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Summary

In well-logs we often encountesharpoutliers, or singu-
larities, that areresponsibldor strongreflections. How-
ever thesereflectorsaredifferentfrom step-functionsin
the sensehat step-functionsare scale-invariantvhereas
thesesingularitiesarenot. In thispaperamulti-scaleanal-
ysis hasbeenperformedon syntheticandreal well-logs,
aswell ason their reflectionresponsesn orderto testa
methodthat can distinguishbetweenscale-invarianand
scale-varianteflectors We will showthatit is possibleto
extracta stablelocal singularityexponent from awell-
log, andthatwe canobtainthe sameexponenfrom seis-
mic reflectiondata.

Intr oduction

Multi-scale analysisis usually performedon well-logs;
only recentlythis analysidgs beingappliedto seismicdata
[1]. In this paperwe investigatemediathat containdif-
ferenttypesof singularities.If singularitiesaredescribed
in a self-similarway, it can be proventhat, exceptfor
thestep-functiontheyarescale-variantThisimpliesthat
the angle-dependersteismicreflectionresponses scale-
variantaswell, in awaythatis directly linked to the scal-
ing behaviorof thewell-log. In this paperwe will show
how to extracta local singularityexponentothfrom the
well-log aswell asfrom the seismicreflectiondata.In the
first examplewe considera syntheticwell-log with well-
definedself-similar singularities,in the secondexample
thesingularitieswill betakenfrom realwell-logs.

A modelfor a scale-variantsingularities
In this paperwe considersingularitiesof theform

o= el

cal|z/za|*

forz <0

1
for z > 0. @)

Figurelashowsasyntheticwell-log thatconsistof three
suchsingularitieswith « = —0.4, « = 0 anda = 0.2,
respectivelyNotethatfor « = 0 thesingularityreduceso
astep-functionMoreover for arbitrarya thesingularities
areself-similar, accordingo

c(Bz) = f%(z) 8 >0, 2

seeFigure2. This propertywill be exploitedin the anal-
ysis of the multi-scaleAVA behaviorof thereflectionre-
sponseof thesesingularities. But first we analyzethe
multi-scalebehaviorof the singularitiegshemselves.
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Fig. 1. (a) Synthetiavell-log. (b) Wavelettransformof thewell-
log. (c) Positionof modulus-maximénesin waveletransform.
(d) Log-log plot of amplitudealong modulus-maximéines vs.
scale: (top) @« = —0.4, (middle) « = 0, (bottom)a = 0.2.
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Fig. 2. Theself-similarsingularity c(z) of equation(1), with
a = —0.4, ¢c; = 2000 m/s,co = 3000 m/s,z; = z, = 10
m. The“zoom-factor” is choseras3 = 0.2, hencethescaling
factor 3 in equation(2) equalsl.904.

Multi-scale analysisof the singularities

Thefollowing analysids dueto MallatandHwang[3] and
hasbeenappliedto well-logs by Herrmann[2]. Let the
wavelettransformé(o, z) of ¢(z) bedefinedas
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with +(z) beinga properanalyzingwaveletand o the
scaleparameterForthewell-log of Figurela,thewavelet
transformé (e, z) is shownin Figure1b.

Replacing’ by o2/, dz’ by odz’ andsubstitutingequation
(2) yields

é(o,z) = 0'0‘/_ c(zN(2 — z/o)d, 4)

or, comparingheright-handsidewith thatof equation(3),

()

Let z = zyax denotethe z-value for which |&(o, z)]

reachesa local maximum for a fixed scales. Mal-

lat and Hwang [3] definea modulusmaximaline asthe
curvein the (o, z)-planethat connectshe local maxima
|é(0, zmax )| for all o, seeFigurelc. Fromequation(5) it

follows thatthelogarithmof theamplitudealonga modu-
lus maximaline is givenby

éo,z) = 0é(1, 2z /o).

(6)

seeFigureld. It appearghatthe slopeof this modulus
maximafunctionis equatlto thelocal singularityexponent
a. Herrmann2] hasappliedthis type of multi-scaleanal-
ysisto realwell-logs. His resultsshowthatthe modulus
maximafunctionsof manysingularitiesin well-logs ex-

hibit a constantx behavior(asin Figure1d) overa wide

rangeof scales.

log|é(o, zmax)| = alogo + log|é(1, zmax /)],

Multi-scale AVA analysisof the reflectionresponse

Figure3ashowsthe planewaveresponsef the well-log
of Figurelain theray-parameteintercept-timep, v) do-
mainaswell asanimagein theray-parametedepth(p, z)
domain.Notethatthis reflectionresponsewhichis mod-
eled by a reflectivity method,hasbeenconvolvedwith
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Fig. 3: (a) Planewaverespons(p, -domain)of synthetiavell-
log. (b) Imagedplanewaveresponsép, z-domain).

a (symmetrical)wavelet,to representhe datain a more
comfortableway.

In this section we will derive the multi-scale AVA-

behaviorof this reflectionresponse Our startingpoint is

thewaveequationin the (p, 7)-domainwith ¢(z) defined
by equation(1):

9? 1 5\ 02
[87_ (m_If) W]u(zapa T) =0. (7)

Replacing: by 8z, substitutingequation2) andmultiply-
ing theresultby 32 gives
u(fz,p,7) = 0.

82 1 o, \2 82
[W‘(W_(ﬂ ) )(057)] ®)

The term betweenthe squarebracketsis the sameas
in equation (7), with p replacedby g“p and = re-
placedby 3%~'r. Hence,equation(8) is satisfiedby
u(z, B%p, 3~ 'r) aswell asu(pz, p, 7). Consequently

u(z, B%p, 877 ') = fla)u(Bz,p,7), 9)

wheref(«) isanundeterminedi-dependenrfactor. In the
upperhalf-space: < 0 we definean‘incident’ wavefield
u'™° (with positivepowerflux) anda ‘reflected’'wavefield
u™f1 (with negativepowerflux), bothobeyingequation(9)
with oneandthesamefactor f (). Forouranalysisvedo
not needto specifythis ‘decomposition’any further. We
relatetheseincidentandreflectedvavefieldsvia areflec-
tion kernelr(p, ), accordingio

ureﬁ(_€’ D, T)

/ r(p, 7 — )l (—¢, p, r)d T,
—ee (10)

with ¢ — 0. Replacinge by B¢, substitutingequation(9)

for v'"¢ andw**! andcomparingthe resultwith equation
(10) learnsthat the reflectionkernel obeysthe following

similarity relation

r(p,7) =B r(8%p, 57 T). (11)
Weintroducethewavelettransformof r(p, 7) by
e} /
. _ : , T —T ,
o) = [ (T )ar @

Substitutingequatior(11), replacingr’ by 81 ~*7’ anddr’
by g'~*dr’ yields

R r')w(%)dr'k o
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Fig. 4: Multi-scalerepresenations(p, o, z) of theimagedseis-
mic dataof Figure 3b.

or, comparingthe right-handside with that of equation
(12),

#(p,o,7) = #(B%p, B o, 7 T). (14)

Let 7 = mmax denotethe r-valuefor which |#(p, o, 7)|

reachests maximumfor fixed p andeo. We definea mod-
ulusmaximaplaneasthe planein the (p, o, 7)-spacehat
connectghelocal maximal7(p, o, Tmax)| for all p ande.

It follows from equation(14) thatthereflectionamplitude
in amodulusmaximaplanebehavess

|7;(pa T, TmaX)| = |f'([7)apa /3(1_10_’ ﬂa_leaX)l- (15)

The latter equationimplies that contoursof constantre-
flection amplitudein a modulusmaxima plane are de-
scribedby

p'~%® = constant. (16)
The same contours of constant reflection amplitude
|7(p, 0, zmax)| arefoundin the modulusmaximaplanes

of theimagedreflectiondata,seeFigures4 and>5.

Exampleson areal velocity well-log

The aforementionednethodhasbeenperformedon cer
tain strongreflectorsin anactualsonicP-velocitylog. In
thefirst exampleapieceof alog (Figure6a)hasbeencho-
senof 1500samplegi.e. 250m) in whichtheacoustiae-
flectionresponsevasmodeled.Making useof the multi-
scaleanalysisa reflectorwasfound at a depthof around
160mwith a constantsingularityexponenta=-0.32(see
Figure6b), in the 2 1og o-range[2,5]. This scalerangeis

a=-04 a=0 a=02
A A A
o o) o)
p> p > p>
@ (b) (©
a=-04 a=0 a=0.2
A A A
o o] [
p> p > p>

@ (© (f)

Fig. 5. Analytical contoursalong whichp' ~®¢® =constant:
(@ o =-04, (b) «a =0, (c) o =0.2. Thecorrespamd-
ing resultsobtainedfromthe multi-scaleimagein Figure 4 are
shownin (d), (e)and(f)

approximatelyequalto a wavelengttof 8 to 60 m, which
correspondso the higherfrequenciesn theseismicspec-
trum. Theimagedreflectionresponsés visible in Figure
6¢. As we haveusedthe samesamplingfor the velocity
functionasfor the imaging, we canstatethat the scales
in all picturesare directly comparable.We canseethat
thereis a strongreflectorwhich correspondgo the one
alreadypointedout. At this depthlevel a wavelettrans-
form hasbeenperformedandwe havemeasuredhe am-
plitude of the envelopeof the reflectivity alongmodulus
maximaplanes.Theresultof thisanalysidgs givenin Fig-
ure6d. Usingequation(16) we derivedfrom thesecurves
a &~ —0.34, whichis quitecloseto thevaluederivedfrom
thewell-log. We havealsoperformedhemethodonalog
in which a step-functiorwaspresen{a ~ 0). Thislog,
which is visible in Figure 7a, containsthis step-function
at a depthof about90 m. The resultsof the multi-scale
analysisareshownin Figure7b. We canclearly seethat
the singularity exponentis approximatelyequalto O for
thelogarithmicscalerange[2,5]. Justasin the foregoing
casetheimagedreflectionresponsés givenin Figure7c,
andthevalueof thereflectivityalongthemodulusmaxima
planeshasbeengivenin Figure7d. In this picturewe can
clearly seethatthe patternis differentfrom Figure6éd. If
we compardghesecurveswith theanalyticalcurvesn Fig-
ure5a,b,c,we canseethatthe trendof the curvesis best
representetly avalueof o = 0.
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Fig. 6: (a) \elocity functionas usedin this example.(b) Log-
log plot of amplitudealongmodulus-maximénesvs. scaleat a
depthofaround160m (slopex =~ —0.32). (c) Imagedreflection
responsef this velocityfunction.(d) |#(p, &, zmaz )| in @Modu-
lus maximaplaneat the samedepthastheanalysisin (b).

Conclusionand discussion

We haveshownthatit is possibleto retrievea scalepa-
rametefromthereflectionresponsef amediumwhichis
consistentvith the onederivedfrom a sonicvelocity log,
in the samescalerange. Up till now, the methodhasnot
beentestedonrealreflectiondata.

Note that we only usedlocal amplitudeinformation (re-
trievedfrom modulusnmaximaplanes)to estimatehesin-
gularity exponent. We will investigatethe possibility to
includelocal phaseinformationaswell, in orderto obtain
morestableestimate®f thelocal singularityexponent.
Whenlooking at the resultsobtainedfrom seismicdata
modeledn therealwell-logs,we expecthatthe singular
ity exponentx mayproveto beausefulseismidndicator,
in additionto otherparameterin AVA inversion.

Fig. 7: (a) \elocity functionas usedin this example.(b) Log-
log plot of amplitudealongmodulus-maximénesvs. scaleat a
depthof around90 m (slopea =~ 0). (c) Imagedreflectionre-
sponsef thisvelocityfunction. (d) |#(p, &, zmas)| in @modulus
maximaplaneat the samedepthasthe analysisin (b).
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