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Summary

We represenfininterfaceby a self-similarsingularity embed-
dedbetweerntwo homogeneoubalf-spacesandwe evaluateits
frequeng-dependetnormalincidencereflectionandtransmis-
sioncoeficients.For f — 0 theexpressiongor thecoeficients
reduceto thosefor a discreteboundarybetweentwo homoge-
neoushalf-spacesfor f — oo theeffect of theembeddindhalf-
spacewvanishesTheseasymptoticexpressiondhave arelatively
simpleform anddependn the singularityexponent.

Next we evaluatethe time-domainreflectionandtransmission
response®f a self-similar interfaceand of its smoothedver
sion. It appearghatsmoothinghashardly ary effectonthere-
sponse provided that the smoothingdoesnot affect the scales
correspondingo the seismicfrequeng range.

Intr oduction

We parameterizaninterfaceby thefollowing singularfunction
for the P-wave velocity:

forz <0

1
forz >0 @

ca|z)22]?
(themassdensitywill be parameterizedsa step-functiorfrom
o1 to g2 throughoutthis paper). Whenonly oneof the param-
etersa; andas is not equalto zerowe speakof a one-sided
singularity;whenbotharenon-zerahesingularityis two-sided.
For a two-sidedsingularity with o7 = a2 = « it appears
that the function in equation(1) is self-similar accordingto
c(Bz) = B%(z), for 8 > 0. Fora; = az = 0 this func-
tion reducedo the usualstep-function.

z<0 | z>0
(n=1) | (n=2)
¢, [mis] 800 1200
on [kg/m®] 1000 | 1000
zp, [M] -5 5
Two-sided:
ay, (= a) -0.4 -04
One-sided:
g, 0 -0.4

Table 1. Parametervaluesusedin theexamplesn this paper

For atwo-sidedsingularity with parameters, ¢,, andz,, asde-
finedin Table 1, the function ¢(z) asdefinedby equation(1)
is shown in Figure la. We applieda multiscaleanalysisto this
function, following the methoddescribedy Mallat andHwang
(1992)andHerrmann(1997). Figure 1b shaws the continuous
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Fig. 1: (a) Two-sidedself-similarvelocityfunction,describedby equa-
tion (1), with o, ¢, and z,, definedn Table 1. (b) Continuousvavelet
transformof the velocityfunctionin figurea. (c) Modulusmaximaline,

obtainedfromfigure b. (d) Amplitude-versus-scal@Vs)curve, mea-
suredalongthemodulusmaximaline in figurec. Theslope(e = —0.4)

correspondso the singularityexponentof thefunctionin figurea.
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Fig. 2: Multi-scaleanalysisof theself-similarvelocityfunctionof Figure
1a, embeddedetweertwo homogeneoshalf-spaces: < z; = —5m
andz > z, = 5m. For smallo theslopeof the AVScurvein (d) is con-
stantand againgivenby o = —0.4; for larges theslopeapproactes
zew, asfor a step-function.

wavelet transformé(eo, z) of this function. In essencehis re-

sult hasbeenobtainedby corvolving ¢(z) with scaledversions
of oneandthe sameanalyzingwavelet, i.e., with §¢(§) (this
waveletwill bediscussedn moredetailin alatersection).The
differenttracesin Figure 1b correspondo different scaless.

Takingthe modulusof thedatain Figure1b andconnectinghe
local maximafrom traceto trace,yields the so-calledmodulus
maximaline thatis shovnin Figurelc. Figureld shavstheam-
plitudesmeasuredlongthis line, on alog-log scale. Theslope
of this amplitude-ersus-scal¢AVS) graphcorrespondso the
singularityexponentoe = —0.4 of the self-similarfunctionin

Figurela(Mallat andHwang,1992). Note thatwhenthis type
of analysiswould be appliedto a step-functionthe slopeof the
AVS curve wouldbezero.

The AVS behaviour, obsenedin Figure 1d, correspondsicely
to thatof severaloutliersin realwell-logs,asanalyzedy Herr

mann(1997). Although this ‘constant-slopebehaviour is not
universal,it makessenseo usefunctionsof theform of equation
(1) for theparameterizationf compositeeflectors.n thispaper
we will considetthesituationin which a self-similarsingularity
is embeddedetweentwo homogeneoubkalf-spaces A multi-
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scaleanalysisof suchanembeddedingularityis shovnin Fig-

ure2. Thesingularfunctionis definedn theregionz; < z < z»

with the parametersf Table1; the velocitiesof the embedding
half-spacesrealsogivenby ¢; = 800m/sandc; = 1200m/s,
sothatc(z) is continuousatz; andz,. Notethatfor smallscales
(0 — 0) the AVS curwe in Figure2d approacheshatin Figure
1d. Soin this limit the embeddinghalf-spacesave no effect
on the scalingbehaviour. For large scales(c — o0) the AVS
cune is nearlyconstantasfor a step-function) which implies
thatin thislimit thescalingbehaviouris fully determinedy the
embeddindhalf-spaces.

In the following sectionswe evaluatethe normalincidencere-
flection and transmissiorpropertiesof this type of self-similar
interface. Sincethe resultsare exact, they may sene asa ref-
erencdor approximatesxpressiongor moregenerakituations.
For example,Dessing(1997) analyzeshe responsef another
classof scale-dependemneflectormodels.For a symmetricself-
similar singularity (without embeddindhalf-spaces)his results
areconsistentith thehigh-frequeng expressionsn this paper

For the obliqueincidenceresponseo explicit expression$ave
beenfound yet (except for « 0ande = —1). How-
ever, by exploiting theself-similaritypropertyc(8z) = 8%¢(z),
it is possibleto derive self-similarity relationsfor the angle-
dependenteflection and transmissiorncoeficients. A further
discussiorof theseextensionds beyondthe scopeof this paper
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Fig. 3: Modulusof thereflection(a) andtransmissior{b) coeficientsof
the embeddedwo-sidedsingularity of Figure 2a (solid) andtheir high-
frequencyapproximationgdashed).
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Fig. 4: Phaseof thereflection(a) and transmission(b) coeficientsof
the embeddedwo-sidedsingularity of Figure 2a (solid) andtheir high-
frequencyapproximationgdashed).
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Reflectionand transmissioncoefficients

The exact reflection and transmissioncoeficients for a self-

similar singularity embeddedetweertwo homogeneoubalf-

spacesarederived in WapenaaK1998). Herewe considerthe
embeddedwo-sidedsingularityof Figure2a,with «, ¢, g5, and
zn definedin Tablel. In Figures3 and4 themodulusandphase
of R andT* areshown asa function of the frequeng. The
low- andhigh-frequeng limits will bediscussedh the next two

sections.

Zero-frequencylimit

For two-sidedaswell asone-sidedsingularitiesembeddede-
tweentwo homogeneousalf-spaceshelimits for f — 0 of the
reflecionandtransmissiorcoeficientsR* and7* aregivenby

Rt =-p~ - 2299 @
202 + gi1c1
2./p2c201C -
TH=TT o MEEAN T (R
@202 + 0101

Notethatthesecoeficientsareequalto the flux-normalizecco-
efficients for a discreteboundarybetweentwo homogeneous
half-spacesg,e., for the situationin which the velocity andden-
sity aredescribedy step-functionsThis is consistentvith the
multi-scaleanalysisin Figure2, whichrevealedthatfor large o
theembeddedelf-similarsingularitybeharesasa step-function
(bearin mind thatthescales is proportionalto thewavelength,
henceg — oo correspondso f — 0). Forthevaluesof ¢,, and
o~ in Tablel, equationg2) and(3) yield Rt = —R~ — 0.2
and1* — 1/0.96 (seeFigure3for f — 0).

High-fr equencybehaviour for two-sidedsingularities

For embeddedwo-sidedsingularitiesve takeagaina: = a2 =
a (and|z1| = |z2|). Forthis situationthelimits for f — oo of
thereflecionandtransmissiomoeficientsR* andT* aregiven
by

—jv

™ 2v v 2v
e 025" + e gic]

Rt = (R} ] 4
{ } — J 92(:%” T Qlff‘%y 7( )

2 : . 2v 2v
T - slrl(w'r')\/ggc2 0167 7 ®)

2 2
0205" + g1cy”

with v = 1/(2 — 2a) ande < 1. Notethattheseasymptotic
expressionsare frequeng-independat. The factor ;7 in equa-
tion (4) correspondso a Hilbert transformin the time domain.
For ¢,,, . and z,, asdefinedin Table1 andvariable «, the
modulusand phaseof the high-frequenyg reflectionandtrans-
missioncoeficients Rt and T* are shawvn in Figure5. For
o = —0.4 we have |R%| — 0.4528, arg(RT) — 73.37°,
arg(R™) — 106.63°, |T%| — 0.8916, arg(T*) = 0°. These
values(exceptarg(R™)) arerepresentethy the dashedinesin
Figures3 and4. The coeficientsin equationg4) and (5) are
equalto the exact coeficientsfor a two-sidedself-similarfunc-
tion describedy equation(1), (i.e., withoutthe embeddingo-
mogeneoudalf-spaces)This is consistentvith the multi-scale
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Fig. 5: High-frequencypproximationof themodulus(a) and phase(b)
of the reflectioncoeficient Rt (solid) and the transmissiorcoeficient
Tt (dashed)of an embeddedwo-sidedsingularity The moduliand
phasesare plottedas a functionof the singularity exponento; the pa-
rameterscy,, o, and z, are definedin Table 1. For « = —0.4 the
moduliandphasesorrespondo thosein Figures3 and4 for f — oo.
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analysisin Figuresl and2, which revealedthatfor small s the
embeddindhalf-space$ave no effect on the scalingbehaviour
of the singularity (bearin mind thate — 0 correspondgo
f — o0). At thispointit is usefulto give aquantitatve interpre-
tation of the scaless alongthe horizontalaxesin thesefigures.
As we mentionedn theintroduction the multiscaleanalysisin-
volvesacorvolutionwith ascaledvavelet L ( Z). Thewavelet
thatwasusedin Figuresl and?2 is the derivative of a Gaussian,
eXp [_( 20’AZ

definedas
2\ _ 9 )’]

¢(;) T 9z 2,/7 ’
with Az = 0.1 m. The Fourier transformof this wavelet is
j(koAz) exp[—(koAz)?] and reachests maximumat ko
1/(0Az/2). Hence,the effective wavelengthof the analyz-
ing waveletis given by des = 27/ko = 2v2rwaAz, from
which we derive thatlog,oc = {2, 4, 6, 8, 10} corresponds
to Aesr {3.5, 14, 57, 228, 910} m. Unfortunatelythese
wavelengthscannotbe uniquelyrelatedto seismicfrequencies,
sincethe velocity is not constant. Using an effective velocity
cei We definethe correspondingffective seismicfrequeng as
fet = i—ffff Choosing(quite arbitrary) ces = 2000 m/s, we
thusfind thatthe aformentionedangeof scalescorrespondso
fer = {570, 142, 34, 9, 2.2} Hz. Hencethescaledog,o = 4
tolog,o = 8 roughlycorrespondo the seismicscalerange.In
Figures1d and 2d we obsere that the AVS curves of the ve-
locity functionsin Figureslaand2amatchvery accuratelyfor
scalessmallerthanthe seismicscales;within the seismicscale
rangethey follow a similar trendandfor larger scalesthey are
completelydifferent.Hence thehigh-frequeng approximations
given by equations(4) and (5) are very accuratefor frequen-
ciesaborethe seismicfrequeny range.How well they perform
within the seismicfrequeng rangewill beinvestigatedvith an
examplein alatersection.
High-fr equencybehaviour for one-sidedsingularities
For embeddedne-sidedingularitiesve takea; = 0 anda; #
0. For this situationthe limits for f — oo of thereflecionand

z
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transmissiorcoeficientsR* and7'* aregivenby
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withw = 2nf, v = 1/(2 — 2a2) anda, < 1. Notethatthese
asymptoticexpressionsarefrequeng-dependent,nlike theco-
efficientsin equationg4) and(5) for the two-sidedsingularity
Thefactors(jw)' =¥ correspondo a fractionaldifferentiation
or integrationin the time domainfor negative and positive a2,
respectiely.

For a3, ¢, 0, andz,, asdefinedin Table1, the modulusand
phaseof the high-frequeng reflectionandtransmissiorcoefi-
cientsR* and7™* areshownin Figure6.
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Fig. 6: High-frequencyapproximationof themodulus(a) and phase(b)
of the reflectioncoeficient Rt (solid) and the transmissiorcoeficient
T+ (dashed)pf an embeddeane-sidedsingularity, for the parameters
definedn Table 1.

Reflectionand transmissionresponses

In this sectionwe considetthetime-domairreflectionandtrans-
missionresponsesf theembeddedwo-sidedsingularityshavn

in Figure2a. For the downgoingincidentwave field we choose
aRickerwavelet,definedoy s (t) = (1 — 2x° f2¢%)e™" fa*’,

with fo = 50Hz. The Fourier transformof this wavelet is
Sr(f) = %;—z e=f*143 . Multiplying this spectrumwith the
0

exact comple reflectionand transmissiorcoeficients of Fig-
ures 3 and 4 and transformingthe resultsback to the time-
domainyieldsthereflectionandtransmissiomesponsesshavn
by thesolidlinesin Figure7. Notethatin thereflectionresponse
a significantphasedistortionof the Rickerwaveletis obsened,
in agreemenwvith Figure4a. Thetransmissiomesponsegnthe
otherhand,hasundegonenearlyno phasedistortion,in agree-
mentwith Figure4b. Figure7 alsoshows the high-frequeng
approximation®f thereflectionandtransmissiomesponsesje-
notedby the crosseg+). Theseresponsetave beenobtained
usingthe asymptoticreflectionandtransmissiorcoeficientsof
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Fig. 7: Reflection(a) and transmission(b) responsesf the embedded
two-sidedsingularity of Figure 2a (solid) and their high-frequencyap-
proximationg(+).

004 003 002 -0.01

Figure5 (for « = —0.4). Note that the main featuresof the
exact responsesarereasonablyvell reproducedy thesehigh-
frequeng approximations.

The effectof singularity smoothing

Dueto the band-limitednatureof a seismicsource only a lim-

ited rangeof scalesof aninterfacewill affectits reflectionand
transmissiomesponsesln particular remaving smallscaleshy

smoothingthe singularitywill only have a smalleffectonthese
responsesln this sectionwe investigatethis effect with a nu-
mericalexperiment.

Figure 8a shovs a smoothedversionof the previously consid-
eredself-similarinterfaceof Figure2a. Figure8b shovsa mul-

tiscaleanalysisof this smoothednterface.Comparingthe AVS

curve of Figure8d with thatof the original interface(Figure2d)

revealsthatin theseismicscalerange(log,o = 4 tolog,o = 8)

theseAVS curvesdo not deviate significantly Hence,we may
expectthat the smoothinghasnot much effect on the seismic
reflectionandtransmissiomesponses.

The numericallymodeledresponse®f the smoothednterface
in Figure8aarerepresentedy the crosseg+) in Figure9; the
solid linesin this figure areagainthe exactresponsesf theun-
smoothednterface.Indeedthe smoothinghashardlyary effect
ontheseresponses.

Conclusions

We have introduceda scale-dependeimterfacein which a self-
similarsingularityis embeddethetweertwo homogeneoukalf-
spaces. A multiscale analysisrevealedthat for large scales
(6 — o0) this interfaceis indistinguishablefrom the usual
step-functionwhereasfor small scales(c — 0) the scaling
behaviour is dominatedby the singularity We have presented
analyticalresultsfor the normalincidencereflectionandtrans-
missioncoeficientsof this interface. Thesecoeficientsappear
to be frequeng-dependen For small frequencies(f — 0)
thesecoeficients reduceto the well-known coeficients of a
step-functiorinterface whereador largefrequenciegf — o)
the coeficientsare equalto thoseof a singularfunction with-
outtheembeddindnalf-spacesFor two-sidedsingularitiegshese
asymptoticcoeficientsarefrequeng-independet) the factor 5
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Fig. 8: Multiscale analysisof a smoothedversionof the interface of
Figure 2a.
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Fig. 9: Reflection(a) and transmission(b) responsesf the embedded
two-sidedsingularity of Figure 2a (solid) and of its smoothedrersionin
Figure8a(+).

004 003 002 001

in the expressiorfor the reflectioncoeficient correspondso a

Hilberttransformin thetime domain.For one-sidedingularities

theasymptoticcoeficientsarefrequeng-dependentthe factors
jw)' ™% correspondo a fractionaldifferentiation/intgration

in thetime domain.

Using a numerical method we modeledthe responseof a

smoothedrersionof the singularity We shaovedthatsmoothing

hashardlyary effecton theresponseprovidedthatthe smooth-

ing doesnot affect the scalescorrespondingdo the seismicfre-

gueng range.

Througouthis papemwe haverestrictedoursehesto thenormal

incidenceresponsesf one particularform of a self-similarin-

terface. Sincetheresultsareexact,they mayseneasareference

for approximatexpressionshatcanhandlemoregenerakitua-

tions.
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