMV3PjdFPqUbBJJ8VeonhMWUTOuJdSxUNufHTxbkzcmGVARlG2pZCslB/T6Q0NGYaBrYzpDg2q95c/M/rJjis+alQcYJcseWiYSIJRmT+OxkIzRnKqSWUaWFvJWxMNWVoEyrYELzVl9dJq1L2quXK/XWpXsviyMMZnMMleHADdbiDBjSBwQSe4RXenNh5cd6dj2VrzslmTuEPnM8frAyPGQ==</latexit>

�x3,1
<latexit sha1_base64="9H6DIlJMU7G41ZilmHVIJycFWbw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBg5bdVrDHghePFewHtEvJptk2NMmuSVYsS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjczv/1IlWaRvDeTmPoCDyULGcHGSp3Lp35avfCm/WLJLbtzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n87vnaIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MWPNTJuPEUEkWi8KEIxOh2fNowBQlhk8swUQxeysiI6wwMTaigg3BW355lbQqZa9artxdleq1LI48nMApnIMH11CHW2hAEwhweIZXeHMenBfn3flYtOacbOYY/sD5/AEWeo9Q</latexit>

O
<latexit sha1_base64="ypAwIXn7Izb1ExKoi5R92NW6gj0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxZsV7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6HSPJYPZpKgH9Gh5CFn1Fipk/UYFeRu2i+V3Yo7B1klXk7KkKPRL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5vfOyXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDU/4zJJDUq2WBSmgpiYzJ4nA66QGTGxhDLF7a2EjaiizNiIijYEb/nlVdKqVrzLSvX+qlyv5XEU4BTO4AI8uIY63EIDmsBAwDO8wpvz6Lw4787HonXNyWdO4A+czx+0bY+3</latexit>
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Figure 5. Additional source-receiver reciprocity of transmission and reflection responses for a
medium with PT -symmetry. (a) Equation (63). (b) Equation (64). (c) Equation (65).

Next, we derive two relations using reciprocity theorem (58). Substitution of state A1
(in the adjoint medium) and state B1 yields∫

∂D+

{T̄↓(x, xA)}†T↓(x, xB)d2xH = Iδ(xH,A − xH,B)−
∫

∂D−
{R̄∪(x, xA)}†R∪(x, xB)d2xH. (66)

This relation is a generalisation to an arbitrary inhomogeneous medium of the 1D energy
conservation relation |T↓|2 = 1 − |R∪|2 for a lossless layered medium. In its general
form it can be used to derive properties of the transmission response from the reflection
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response measured at ∂D−. Substituting state A1 (in the adjoint medium) and state B2 into
Equation (58) yields∫

∂D−
{R̄∪(x, xA)}†T↑(x, x′B)d

2xH = −
∫

∂D+

{T̄↓(x, xA)}†R∩(x, x′B)d
2xH. (67)

This expression relates reflection and transmission responses of an arbitrary inhomogeneous
medium. Substitution of other combinations of the states in Table 2 into Equation (58)
yields relations similar to Equations (66) and (67), which are not explicitly give here.

Finally, we derive two more relations for media with PT -symmetry, using reciprocity
theorem (57). Substitution of states A1 and B1 yields the following relation between
reflection and transmission responses∫

∂D−
{T↓(−x, xA)}†R∪(x, xB)d2xH = −

∫
∂D+

{R∪(−x, xA)}†T↓(x, xB)d2xH, (68)

whereas substitution of states A1 and B2 gives∫
∂D−
{T↓(−x, xA)}†T↑(x, x′B)d

2xH = Iδ(−xH,A − x′H,B)−
∫

∂D+

{R∪(−x, xA)}†R∩(x, x′B)d
2xH. (69)

The latter expression is a generalisation to an inhomogeneous PT -symmetric medium of
the 1D unitarity relation |T↓|2 = 1− R∪∗R∩ for a layered PT -symmetric medium [3,8].
Substitution of other combinations of states into Equation (57) gives similar relations, which
will not be discussed.

7. Marchenko Method for PT Media with Double-Sided Access

Building on work by Marchenko [69], geophysicists recently developed a methodology
to retrieve the wave field inside a 3D inhomogeneous medium from reflection measure-
ments at its boundary [34,70–76]. Underlying this methodology are representations for
Green’s functions in terms of the reflection response and focusing functions [35,36]. Here
we review these representations, modify them for PT -symmetric media, discuss a modified
Marchenko method and illustrate it with a simple numerical example.

We define a focal point xF = (x1,F, x2,F, x3,F), with x3,F somewhere between −x3,1 and
x3,1. We will apply the reciprocity theorems (56) and (58) to a modified domain, enclosed
by ∂D− and ∂DF, with the latter boundary chosen at x3,F (hence, we replace ∂D+ by ∂DF
in these reciprocity theorems, see Appendix B for further details). For state A (Figure 6a)
we choose again a unit source for flux-normalized downgoing waves at xA, just above
∂D−. The downgoing field p+

A at ∂D−, i.e., just below the source, is Iδ(xH − xH,A) and the
upgoing field p−A at ∂D− is the reflection response R∪(x, xA). The response at ∂DF consists
of the downgoing and upgoing parts of Green’s matrix, i.e., G+(x, xA) and G−(x, xA),
respectively. The fields in state A are summarized in the left part of Table 3. For state B
(Figure 6b) we choose a flux-normalized focusing matrix f1(x, xF) defined in a medium
which is reflection-free below the focusing depth level ∂DF. At ∂D− this focusing matrix
consists of downgoing and upgoing parts f+1 (x, xF) and f−1 (x, xF), respectively. It is defined
such that it focuses at ∂DF, hence f+1 (x, xF) = Iδ(xH − xH,F) for x at ∂DF, where xH,F
denotes the horizontal coordinates of xF. Since the medium below ∂DF is reflection-free
for the focusing matrix, we have f−1 (x, xF) = O for x at ∂DF. The fields in state B are
summarized in the right part of Table 3.

Table 3. States for the derivation of Marchenko-type representations.

State A p+
A(x) p−A(x) State B p+

B (x) p−B (x)

x at ∂D− Iδ(xH − xH,A) R∪(x, xA) x at ∂D− f+1 (x, xF) f−1 (x, xF)

x at ∂DF G+(x, xA) G−(x, xA) x at ∂DF Iδ(xH − xH,F) O
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@D�<latexit sha1_base64="AbYR6ia2y+aksBzjhtRMJuKz6Lg=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIbiwzVbDLgi5cVrAP6AxDJs20oZkHSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3JucHD/hTCrL+jZKK6tr6xvlzcrW9s7unrl/0JFxKghtk5jHoudjSTmLaFsxxWkvERSHPqddf3yd+90HKiSLo3s1Sagb4mHEAkaw0pJnHjkJFoph7oRYjXw/u5l6555ZtWrWDGiZ2AWpQoGWZ345g5ikIY0U4VjKvm0lys3ymwmn04qTSppgMsZD2tc0wiGVbjZLP0WnWhmgIBb6RArN1N8bGQ6lnIS+nswzykUvF//z+qkKGm7GoiRVNCLzh4KUIxWjvAo0YIISxSeaYCKYzorICAtMlC6sokuwF7+8TDr1mn1Rq99dVpuNoo4yHMMJnIENV9CEW2hBGwg8wjO8wpvxZLwY78bHfLRkFDuH8AfG5w+bLpVI</latexit>

@D+
<latexit sha1_base64="sBBBg29BFZNFTBIxr5YVc0Vutgw=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBmqmCXBV24rGAf0BmGTJppQzMPkoxQh+KvuHGhiFv/w51/Y6adhbYeCBzOuTc5OX7CmVSW9W2UVlbX1jfKm5Wt7Z3dPXP/oCPjVBDaJjGPRc/HknIW0bZiitNeIigOfU67/vg697sPVEgWR/dqklA3xMOIBYxgpSXPPHISLBTD3AmxGvl+djP1zj2zatWsGdAysQtShQItz/xyBjFJQxopwrGUfdtKlJvlNxNOpxUnlTTBZIyHtK9phEMq3WyWfopOtTJAQSz0iRSaqb83MhxKOQl9PZlnlIteLv7n9VMVNNyMRUmqaETmDwUpRypGeRVowAQlik80wUQwnRWRERaYKF1YRZdgL355mXTqNfuiVr+7rDYbRR1lOIYTOAMbrqAJt9CCNhB4hGd4hTfjyXgx3o2P+WjJKHYO4Q+Mzx+YJpVG</latexit>

x3,1
<latexit sha1_base64="66cSAp2S0EZV67+bQ7k3p1k+8ns=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuIphjwIvHCOYByRJmJ5NkyOzsMtMrhiUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcRSGHTdbye3sbm1vZPfLeztHxweFY9PWiZKNONNFslIdwJquBSKN1Gg5J1YcxoGkreDye3cbz9ybUSkHnAacz+kIyWGglG0Uvupn1avvFm/WHLL7gJknXgZKUGGRr/41RtELAm5QiapMV3PjdFPqUbBJJ8VeonhMWUTOuJdSxUNufHTxbkzcmGVARlG2pZCslB/T6Q0NGYaBrYzpDg2q95c/M/rJjis+alQcYJcseWiYSIJRmT+OxkIzRnKqSWUaWFvJWxMNWVoEyrYELzVl9dJq1L2quXK/XWpXsviyMMZnMMleHADdbiDBjSBwQSe4RXenNh5cd6dj2VrzslmTuEPnM8frAyPGQ==</latexit>

�x3,1
<latexit sha1_base64="9H6DIlJMU7G41ZilmHVIJycFWbw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBg5bdVrDHghePFewHtEvJptk2NMmuSVYsS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjczv/1IlWaRvDeTmPoCDyULGcHGSp3Lp35avfCm/WLJLbtzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n87vnaIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MWPNTJuPEUEkWi8KEIxOh2fNowBQlhk8swUQxeysiI6wwMTaigg3BW355lbQqZa9artxdleq1LI48nMApnIMH11CHW2hAEwhweIZXeHMenBfn3flYtOacbOYY/sD5/AEWeo9Q</latexit>

O
<latexit sha1_base64="ypAwIXn7Izb1ExKoi5R92NW6gj0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxZsV7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6HSPJYPZpKgH9Gh5CFn1Fipk/UYFeRu2i+V3Yo7B1klXk7KkKPRL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5vfOyXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDU/4zJJDUq2WBSmgpiYzJ4nA66QGTGxhDLF7a2EjaiizNiIijYEb/nlVdKqVrzLSvX+qlyv5XEU4BTO4AI8uIY63EIDmsBAwDO8wpvz6Lw4787HonXNyWdO4A+czx+0bY+3</latexit>

a)
x

<latexit sha1_base64="b6r9wvYr2YM76cLtGzJD4r2Z8JY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ9lsJ+3SzSbsbsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJYPZpqgH9GR5CFn1Fipk/WDkDzNBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tzZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5easO5nXCapQcmWi8JUEBOT+e9kyBUyI6aWUKa4vZWwMVWUGZtQyYbgrb68Ttq1qndVrd1fVxr1PI4inME5XIIHN9CAO2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AEtVo9u</latexit>

R[(x,xA)
<latexit sha1_base64="xfgpYCXLUwu2kEF9VeJxxPKXYNw=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpSKhKSiUYi1gYC6IPqQmV4zqtVceJbAdRRRlZ+BUWBhBi5RPY+BvcNAMUjmT5+Jx7dX2PFzEqlWV9GYWFxaXlleJqaW19Y3PL3N5pyzAWmLRwyELR9ZAkjHLSUlQx0o0EQYHHSMcbX0z9zh0Rkob8Rk0i4gZoyKlPMVJa6pv7ieP58Dq9dXAcVbLHfXqc3/3zo75ZtqpWBviX2DkpgxzNvvnpDEIcB4QrzJCUPduKlJsgoShmJC05sSQRwmM0JD1NOQqIdJNskRQeamUA/VDowxXM1J8dCQqknASergyQGsl5byr+5/Vi5Z+5CeVRrAjHs0F+zKAK4TQVOKCCYMUmmiAsqP4rxCMkEFY6u5IOwZ5f+S9p16r2SbV2VS836nkcRbAHDkAF2OAUNMAlaIIWwOABPIEX8Go8Gs/Gm/E+Ky0Yec8u+AXj4xt1KJjs</latexit>

State A
<latexit sha1_base64="vZv/h7xZg+LENCCZy+7ms3LUYfs=">AAAB9XicbVA9SwNBEN2LXzF+RS1tFoNgIeEuClpYRGwsI5oPyJ1hb7NJluzuHbtzSjjyP2wsFLH1v9j5b9wkV2jig4HHezPMzAtjwQ247reTW1peWV3Lrxc2Nre2d4q7ew0TJZqyOo1EpFshMUxwxerAQbBWrBmRoWDNcHg98ZuPTBseqXsYxSyQpK94j1MCVnpIfS3xHRBgY//kqlMsuWV3CrxIvIyUUIZap/jldyOaSKaACmJM23NjCFKigVPBxgU/MSwmdEj6rG2pIpKZIJ1ePcZHVuniXqRtKcBT9fdESqQxIxnaTklgYOa9ifif106gdxGkXMUJMEVni3qJwBDhSQS4yzWjIEaWEKq5vRXTAdGEgg2qYEPw5l9eJI1K2TstV27PStXLLI48OkCH6Bh56BxV0Q2qoTqiSKNn9IrenCfnxXl3PmatOSeb2Ud/4Hz+APOYkiE=</latexit>

R\(�xA,�x)
<latexit sha1_base64="9YT3y0OhHrI1P71/n2nd7ZiL9D0=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgRKmhJakGXFTcuq9gLNDFMppM6dHJhZiKWkLUbX8WNC0Xc+gTufBunaQRt/WHgm/+cw8z53YhRIQ3jSyvMzS8sLhWXSyura+sb+uZWW4Qxx6SFQxbyrosEYTQgLUklI92IE+S7jHTc4fm43rkjXNAwuJajiNg+GgTUoxhJZTn6bmK5HrxKbyyMospRdrtPnbPDHzxw9LJRNTLBWTBzKINcTUf/tPohjn0SSMyQED3TiKSdIC4pZiQtWbEgEcJDNCA9hQHyibCTbJUU7iunD72QqxNImLm/JxLkCzHyXdXpI3krpmtj879aL5beqZ3QIIolCfDkIS9mUIZwnAvsU06wZCMFCHOq/grxLeIIS5VeSYVgTq88C+1a1Tyu1i7r5UY9j6MIdsAeqAATnIAGuABN0AIYPIAn8AJetUftWXvT3ietBS2f2QZ/pH18AzkGmUY=</latexit>

@DF
<latexit sha1_base64="IeovqY+4UlJuSMYluab6reDv25w=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrspMFeyyoIjLCvYBnWHIpJk2NPMgyQh1KP6KGxeKuPU/3Pk3ZtpZaOuBwOGce5OT4yecSWVZ30ZpZXVtfaO8Wdna3tndM/cPOjJOBaFtEvNY9HwsKWcRbSumOO0lguLQ57Trj69yv/tAhWRxdK8mCXVDPIxYwAhWWvLMIyfBQjHMnRCrke9n11PvxjOrVs2aAS0TuyBVKNDyzC9nEJM0pJEiHEvZt61EuVl+M+F0WnFSSRNMxnhI+5pGOKTSzWbpp+hUKwMUxEKfSKGZ+nsjw6GUk9DXk3lGuejl4n9eP1VBw81YlKSKRmT+UJBypGKUV4EGTFCi+EQTTATTWREZYYGJ0oVVdAn24peXSades89r9buLarNR1FGGYziBM7DhEppwCy1oA4FHeIZXeDOejBfj3fiYj5aMYucQ/sD4/AHBEpVh</latexit>x3,F

<latexit sha1_base64="bSw5Pkx3YIADVVTDwAmm8QeYl6g=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNhNBHMMCOIxgnlAsoTZySQZMju7zPSKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BbEUBl3321lb39jc2s7t5Hf39g8OC0fHTRMlmvEGi2Sk2wE1XArFGyhQ8nasOQ0DyVvB+Gbmtx65NiJSDziJuR/SoRIDwShaqfXUSyuXt9NeoeiW3DnIKvEyUoQM9V7hq9uPWBJyhUxSYzqeG6OfUo2CST7NdxPDY8rGdMg7lioacuOn83On5NwqfTKItC2FZK7+nkhpaMwkDGxnSHFklr2Z+J/XSXBQ9VOh4gS5YotFg0QSjMjsd9IXmjOUE0so08LeStiIasrQJpS3IXjLL6+SZrnkVUrl+6tirZrFkYNTOIML8OAaanAHdWgAgzE8wyu8ObHz4rw7H4vWNSebOYE/cD5/AMv1jy4=</latexit>

G+(x,xA)
<latexit sha1_base64="kLVcqjq0Fl9Kc0BNFf9CEDmOEbk=">AAACBXicbZBNS8MwGMfT+TbnW9WjHoJDmCijnQM9TjzocYJ7ga2ONEu3sDQtSSqO0osXv4oXD4p49Tt489uYdT3o5gMhP/7/5yF5/m7IqFSW9W3kFhaXllfyq4W19Y3NLXN7pymDSGDSwAELRNtFkjDKSUNRxUg7FAT5LiMtd3Q58Vv3REga8Fs1DonjowGnHsVIaaln7sdd14NXyd1xKaWH5CS7exdHPbNola204DzYGRRBVvWe+dXtBzjyCVeYISk7thUqJ0ZCUcxIUuhGkoQIj9CAdDRy5BPpxOkWCTzUSh96gdCHK5iqvydi5Es59l3d6SM1lLPeRPzP60TKO3diysNIEY6nD3kRgyqAk0hgnwqCFRtrQFhQ/VeIh0ggrHRwBR2CPbvyPDQrZfu0XLmpFmvVLI482AMHoARscAZq4BrUQQNg8AiewSt4M56MF+Pd+Ji25oxsZhf8KePzB5E6l0o=</latexit>

G�(x,xA)
<latexit sha1_base64="/eT3NFF/iljBZO95pai+MvTe3Cs=">AAACBXicbZBNS8MwGMfT+TbnW9WjHoJDmKCjnQM9TjzocYJ7ga2ONEu3sDQtSSqO0osXv4oXD4p49Tt489uYdT3o5gMhP/7/5yF5/m7IqFSW9W3kFhaXllfyq4W19Y3NLXN7pymDSGDSwAELRNtFkjDKSUNRxUg7FAT5LiMtd3Q58Vv3REga8Fs1DonjowGnHsVIaaln7sdd14NXyd1JKaWH5Di7exdHPbNola204DzYGRRBVvWe+dXtBzjyCVeYISk7thUqJ0ZCUcxIUuhGkoQIj9CAdDRy5BPpxOkWCTzUSh96gdCHK5iqvydi5Es59l3d6SM1lLPeRPzP60TKO3diysNIEY6nD3kRgyqAk0hgnwqCFRtrQFhQ/VeIh0ggrHRwBR2CPbvyPDQrZfu0XLmpFmvVLI482AMHoARscAZq4BrUQQNg8AiewSt4M56MF+Pd+Ji25oxsZhf8KePzB5Rol0w=</latexit>

�x
<latexit sha1_base64="uGIo30lCZWapWVwh/gPHy/nJmhM=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbAbBXMMePEYwTwgCWF2MpsMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7/FgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnptk8Nl0LxBgqUvB1rTkNf8pY/vpn5rUeujYjUPU5i3gvpUIlAMIpWal+kXT8gT9N+seSW3TnIKvEyUoIM9X7xqzuIWBJyhUxSYzqeG2MvpRoFk3xa6CaGx5SN6ZB3LFU05KaXzu+dkjOrDEgQaVsKyVz9PZHS0JhJ6NvOkOLILHsz8T+vk2BQ7aVCxQlyxRaLgkQSjMjseTIQmjOUE0so08LeStiIasrQRlSwIXjLL6+SZqXsXZYrd1elWjWLIw8ncArn4ME11OAW6tAABhKe4RXenAfnxXl3PhatOSebOYY/cD5/AJe1j6U=</latexit>�xA<latexit sha1_base64="AjiayKoDVMNbWaZeyj2nKC6fOo4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHajYI4RLx4jmAcmIcxOZpMhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXeXH0th0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbqZ+85FrIyJ1j+OYd0M6UCIQjKKVHs7Tjh+Qp0nvulcouiV3BrJMvIwUIUOtV/jq9COWhFwhk9SYtufG2E2pRsEkn+Q7ieExZSM64G1LFQ256aaziyfk1Cp9EkTalkIyU39PpDQ0Zhz6tjOkODSL3lT8z2snGFS6qVBxglyx+aIgkQQjMn2f9IXmDOXYEsq0sLcSNqSaMrQh5W0I3uLLy6RRLnkXpfLdZbFayeLIwTGcwBl4cAVVuIUa1IGBgmd4hTfHOC/Ou/Mxb11xspkj+APn8wfaS5BZ</latexit>

xA<latexit sha1_base64="kPAzm5quqJbb3Lha/kzqIM4Ij7c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgj1WvHisYD+kXUo2zbahSXZJsmJZ+iu8eFDEqz/Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcjP3O49UaRbJezONqS/wSLKQEWys9JD2gxA9zQbXg3LFrboZ0CrxclKBHM1B+as/jEgiqDSEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqsaDaT7ODZ+jMKkMURsqWNChTf0+kWGg9FYHtFNiM9bI3F//zeokJ637KZJwYKsliUZhwZCI0/x4NmaLE8KklmChmb0VkjBUmxmZUsiF4yy+vknat6l1Ua3eXlUY9j6MIJ3AK5+DBFTTgFprQAgICnuEV3hzlvDjvzseiteDkM8fwB87nD2+OkCI=</latexit>

@D�<latexit sha1_base64="AbYR6ia2y+aksBzjhtRMJuKz6Lg=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIbiwzVbDLgi5cVrAP6AxDJs20oZkHSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3JucHD/hTCrL+jZKK6tr6xvlzcrW9s7unrl/0JFxKghtk5jHoudjSTmLaFsxxWkvERSHPqddf3yd+90HKiSLo3s1Sagb4mHEAkaw0pJnHjkJFoph7oRYjXw/u5l6555ZtWrWDGiZ2AWpQoGWZ345g5ikIY0U4VjKvm0lys3ymwmn04qTSppgMsZD2tc0wiGVbjZLP0WnWhmgIBb6RArN1N8bGQ6lnIS+nswzykUvF//z+qkKGm7GoiRVNCLzh4KUIxWjvAo0YIISxSeaYCKYzorICAtMlC6sokuwF7+8TDr1mn1Rq99dVpuNoo4yHMMJnIENV9CEW2hBGwg8wjO8wpvxZLwY78bHfLRkFDuH8AfG5w+bLpVI</latexit>�x3,1
<latexit sha1_base64="9H6DIlJMU7G41ZilmHVIJycFWbw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBg5bdVrDHghePFewHtEvJptk2NMmuSVYsS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjczv/1IlWaRvDeTmPoCDyULGcHGSp3Lp35avfCm/WLJLbtzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n87vnaIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MWPNTJuPEUEkWi8KEIxOh2fNowBQlhk8swUQxeysiI6wwMTaigg3BW355lbQqZa9artxdleq1LI48nMApnIMH11CHW2hAEwhweIZXeHMenBfn3flYtOacbOYY/sD5/AEWeo9Q</latexit>

O
<latexit sha1_base64="ypAwIXn7Izb1ExKoi5R92NW6gj0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxZsV7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6HSPJYPZpKgH9Gh5CFn1Fipk/UYFeRu2i+V3Yo7B1klXk7KkKPRL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5vfOyXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDU/4zJJDUq2WBSmgpiYzJ4nA66QGTGxhDLF7a2EjaiizNiIijYEb/nlVdKqVrzLSvX+qlyv5XEU4BTO4AI8uIY63EIDmsBAwDO8wpvz6Lw4787HonXNyWdO4A+czx+0bY+3</latexit>

b)

x
<latexit sha1_base64="b6r9wvYr2YM76cLtGzJD4r2Z8JY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ9lsJ+3SzSbsbsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJYPZpqgH9GR5CFn1Fipk/WDkDzNBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tzZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5easO5nXCapQcmWi8JUEBOT+e9kyBUyI6aWUKa4vZWwMVWUGZtQyYbgrb68Ttq1qndVrd1fVxr1PI4inME5XIIHN9CAO2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AEtVo9u</latexit>

@DF
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Figure 6. States for the derivation of Marchenko-type representations. (a) State A: the source at xA is
situated just above ∂D−. The response at ∂D− is the reflection response R∪(x, xA) and the response
at the focal depth level ∂DF consists of the downgoing and upgoing Green’s matrices G+(x, xA) and
G−(x, xA), respectively. (b) State B: the focal point xF is situated at ∂DF. At ∂D− the focusing matrix
consists of downgoing and upgoing parts f+1 (x, xF) and f−1 (x, xF), respectively. The medium below
∂DF is reflection-free for this state.

Substituting states A and B into Equation (56) (with ∂D+ replaced by ∂DF) yields

{G−(xF, xA)}t + f−1 (xA, xF) =
∫

∂D−
{R∪(x, xA)}tf+1 (x, xF)d2xH. (70)

Substitution of state A (in the adjoint medium) and state B into Equation (58) yields

−{Ḡ+(xF, xA)}† + f+1 (xA, xF) =
∫

∂D−
{R̄∪(x, xA)}†f−1 (x, xF)d2xH. (71)

In most papers on the Marchenko method, the medium is assumed lossless. In that
case the adjoint medium is the same as the actual medium, meaning that the bars in
Equation (71) can be omitted; hence, one-and-the-same reflection response R∪(x, xA) ap-
pears in Equations (70) and (71). Slob [77] extended the Marchenko method for dissipative
media, using (scalar versions of) Equations (70) and (71), including the bars. His method
requires the reflection response R∪(x, xA) in the actual (dissipative) medium and R̄∪(x, xA)
in the adjoint (effectual) medium. The former is obtained from measurements, the lat-
ter has to be obtained in a different way. Slob [77] proposes to measure the reflection
response R∩ from below (next to the reflection response R∪ from above), and the trans-
mission responses T↓ and T↑. Having these responses, R̄∪ can be obtained by solving
Equations (66) and (67). Cui et al. [78] applied this method successfully to acoustic re-
sponses of a dissipative medium.

For PT -symmetric media, R̄∪ at ∂D− can be obtained directly from R∩ at ∂D+

(Figure 6a), using Equation (64). Substituting this into Equation (71) (and Equation (60)
into Equation (70)) yields

{G−(xF, xA)}t + f−1 (xA, xF) =
∫

∂D−
R∪(xA, x)f+1 (x, xF)d2xH (72)
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and

−{Ḡ+(xF, xA)}† + f+1 (xA, xF) =
∫

∂D−
{R∩(−xA,−x)}∗f−1 (x, xF)d2xH. (73)

Equations (72) and (73) form the basis for the Marchenko method in a PT -symmetric
medium. The approach is similar to that for lossy media [77], except that here we have
replaced R̄∪ by R∩. Starting with an estimate of the direct arrival of the focusing matrix,
f+1,d, the Marchenko method leads to the retrieval of G− and Ḡ+, the latter in the adjoint
medium. To retrieve G+ in the actual medium, we need a second set of equations. To this
end, we replace all quantities in Equations (72) and (73) by quantities in the adjoint medium
(which implies that Ḡ+ is replaced by G+). Using Equations (60) and (64) this yields

{Ḡ−(xF, xA)}t + f̄−1 (xA, xF) =
∫

∂D−
R∩(−xA,−x)f̄+1 (x, xF)d2xH (74)

and

−{G+(xF, xA)}† + f̄+1 (xA, xF) =
∫

∂D−
{R∪(xA, x)}∗ f̄−1 (x, xF)d2xH. (75)

Starting with an estimate of f̄+1,d, the Marchenko method leads to the retrieval of Ḡ−

and G+.
We illustrate this with a numerical example for electromagnetic waves in a hor-

izontally layered PT -symmetric medium. Figure 7a shows the relative permittivity
εr(x3) = ε(x3)/ε0 (with ε0 the permittivity of vacuum) and Figure 7b the conductiv-
ity σ(x3). Both functions are chosen real-valued and frequency-independent. Note that
εr(x3) is symmetric and σ(x3) is asymmetric. Hence, for E defined in Equation (6) we have
E(−x3, ω) = E∗(x3, ω) = Ē(x3, ω), meaning that Equation (11) is satisfied. The relative
permeability µr(x3) is set to µr = 1.
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b)a)

Figure 7. Parameters of a horizontally layered PT -symmetric medium. The red stars indicate the
focal depth x3,F.

We define the spatial Fourier transform of a space- and frequency-dependent function
u(x, ω) along the horizontal coordinate vector xH as

ũ(s, x3, ω) =
∫
R2

exp{−iωs · xH}u(xH, x3, ω)d2xH, (76)
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with s = (s1, s2), where s1 and s2 are horizontal slownesses and R is the set of real numbers.
Moreover, we define the inverse Fourier transform from frequency ω to intercept time τ
as [79]

u(s, x3, τ) =
1
π
<
∫ ∞

0
ũ(s, x3, ω) exp{−iωτ}dω. (77)

Applying these transforms to Equations (72)–(75) for xF = (0, 0, x3,F) and xA = (xH,A,−x3,1)
with variable xH,A, yields

{G−(−s, x3,F,−x3,1, τ)}t + f−1 (s,−x3,1, x3,F, τ) =
∫ ∞

0
R∪(s,−x3,1, τ′)f+1 (s,−x3,1, x3,F, τ − τ′)dτ′, (78)

−{Ḡ+(s, x3,F,−x3,1,−τ)}t + f+1 (s,−x3,1, x3,F, τ) =
∫ ∞

0
R∩(s, x3,1, τ′)f−1 (s,−x3,1, x3,F, τ + τ′)dτ′, (79)

{Ḡ−(−s, x3,F,−x3,1, τ)}t + f̄−1 (s,−x3,1, x3,F, τ) =
∫ ∞

0
R∩(−s, x3,1, τ′)f̄+1 (s,−x3,1, x3,F, τ − τ′)dτ′, (80)

−{G+(s, x3,F,−x3,1,−τ)}t + f̄+1 (s,−x3,1, x3,F, τ) =
∫ ∞

0
R∪(−s,−x3,1, τ′)f̄−1 (s,−x3,1, x3,F, τ + τ′)dτ′. (81)

Taking the horizontal slowness s2 equal to 0, the transverse-electric (TE) mode decouples
from the transverse-magnetic (TM) mode. Consequently, the matrices in Equations (78)–(81)
diagonalize. We continue with the upper-left elements of these matrices, which correspond
to the up/down decomposed TE-mode. We use the reflectivity method [80] to model
the response of the medium. Figure 8a shows the scalar reflection response from above,
R∪(s1,−x3,1, τ), for −x3,1 = −0.6 m, as a function of intercept time τ and incidence
angle θ. The latter is related to the horizontal slowness s1 via sin θ

c = s1, with c the
propagation velocity at −x3,1 = −0.6 m (which is equal to the velocity of light in vacuum,
since εr = µr = 1 at −x3,1 = −0.6 m). Similarly, Figure 8b shows the scalar reflection
response from below, R∩(s1, x3,1, τ), for x3,1 = 0.6 m. Both responses have been convolved
with a symmetric source function with a central frequency of 2 GHz. Our aim is to use
the Marchenko method to find the downgoing and upgoing parts of Green’s function,
G+(s1, x3,F,−x3,1, τ) and G−(s1, x3,F,−x3,1, τ), between −x3,1 = −0.6 m and an arbitrary
focal depth x3,F inside the medium, from the reflection responses R∪ and R∩. We discuss
the main steps; for details on the Marchenko method, see the references at the beginning
of this section. For this example we choose the focal depth as x3,F = −3.75 cm (indicated
by the red stars in Figure 7). We apply a time window to suppress Green’s functions
from Equations (78)–(81), which leaves equations for the focusing functions f+1 , f−1 , f̄+1
and f̄−1 . We model the direct arrival f+1,d in the medium of Figure 7. Using this direct
arrival as an initial estimate of f+1 , the windowed versions of Equations (78) and (79) are
iteratively solved for f+1 and f−1 . Once these are found, the original versions of Equations
(78) and (79) (i.e., without the time window) yield estimates of G− and Ḡ+. Next, we model
the direct arrival f̄+1,d in the adjoint of the medium of Figure 7 and use windowed versions
of Equations (80) and (81) to solve for f̄+1 and f̄−1 and, subsequently, retrieve estimates
of Ḡ− and G+. The results G+ and G− are shown by the red-dashed lines in Figure 9a,b,
respectively. The first arrival in G+ comes from f̄+1,d; all other (multiply reflected) arrivals
in G+ and G− have been retrieved from R∪ and R∩. The results are overlain on the directly
modelled versions of G+ and G−, obtained with the reflectivity method (black solid lines).
Note that the match is excellent.
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a) b)

Figure 8. (a) Reflection response from above, R∪(s1,−x3,1, τ), for −x3,1 = −0.6 m. (b) Reflection
response from below, R∩(s1, x3,1, τ), for x3,1 = 0.6 m.

a) b)

Figure 9. (a) Green’s function G+(s1, x3,F,−x3,1, τ). (b) Green’s function G−(s1, x3,F,−x3,1, τ). The
red dashed lines are Green’s functions retrieved with the Marchenko method from R∪ and R∩; the
black solid lines are the directly modelled Green’s functions.

8. Discussion and Conclusions

Starting with a unified matrix-vector wave equation for acoustic, quantum-mechanical,
electromagnetic, elastodynamic, poroelastodynamic, piezoelectric and seismoelectric waves,
we established symmetry properties of the operator matrix appearing in this equation for
the situation of 3D arbitrary inhomogeneous media and for 3D inhomogeneous media
with PT -symmetry. For the latter situation we obtained an auxiliary matrix-vector wave
equation. Exploiting the symmetry properties, we derived four unified reciprocity theo-
rems, two for arbitrary inhomogeneous media and two for inhomogeneous media with
PT -symmetry. We used these reciprocity theorems to derive general wave field repre-
sentations and relations between reflection and transmission responses, for 3D arbitrary
inhomogeneous media and for 3D inhomogeneous media with PT -symmetry, embedded
between two homogeneous lossless half-spaces. These relations have potential applications
in forward and inverse problems in such media, including interferometric Green’s matrix
retrieval from passive or active measurements. Finally, we modified the Marchenko method
for retrieving Green’s matrices from reflection measurements for 3D inhomogeneous media
with PT -symmetry.

Given the current broad interest in applications of wave propagation and scattering in
photonic structures, phononic crystals and acoustic metamaterials with PT -symmetry, we
hope that our unified formulation for different wave types and our generalisation for 3D
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inhomogeneous media with PT -symmetry, will contribute to further developments in this
interesting field of research.

Author Contributions: Conceptualization and methodology, K.W. and E.S.; software and validation,
E.S.; writing—original draft preparation, review and editing, K.W.; funding acquisition, K.W. All
authors have read and agreed to the published version of the manuscript.

Funding: This research is funded by the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme (grant agreement No: 742703).

Data Availability Statement: Not applicable.

Acknowledgments: We thank Dirk-Jan van Manen (ETH Zürich) for bringing his research ideas to
construct virtual PT -symmetric media to our attention and for interesting discussions. We appreciate
the timely and constructive comments of the editors and reviewers.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A. The Operator Matrix and Its Properties

Appendix A.1. The Wave Vector and Operator Matrix for Different Wave Phenomena

For acoustic waves in an inhomogeneous fluid, p and v3 in Table 1 are the acoustic
pressure and the vertical component of the particle velocity, respectively. The 2× 2 operator
matrix A(x) is defined as [42,81–84]

A(x) =

(
0 iωρ

iωκ − 1
iω ∂α

1
ρ ∂α 0

)
, (A1)

where κ(x) is the compressibility and ρ(x) the mass density. Einstein’s summation conven-
tion applies to repeated subscripts.

For quantum-mechanical waves in an inhomogeneous potential, ψ and m in Table 1 are
the wave function and the mass of a particle, respectively, and h̄ = h/2π, with h Planck’s
constant. The 2× 2 matrix is [28,85,86]

A(x) =

(
0 mi

2h̄

4i
(

ω− V
h̄

)
− 2h̄

mi ∂α∂α 0

)
, (A2)

where V(x) is the potential.
For electromagnetic waves in an inhomogeneous, isotropic medium, Eα and Hα

(α = 1, 2) in Table 1 are the horizontal components of the electric and magnetic field strength,
respectively. The 2× 2 sub-matrices of operator matrix A(x) are given by Equations (4)
and (5).

For elastodynamic waves in an inhomogeneous, isotropic solid, vk and τk3 (k = 1, 2, 3)
in Table 1 are the particle velocity and traction components, respectively. The 3× 3 sub-
matrices are [40,42,52]

A11(x) =

 0 0 −∂1
0 0 −∂2

− λ
λ+2µ ∂1 − λ

λ+2µ ∂2 0

, (A3)

A12(x) =


iω
µ 0 0
0 iω

µ 0
0 0 iω

λ+2µ

, (A4)

A21(x) =

iωρ− 1
iω
(
∂1ν1∂1 + ∂2µ∂2

)
− 1

iω
(
∂2µ∂1 + ∂1ν2∂2

)
0

− 1
iω
(
∂2ν2∂1 + ∂1µ∂2

)
iωρ− 1

iω
(
∂1µ∂1 + ∂2ν1∂2

)
0

0 0 iωρ

, (A5)

A22(x) = −At
11(x), (A6)



Symmetry 2022, 14, 2236 22 of 28

with

ν1 = 4µ
( λ + µ

λ + 2µ

)
, ν2 = 2µ

( λ

λ + 2µ

)
, (A7)

where λ(x) and µ(x) are the Lamé parameters and ρ(x) the mass density.
The wave field quantities for the other wave phenomena in Table 1 are the same

quantities as above, with superscripts b, f and s denoting that they are averaged in the bulk,
fluid or solid, respectively; φ denotes porosity. For the sub-matrices for these phenomena
we refer to the Appendices in reference [28].

Appendix A.2. Fourier Transform of the Operator Matrix

Consider any depth x3 where the medium is laterally invariant. Applying the spatial
Fourier transform of Equation (76) to the operator matrix of Equation (A1) yields

Ã(s, x3) =

(
0 iωρ

iω
(
κ − 1

ρ sαsα

)
0

)
, (A8)

with κ(x3) and ρ(x3) being the laterally invariant compressibility and mass density at x3.
Note that ∂α has been replaced by iωsα. The operators for other wave phenomena are
transformed in a similar way. The symmetry properties of Equations (7)–(9) transform to

Ãt(−s, x3)N = −NÃ(s, x3), (A9)

Ã†(s, x3)K = −K ˜̄A(s, x3), (A10)

Ã∗(−s, x3)J = J ˜̄A(s, x3). (A11)

In Equations (A10) and (A11), ˜̄A(s, x3) is defined in the adjoint medium.

Appendix A.3. Decomposition of the Transformed Operator Matrix

We define the eigenvalue decomposition of the transformed operator matrix at x3 as

Ã(s, x3) = L̃(s, x3)Λ̃(s, x3)L̃−1(s, x3), (A12)

in which the matrices L̃(s, x3) and Λ̃(s, x3) are partitioned as follows

L̃(s, x3) =

(
L̃+

1 L̃−1
L̃+

2 L̃−2

)
, Λ̃(s, x3) =

(
Λ̃

+ O
O Λ̃

−

)
. (A13)

For acoustic waves we have

L̃(s, x3) =
1√
2

(√
ρ/s3

√
ρ/s3√

s3/ρ −
√

s3/ρ

)
, Λ̃(s, x3) =

(
iωs3 0

0 −iωs3

)
, (A14)

where s3(s, x3) is the vertical slowness at x3, defined as

s3(s, x3) =

√
1

c2(x3)
− sαsα, c(x3) = 1/

√
ρ(x3)κ(x3). (A15)

When the medium is dissipative (with, for positive ω, =(κ) > 0 and =(ρ) > 0), we have
=(s3) > 0, see Figure A1a. On the other hand, when the medium is effectual (with, for
positive ω, =(κ) < 0 and =(ρ) < 0), we have =(s3) < 0, see Figure A1b. Since the
parameters of the adjoint medium are defined as κ̄ = κ∗ and ρ̄ = ρ∗, the vertical slowness
s̄3 of the adjoint medium is given by s̄3(s, x3) = s∗3(s, x3).
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Figure A1. Slowness s3(s, x3) (for any depth x3 where the medium is laterally invariant) in the
complex plane for a dissipative (a) and an effectual (b) medium at x3.

For quantum mechanical waves we have

L̃(s, x3) =
1√
2

√ m
2h̄ωs3

√
m

2h̄ωs3√
2h̄ωs3

m −
√

2h̄ωs3
m

, (A16)

and Λ̃(s, x3) and s3(s, x3) defined as in Equations (A14) and (A15), but with c(x3) defined as

c(x3) =

√√√√ h̄ω

2m
(

1− V(x3)
h̄ω

) . (A17)

For electromagnetic waves, the sub-matrices are given by [42]

L̃±1 (s, x3) =
1√
2

(√µs3
s0

− s1s2
s0
√E s3

0 s0√E s3

)
, L̃±2 (s, x3) = ±

1√
2

( s0√
µs3

0
s1s2

s0
√

µs3

√E s3
s0

)
, (A18)

Λ̃
±
(s, x3) = ±iω

(
s3 0
0 s3

)
, s0(s, x3) =

√
1

c2(x3)
− s2

2, (A19)

and s3(s, x3) defined as in Equation (A15), but with c(x3) defined as c(x3) = 1/
√
E(x3)µ(x3).

For elastodynamic waves the sub-matrices of L̃ and Λ̃ are

L̃±1 (s, x3) =
1

(2ρ)1/2


s1

(sP
3 )

1/2 − s1(sS
3 )

1/2

sr
− s2

cSsr(sS
3 )

1/2

s2
(sP

3 )
1/2 − s2(sS

3 )
1/2

sr
s1

cSsr(sS
3 )

1/2

±(sP
3 )

1/2 ± sr
(sS

3 )
1/2 0

, (A20)

L̃±2 (s, x3) =
(ρ

2

)1/2
c2

S


±2s1(sP

3 )
1/2 ∓ s1(c−2

S −2s2
r )

sr(sS
3 )

1/2 ∓ s2(sS
3 )

1/2

cSsr

±2s2(sP
3 )

1/2 ∓ s2(c−2
S −2s2

r )

sr(sS
3 )

1/2 ± s1(sS
3 )

1/2

cSsr

(c−2
S −2s2

r )

(sP
3 )

1/2 2sr(sS
3 )

1/2 0

, (A21)

Λ̃
±
(s, x3) = ±iω

sP
3 0 0
0 sS

3 0
0 0 sS

3

, (A22)
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with sr =
√

s2
1 + s2

2 and the vertical slownesses sP
3 and sS

3 defined as

sP,S
3 (s, x3) =

√
1

c2
P,S(x3)

− sαsα, (A23)

where cP(x3) and cS(x3) are the P- and S-wave velocities, defined as
cP(x3) =

√
(λ(x3) + 2µ(x3))/ρ(x3) and cS(x3) =

√
µ(x3)/ρ(x3), respectively.

For all cases, matrix L̃(s, x3) obeys the following symmetry relations

L̃t(−s, x3)NL̃(s, x3) = −N, (A24)

L̃t(s, x3)KL̃(s, x3) = J. (A25)

Using s̄3(s, x3) = s∗3(s, x3) etc., we have in addition

˜̄L†(−s, x3)NL̃(s, x3) = −N, (A26)
˜̄L†(s, x3)KL̃(s, x3) = J. (A27)

Here ˜̄L(s, x3) is defined in the adjoint medium. Finally, when the medium is lossless at x3,
we have s3(s, x3) = s∗3(s, x3) for propagating (i.e., non-evanescent) waves, hence

L̃†(−s, x3)NL̃(s, x3) = −N, (for propagating waves), (A28)

L̃†(s, x3)KL̃(s, x3) = J, (for propagating waves). (A29)

Appendix B. Detailed Analysis of the Boundary Integrals

Appendix B.1. Boundaries without Losses

Here we present the details behind the analysis of the boundary integrals in Section 4.
At and outside the boundary ∂D the medium is homogeneous, lossless, and identical in
both half-spaces and in both states. The boundary integral in Equation (16) consists of two
integrals

∫
R2 qt

A(xH, x3)NqB(xH, x3)d2xH, one for x3 = −x3,1 and one for x3 = x3,1. Using
the spatial Fourier transform of Equation (76) and Parseval’s theorem, we obtain for these
integrals

∫
R2

qt
A(xH, x3)NqB(xH, x3)d2xH =

ω2

4π2

∫
R2

q̃t
A(−s, x3)Nq̃B(s, x3)d2s, (A30)

for x3 = −x3,1 and x3 = x3,1. Applying the spatial Fourier transform to Equations (21) and (22),
we obtain

q̃A(s, x3) = L̃(s, x3)p̃A(s, x3), (A31)

q̃B(s, x3) = L̃(s, x3)p̃B(s, x3), (A32)

with

p̃A,B(s, x3) =

(
p̃+

A,B(s, x3)

p̃−A,B(s, x3)

)
, (A33)

where p̃+
A,B(s, x3) and p̃−A,B(s, x3) are downgoing and upgoing plane-wave fields in states

A and B at x3 = −x3,1 and x3 = x3,1. Note that L̃(s, x3) in Equations (A31) and (A32)
is without subscript A or B, since the medium at and outside ∂D is the same in both
states. Matrix L̃(s, x3) is given for a number of situations in Appendix A. Substitution of
Equations (A31) and (A32) into the right-hand side of Equation (A30) gives

∫
R2

qt
A(xH, x3)NqB(xH, x3)d2xH =

ω2

4π2

∫
R2

p̃t
A(−s, x3)L̃t(−s, x3)NL̃(s, x3)p̃B(s, x3)d2s, (A34)
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for x3 = ±x3,1. Using symmetry relation (A24) this yields

∫
R2

qt
A(xH, x3)NqB(xH, x3)d2xH = − ω2

4π2

∫
R2

p̃t
A(−s, x3)Np̃B(s, x3)d2s, (A35)

for x3 = ±x3,1. Applying Parseval’s theorem to the right-hand side and combining the
integrals for x3 = ±x3,1, finally yields∫

∂D
qt

A(x)NqB(x)n3d2xH = −
∫

∂D
pt

A(x)NpB(x)n3d2xH. (A36)

This is Equation (23) in the main text. Next, for the two integrals in the boundary integral
in Equation (17) we obtain, analogous to Equation (A30),

∫
R2

q†
A(−xH,−x3)NqB(xH, x3)d2xH =

ω2

4π2

∫
R2

q̃†
A(−s,−x3)Nq̃B(s, x3)d2s, (A37)

for x3 = −x3,1 and x3 = x3,1. Substitution of Equations (A31) and (A32) into the right-hand
side of Equation (A37), using L̃(s,−x3,1) = L̃(s, x3,1) (since the medium at and outside ∂D
is the same in both half-spaces) and symmetry relation (A28), applying Parseval’s theorem
to the right-hand side and combining the integrals for x3 = ±x3,1, yields∫

∂D
q†

A(−x)NqB(x)n3d2xH ≈ −
∫

∂D
p†

A(−x)NpB(x)n3d2xH. (A38)

This is Equation (24) in the main text. The approximation sign denotes that evanescent
waves are ignored at ∂D, see equation Equation (A28).

Next, for the two integrals in the boundary integral in Equation (18) we obtain

∫
R2

q†
A(xH, x3)KqB(xH, x3)d2xH =

ω2

4π2

∫
R2

q̃†
A(s, x3)Kq̃B(s, x3)d2s, (A39)

for x3 = −x3,1 and x3 = x3,1. Substitution of Equations (A31) and (A32) into the right-hand
side of Equation (A39), using symmetry relation (A29), applying Parseval’s theorem to the
right-hand side and combining the integrals for x3 = ±x3,1, yields∫

∂D
q†

A(x)KqB(x)n3d2xH ≈
∫

∂D
p†

A(x)JpB(x)n3d2xH. (A40)

This is Equation (25) in the main text. The approximation sign denotes again that evanescent
waves are ignored at ∂D, see equation Equation (A29). Finally, for the two integrals in the
boundary integral in Equation (19) we obtain

∫
R2

qt
A(−xH,−x3)KqB(xH, x3)d2xH =

ω2

4π2

∫
R2

q̃t
A(s,−x3)Kq̃B(s, x3)d2s, (A41)

for x3 = −x3,1 and x3 = x3,1. Substitution of Equations (A31) and (A32) into the
right-hand side of Equation (A41), using L̃(s,−x3,1) = L̃(s, x3,1) and symmetry relation
(A25), applying Parseval’s theorem to the right-hand side and combining the integrals for
x3 = ±x3,1, yields∫

∂D
qt

A(−x)KqB(x)n3d2xH =
∫

∂D
pt

A(−x)JpB(x)n3d2xH. (A42)

This is Equation (26) in the main text.

Appendix B.2. Boundaries with Loss or Gain

In Section 7 we consider a modified domain, enclosed by ∂D− and ∂DF, with ∂DF
(at x3 = x3,F) somewhere between ∂D− and ∂D+, see Figure 6. Hence, ∂DF is situated
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in a region with loss or gain. Assuming that the medium is laterally invariant at ∂DF,
Equation (A36), and Equations (23), (27) and (56) in the main text, still hold for the modified
boundary ∂D = ∂D− ∪ ∂DF (since Equation (A36) only relies on symmetry relation (A24)).

Equations (A38) and (A42) both rely on L̃(s,−x3,1) = L̃(s, x3,1) and hence cannot be
modified for ∂D = ∂D− ∪ ∂DF.

Finally, we discuss the modification of Equation (A40). Instead of symmetry rela-
tion (A29) we use relation (A27) at ∂DF, which holds when there is loss or gain at ∂DF.
Since this symmetry relation contains operator ˜̄L(s, x3) in the adjoint medium, we replace
Equation (A31) by

q̃A(s, x3) = ˜̄L(s, x3)p̃A(s, x3), (A43)

for x3 = x3,F. Substitution of Equations (A32) and (A43) into the right-hand side of
Equation (A39) for x3 = x3,F, using symmetry relation (A27), applying Parseval’s theorem
to the right-hand side and combining the integrals for x3 = −x3,1 and x3 = x3,F, yields Equa-
tion (A40) for the modified boundary ∂D = ∂D− ∪ ∂DF, assuming the medium parameters
at ∂DF in state A are the adjoint of those in state B. Under the same assumption, Equations
(25), (29) and (58) in the main text hold for the modified boundary ∂D = ∂D− ∪ ∂DF.
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Erratum: Reciprocity and representations for wave fields in 3D inhomogeneous

parity-time symmetric materials [Symmetry 2022, 14, 2236]
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(Dated: September 20, 2023)

PACS numbers:

In Appendix A of [1] some corrections are needed for elastodynamic and seismoelectric wave field decomposition.

For elastodynamic wave field decomposition, equations (A20) and (A21) contain sign errors. Whereas these expres-

sions are correct for matrices L̃+
1 and L̃+

2 , the signs should be changed for matrices L̃−
1 and L̃−

2 . Hence, the right-hand

sides of these equations should be multiplied by ±1. With these corrections, matrix L̃ defined in equation (A13)

obeys symmetry relations (A24), (A26) and (A28) (the other symmetry relations (A25), (A27) and (A29) are obeyed

irrespective of these corrections).

For seismoelectric wave field decomposition, symmetry relations (A25) and (A26) do not hold when Onsager’s

coupling coefficient L is not equal to zero at the depth level where the decomposition takes place. This has no further

consequences, since in the remainder of the paper these symmetry relations are only used at lossless boundaries (where

L = 0).

[1] K. Wapenaar and E. Slob, Symmetry 14, 2236 (2022).
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