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Summary

Inthis papemwe presenticoustiaeciprocitytheoremgor thefull
andone-waywave equationgndwe discusgheir applicationin
time-lapseseismics.

Intr oduction

Reciprocitytheoremsplay animportantrole in formulatingtrue
amplitudeoperationson seismicwave fields, suchas multiple
elimination, migrationand characterizationln generala reci-
procity theoreminterrelateshe quantitiesthat characterizewo
admissiblephysicalstatesthatcould occurin oneandthe same
domain(de Hoop, 1988). Onestateis identifiedwith anactual
measurementyhile theotherstatecaneitherbeacomputational
state(e.g. migration operators)a desiredstate(e.g. multiple-
free data)or an other measuremenfcharacterizingime-lapse
differencesn thereserwir).

In theusualpracticeof seismicdataanalysigwo classe®f wave
equationsare used,viz. the full wave equationexpressedn
termsof the acoustigpressurendparticlevelocity andtheone-
way wave equationsexpressedn termsof down andup going
waves.Accordingly, reciprocitytheoremsanbe formulatedfor
both classeof wave equations.In this paperwe presentreci-
procity theoremdor the full wave field aswell asfor its down
andup going constituentandwe discusssomeof their applica-
tions.

Reciprocity theorem for the full wavefield

In this sectionwe review the scalarform of the acousticreci-
procity theoremof the convolution type. We closelyfollow de
Hoop (1988)and Fokkemaandvan denBerg (1993). The for-
merauthorderivesreciprocitytheoremsn thetime domain;the
latter authorsin the time domain,the Laplacedomainandthe
frequeny domain. Here we only considerthe frequeny do-
main.

Basicacousticequations
In thespace-frequengd x, w) domaintheequationghatgovern
linearacoustiovave motionread

Ok P + jwoVi = Fy 1)

and

Vi + jwkP = Q, )

where P is the acousticpressureV;, is the particle velocity, ¢
is the volume densityof mass,x is the compressibility F}, is
thevolumesourcedensityof volumeforceandq@ is thevolume
sourcedensityof volumeinjection rate. The Latin subscripts
takeon thevaluesl to 3 andthe summatiorcorventionapplies
to repeatedsubscripts.

Recipocity theorem of the corvolution type for the full wave
field

We introducetwo acousticstateqi.e., wave fields, mediumpa-
rametersand sources) that will be distinguishedby the sub-
scriptsA and B. Forthesetwo statesve considettheinteraction
quantitydx{ Pa Vi, 5 — Vi, a Ps}. Applying theproductrule for
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Fig. 1: Configurationfor Rayleighsreciprocitytheoem.

differentiation, substitutingequations(1) and (2) for statesA
and B, integrating the resultover a volume V with boundary
Y andoutwardpointing normalvectorn = (n, n2, ns) (see
Figurel) andapplyingthetheoremof Gaussgyields

/ {PaVi,B — Vk,aPB}nirdA = 3)
Xeov

—jw | {Pa(kp —64)P — Vi,a(0os — 04)Vi,B}dV
XeVv
4+ | {PaQ — Vi,aFr B+ FraVip — QaPp}dV.
Xev

Equation(3) is RayleighsreciprocitytheoremRayleigh,1878).
We concludethis sectionby consideringsomespecialcases.
Unboundedmedia — Consider the situation in which the
medium at and outsidedV is homogeneousunboundedand
source-frean both states.Assumethatthe wave fields in both
statesarecausallyrelatedto thesourcesn V. Then,if g4 = g5
andka = kp at andoutsidedV, the boundaryintegral on
the left-hand side of equation(3) vanishes(Bleistein, 1984,
FokkemaandvandenBerg, 1993).

Physicalreciprocity — Assumehattheabove mentionedccondi-
tionsarefulfilled andthatg4 = ¢5 andx 4 = k5 in V aswell.
Thenthe first volume integral on the right-handside of equa-
tion (3) vanishes Furthermoreconsiderpoint sourcesn states
AandB atxa € V andxg € V, respectiely, accordingto
Qa(x,w) = a(w)d(x —x4), Q(x,w) = an(w)(x — x5),

with ga(w) = ¢gs(w) and Fj a(x,w) = Fr p(x,w) = 0.
Equation(3) thusyieldsthewell-known result
Pa(xBl|xa,w) = Pp(xalxB,w). 4)

Reciprocity theoremfor one-waywave fields

In this sectionwe review the matrix-vector form of the acous-
tic reciprocitytheoremfor one-waywave fields (Wapenaaand
Grimbegen,1996).

One-waywaveequationin matrix-vectorform

We introducea systemof coupledequationsfor the one-way
wavefields Pt andP~, propagatingn thepositive andnegative
depthdirection, respectiely, originating from sourcesSt and
S

5P =BP+8S (5)
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Fig. 2: Bothtermsof theinteractionquantityfor theone-wayreciprocity
theoremofthecornvolutiontypecontainwaveghatpropagaten opposite
directions.

(thehatdenotesa pseudo-diferentialoperator) with

Pt St
P= (P‘) and S = (S‘)' (6)
Theone-wayoperatomatrix B is definedas
o [(—iHi 0O T -R
B=("" . L 7
~ ( 0 j%1>+(—R T>7 )

where7; is thewell-known square-roobperatorand 2 and 7’
arethereflectionandtransmissioroperatorsrespectiely.

Recipocity theoem of the corvolution type for the one-way
wavefields

We introducetwo differentstatesthat will be distinguishecby

thesubscriptsA and B. For thesetwo stateswe considertthein-

teractionquantityds {PANP 5}, with N =(°, 1 or, written

alternatvely, 9: { Pt Py — P, P#}. Apparently we consider
the interactionbetweenoppositelypropagatingvaves(seeFig-

ure2).

Applying the productrule for differentiation, substitutingthe
one-waywave equation(5) for statesA and B, integratingthe
resultoveracylindrical volumeY with boundan®V, UdV; (see
Figure3), applymgthetheorermf Gaussandusmgthesymme-
try relationB! <= —NB*N™!, yieldsthe following one-
way reciprocitytheorem

/ PENPBnSdAzf PLINAPgRdV
XE8Vq Xey

+ / {PANSp + SINPg}dV, ®)
Xev
wherethe contrasbperatorA is givenby
A = BB - BA' (9)

Notethattheboundaryintegral overdV,; vanishedFor bounded

AV, thisoccurswhenP 4 andP 5 satisfyhomogeneouBirich-

letor NeumanrboundaryconditionsondV, . Ontheotherhand,
when 3V is unboundedhis boundarycontribution also van-
ishesundertheconditionthatP 4 andP 5 have sufiicientdecay
atinfinity.

We concludethis subsectiorby analyzingreciprocitytheorem
(8) for somespecialcases.

n'= (n1,n,0)

Fig. 3: Modifiedconfiguratiorfor theone-wayreciprocitytheoem.The
combinatiorof thetwo planar surfaceds denotedy 8V, ; the cylindri-
cal surfaceis denotecby 5V .

Unboundedmedia — Consider the situation in which the
mediumat and outsidedV, is homogeneousunboundedand
source-frean both states.Assumethatthe wave fields in both
statesarecausallyrelatedo thesourcesn V. Thenin bothstates
thewave fieldsareoutgoingatdV, (i.e., PT = P} = 0 atthe
uppersurfaceandP; = Pg = 0 atthelower surfacejandit is
easilyseenthatPiNPp = PI P — Py P} = 0 atoV, so
the boundaryintegral on the left-handside of equation(8) van-
ishes.Apparentlyit is notrequiredthatthe mediumparameters
atandoutsidedV, areidenticalin both statesunlike the con-
ditionsfor the vanishingof the boundaryintegral in reciprocity
theorem(3).

Physicalreciprocity — Assumethatthe above mentionedcon-
ditions arefulfilled andthatga = ¢ andka = kg inside
aswell asoutsideV. Then the first volume integral on the
right-handsideof equation(8) vanishes Furthermoreconsider
point sourcesin statesA andB atx4 € V andxp € V,
respectiely, accordingto Sa(x,w) = sa(w)d(x — x4) and
Sgr(x,w) = sp(w)d(x — x5). Equation(8) thusyields

P} (x5|x4,w)Nsp(w) = —s4(w)NPp(xalxp,w). (10)
For thespecialcasethatsA = (s% 0)" andsg = (s5 0)7,
with s} = s, thisreducego

Py (xplxa,w) = Pg(xalxp,w), (11)
seeFigured.
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Fig. 4: Physicalreciprocityfor one-waysourcesandreceivers.
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Fig. 5: Configurationfor time-lapseseismics.

Reciprocity theoremsfor time-lapseseismics

Sincein areciprocitytheoremtwo statesnteract,it is optimally
fitted to formulatethe relationbetweentwo measurementis a
time-lapseseismicexperiment. StateA is associatedvith the

referencevave field at, say, ¢ = t1, while stateB is associated

with themonitoringwave field at, say ¢t = t> > ¢;. It is noted
that¢, — ¢, is muchlongerthanthe seismicexperimenttime.
In our analysisR® is dividedin threedomains(Figure5): Vs is
the domainwherethereareno differencedetweerthe material
parameterén thetwo statesmostlyassociatedavith thedomain
above thereserwir; thedomainV., for exampleassociateavith
the reseroir, wherethereis a differencebetweenthe material
parametern thetwo statesmostly dueto thereseroir produc-
tion history; and )’ denotesthe complemenof V, U V,; the
materialparameter@ this domainmay or may notbedifferent;
a possibledifferencein this domainis takeninto accountin a
subsequergtep.Thedomainsarespecifiedasfollows

Vo = {X € ]B'37$3 < 13‘;,},
Ve = {xeR <z <as), (12)
V! {x € B®, @3 > #3}.

In the next subsectionsve will discussthe matterfor the two
reciprocitytheoremsliscusse@bove.

Full waveequation

In orderto simplify the analysiswe only considerpoint sources
of the volume injection type. The sourceof stateA is taken
atx = xg, while the sourceof stateB is takenatx = xr,
accordingo

(13)
(14)

QA(X,LU) = qA(w)J(x — Xs),
Qp(x,w) = gp(w)é(x — XR).

Applicationof reciprocitytheorem(3) to domainy = Vo U V.
yields

2

/ {Pa(x|xs)Va, 5 (x[xRr) = Va,a(x|xs) Pr(x|xr)}A

—jw/ {Pa(x[xs)(rB(x) = ra(x)) PB(X|XR)
X€EVe

—Vi,a(x|x5)(eB(X) — 0a(x))Vk,B(x|xR)}dV

+ap(w)Pa(xr|xs) — ga(w) Pp(xs[xr). (15)

Usingphysicalreciprocity(equatiord) we arrive at

45(w)Pa(xr|xs) — ga(w) PB(XR[Xs) (16)

=g [ {Pa(xixs) () = ra(0) Palxlxn)
XeV,
Vi a(x[x5)(25(%) — 24(x))Vi,n(xIxR)}AV +

/ {PA(X|X5':)V3VB(X|XR:) — V37A(X|X5')PB(X|XR:)}C{A.
T3=xy

Thesurfacédntegralontheright-handsideof equation(16)takes

into accounta possibledifferenceof the materialparameterin

V', below the reserwir; it vanishesvhenthereis no difference

betweerthetwo statesn V.

One-waywaveequation

In the one-wayanalysiswe considerpoint-source$or downgo-

ing wavesin bothstatesaccordingo

Sa(x,w) = (sh(w) 0)78(x — xs),
Sp(x,w) = (sh(w) 0)78(x — xr).

Applicationof reciprocitytheorem(8) to domainy = V, U V.
yields

@n
(18)

/ {PX (xlxs) Pg (x|xr) = Py (x[x5)Pg (x|xr)}dA

/ P, (x|xs)N(B s (%) — B.y(x))P5(x|xr)dV
XeEVe

—sh(w) P4 (xrlxs) + sh(w) P5 (xs|xR). (19)
Usingphysicalreciprocity(equationll) we arrive at
sh(w) Py (xrlxs) — sk (w)P5 (xrlxs) (20)

[ PRl (B o) ~ Ba(x)Pr(xlxr)dV -
XeVe
[ APk ) 5 xlcr) = P o) P () YA

As in the previous case the surfaceintegral on the right-hand
side of equation(20) vanisheswhenthereis no differencebe-
tweenthetwo statesn V',

Examples

The materialparametersor State A and StateB, representing
the monitor andthe referencecasesrespectiely, are shovn in
Figure6. For this specificcasethe boundaryintegral in equa-
tion (16) at differentdepthlevels are calculatedandwe discuss
the numericalresults. Time-lapsechangesare modeledinside
the acquisitiondomainV,., C Vo, 3 < 150m, andinside
Ve, 250m < z3 < 700m, at 250m < z3 < 400m and
500m < z3 < 700m. The interfacesare numberedrom 1
to 5. Sourceandreceversarelocatedat adepthof 10m. In Fig-
ure? thedifferenceof themonitorandreferencescatteredvave
fieldsis showvn. The differencereflectioneventsare numbered
accordingo theinterfacesn Figure6. Obsenethe phaseiffer-
encesbetweerthe referenceandmonitorreflectionswhich are
top-davn cumulatve. The boundaryintegral of equation(16) is
calculatecdat the bottomof the acquistiordomain,seeFigure8,
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Fig. 6: \klocitiesof StateA (monitorstate)and StateB (refelencestate).
Temporalchange®ccurin thefirst, third andfifth layer.

Scattered wave field difference
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Fig. 7. Thedifferenceof the monitorand the refeencescatteed wave
fields. Temporalchangesare identifiableas phaseshiftsin difference
reflections.

andatthebottomof thefirst reserwir layer, seeFigure9, at 150
and400m, respectrely. In Figure 8 the differencerefectionl
hasdisappearewhile differencereflection2 is apureamplitude
differencewithout a phasedifference. In Figure9 the differ-
encereflectionsl,2 and 3 have vanishedwhile 4 is now a pure
amplitudereflection. We can concludethatthe boundaryinte-
gral simulatesthe differenceof two time-lapseexperimentsfor
which no temporalcontrastexists above the particularsurface
over which we calculatetheintegral, i.e. for which the volume
integral in equation(16) vanishes.

Discussionand conclusions

In this paperwe have presentedwo formulationsof the reci-
procity theorem Both theoremshav how the acousticstatesat
thesurfaceof someboundediomainarerelatedto contrasfunc-
tionsandsourcedistributionsin this domain. In the reciprocity

Boundary integral at 150 m
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Fig. 8: Theboundaryintegral of equation(16) at 150 m. Equivalentto
a differencewavefield withouttemporalcontrastsabovel50m.

Boundary integral at 400 m
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Fig. 9: Theboundaryintegral of equation(16) at 400 m. Equivalentto
a differencewavefield withouttemporalcontrastsabove400m.

hasbeenthe point of departurefor the derivation of seismic
imagingtechniquedor finely layeredmedia(Wapenaarl996).
Aswe have shavn bothreciprocitytheoremsareusefulfor time-
lapseseismicimagingandinversion(Fokkemaetal., 1997).
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