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Intr oduction

One-waywave equationshave playeda prominentrole in seismicprocessingsincethepioneeringwork of
Claerbout(1971,Geophysics),Berkhout(1979,Geoph.Prosp.)andothers.The reasonfor this is thata
seismicexperimentcanbeexplainedin termsof ‘downgoing’wavestravelingfrom thesourceat theEarth’s
surfaceto a target in the subsurfaceand‘upgoing’ wavestraveling from the target to the receiversat the
surface.One-waywaveequationsnaturallyhonourthisdistinctionbetweendowngoingandupgoingwaves.

Thispaperstartswith areview of reciprocitytheoremsfor one-waywavefields.Thesereciprocitytheorems
formulategeneralrelationsbetweentheone-waywave fields in two different‘states’. Oneof thesestates
is anactualseismicexperiment,while theotherstatecaneitherbea computationalstate(e.g.a wave field
propagator),a desiredstate(e.g.multiple-freedata)or anotherseismicmeasurement(characterizingtime-
lapsedifferencesin the target). Thetitle of this paperrefersto thebook‘Seismicapplicationsof acoustic
reciprocity’ by Fokkemaand van den Berg (1993, Elsevier). Theseauthorsderive seismicprocessing
techniquesfrom Rayleigh’s reciprocitytheoremfor total acousticwave fields. In this paperthe one-way
reciprocitytheoremsform thestartingpoint. Thesetheoremsprovidea theoreticalframe-workfor current
seismicprocessingtechniquesbasedon theone-waywaveequations.Someapplicationswill beindicated.

One-wayreciprocity theoremsin mediawith losses

Theone-waywaveequationandits symmetryproperties

We review the acousticone-waywave equationfor downgoingandupgoingwavesin an inhomogeneous
mediumwith losses.Weintroducea one-waywave vector

�
anda one-waysourcevector � , accordingto�������	���
� and � ���������
���� (1)

Thesuperscripts� and � standfor ‘downgoing’and‘upgoing’, respectively. In thespace-frequency ���������
domain,theone-waywave equationreads � � �!�#"$
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(the circumflex denotesa pseudo-differentialcontaining
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is the well-known square-root
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arethereflectionandtransmissionoperators.

We definethebilinearform @BAC�DAFEBG andthesesquilinearform @BAC�DAFEBH accordingto@JIK�MLNEBG ��O IQPR�S�NTU��L�����TV��W < ��T and @JI��BL�EBH ��O IYXZ����T���L[����TV�\W < �]T^� (4)



where P denotestransposition,X denotesadjoint(here:transpositionandcomplex conjugation)and � T ��J_ : �`_ < � . We introducethetransposedoperator
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Usingthesedefinitions,thetransposedandadjointone-wayoperatormatricesobey"$
˜
Pcb

˜

� � b
˜

"$
˜

and
"$
˜
X�d
˜

� � d
˜

"$
˜ e � (6)

with b
˜

�gf�h ij i�hJk and d
˜

�gfDi hh j ilk . Thefirst symmetryrelationin equation(6) wasderived in Wapenaar

andGrimbergen(1996,Geoph.J. Int.) for losslessmedia.UsinganapproachmodifiedafterDillen (2000,
Ph.D.thesis,Delft), it appearsto hold in mediawith lossesaswell. Theprime e in thesecondsymmetry
relationin equation(6) denotesthat this operatoris definedin theadjoint (=complex conjugate)medium.
Whenamediumis passive,its adjointmediumis activeandviceversa.

Reciprocity theoremof theconvolutiontypefor one-waywavefields

We introducetwo differentstatesthat will be distinguishedby the subscriptsm and n . For thesetwo
stateswe considertheinteractionquantity

� �po � Pq b
˜

�srut
, or, written alternatively,

� �DoYvUwq vyxr � vyxq vUwr t
.

[For comparison,FokkemaandvandenBerg considerthe interactionquantity

��z oYv q|{ zZ} r � { z~} q v r t ].
Apparently, we considertheinteractionbetweenoppositelypropagatingwaves.Applying theproductrule
for differentiation,substituting the one-waywave equation(2) for statesm and n , integratingthe result
over a cylindrical volume � with boundary

� ���[� � � : (seeFigure1), applyingthetheoremof Gaussand
usingthefirst symmetryrelationin equation(6) yieldsthefollowing one-wayreciprocitytheoremO ���p�Z� h � Pq b ˜ ��r�� � W
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˜
� "$
˜
r � "$

˜
q � �sr W � ��� O ���D� o � Pq b ˜ � r ���NPq b

˜
�Urut W � ��� (7)

with
� � � �U� at theuppersurfaceof

� ��� and
� � � �^� at thelowersurfaceof

� ��� .
Reciprocity theoremof thecorrelationtypefor one-waywavefields

We considerthe interactionquantity

� �po � Xq d
˜
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, or, written alternatively,
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,

where� denotescomplex conjugation.Following thesameprocedureasabove,usingthesecondsymmetry
relationin equation(6), yieldsthefollowing one-wayreciprocitytheoremO ���Y�Z� h � Xq d
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Representationtheoremfor one-waywavefields

We introduceaone-wayGreen’smatrix �
˜

whichsatisfiesthefollowing one-waywaveequation�K� �
˜
�����B� e � � "�$

˜
���]�`�

˜
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with � ���]� � � �J_ : � � �J_ < � � �J_ � � and �
˜

beingthe �	�^� identitymatrix.
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is somereferenceone-wayoperator.

�� � �
� � �

� � � �   �   ¡ ¢ £
¤ ¥ ¦ § ¨ § ¨ © ª « ¬  ® ¯ ° ® ± ° ² ³

´ µ¶ · ¸ ¹

Figure1: Configurationfor theone-wayreciprocity theorems.Thecombinationof thetwo planarsurfaces
is denotedby

� ��� ; thecylindrical surfaceis denotedby

� � : .



The two columnsof �
˜
���[�B� e � representtwo independentGreen’s one-waywave vectorsat observation

point � , relatedto two independentone-waysourcesat sourcepoint � e . Usingreciprocitytheorem(7) we
canderive �

˜
��� e �M� eºe � � � b

˜

x : �
˜
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Next wederivearepresentationfor theone-waywavefield vector
�

, obeying equation(2). Thiswavefield
vectorwill beusedasstateB in thereciprocitytheorem(7). TheGreen’s matrix �

˜
, obeying equation(9),

will play theroleof stateA. We thusobtainÉ �S� e � � �S� e � � O � �
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wherethecharacteristicfunction É andthecontrastoperator
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˜

aredefinedasÉ �S� e � �ÏÎÐÐÑ ÐÐÒ
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Notethattheright-handsideof equation(11)contains,respectively, a ‘direct wave’ contribution,a bound-
ary integralover the‘interactionquantity’ �

˜
�

anda volumeintegralover the‘contrastoperator’
"Í
˜

.

Applications

Theone-wayreciprocitytheorems(7)and(8)aswell astheone-wayrepresentationtheorem(11)havemany
applications.We mentionforwardandinverseextrapolationin finely layeredmedia,multiple elimination,
andtime-lapseseismics.As anexample,herewediscussmultipleelimination,usinga similarapproachas
FokkemaandvandenBerg (1993)andvanBorselenet al. (1996,Geophysics).We startby deriving an
integral equationfor multiples,relatedto a reflectingboundary. This boundarymayrepresenttheEarth’s
freesurface,theoceanbottom,or any reflectorin thesubsurface.Wedenotethis reflectingboundaryby Þ .
Wedefinethevolume � entirelybelow Þ , in suchawaythatits upperboundaryapproachesÞ (asalimiting
process)from below andits lower boundarylies below all inhomogeneitiesin thesubsurface.We denote
theupperboundaryby Þ w andthelowerby Þuß , respectively, seeFigure2b. Weemployrepresentation(11)
to this configuration,where

�
denotestheone-waywave vectorrelatedto theactualsituation(hence,

v w
and

v x
includethemultiplesrelatedto thereflectorÞ ). We assumethat thesourceis situatedat or aboveÞ , so the first volumeintegral on the right-handsideof equation(11) vanishes.Moreover, theboundary

integral in equation(11) reducesto anintegralover Þ w only, with
� � � �U� . Throughout� wechoosethe

referencemediumequalto theactualmedium,sothelastvolumeintegralontheright-handsideof equation
(11)vanishesaswell. Hence,for � e�à Þ w we obtain�� � ��� e � ��OKáâ �

˜
��� e �B��� � �S�Ë�\W < �NT � (13)

ã ä å æ ç èé ê
ë ì
í î ïð ñ ò óô õ ö ÷ø ùú û

ü ý
þ ÿ �

� � � � � �
� �

Figure2: (a) StateA: the multiple-freeimpulseresponse	

x } w ��� e �B�]� . (b) StateB: the actual one-way
responses

v w ���]� and

v x ��� e � , includingocean-bottomrelatedmultiples.



We have not yet specifiedthe referencemediumfor the Green’s matrix outside � . In the following we
chooseanon-scatteringreferencemediumin thehalf-spaceabove Þ w (Figure2a).Thelower-left element
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Figure3: Downgoing(a) andupgoing(b) wavefieldsat Þ w , obtainedby decomposingthe pressure and
velocityat theoceanbottom Þ . (c) Themultiple-freeresponse	

x } w
, obtainedby invertingequation(15).

of the Green’s matrix, i.e., 	

x } w ��� e �B�N� representsthe reflectionimpulseresponseof the mediumin �
withoutmultiplesrelatedto thereflector Þ ; this is theresponsethatwe areafter. Theupper-right element
is the reflectionresponseof the mediumabove Þ w , henceit equalszero. The diagonalelementsof �

˜
arethe direct downgoingandupgoingwavesat Þ w . From equation(9) it follows that they aregivenby

:< � ��� eT � �]T�� ��


:< � � _ e : �%_ : � � �J_ e < � _ < � . The factor

:<
is dueto the fact that � e and � areboth onÞ w ; theplusandminussignsfollow from theboundaryconditions(i.e.,outgoingwavesfor _ � � �� and_ � �  ). Hence,we mayrewrite equation(13) for � e à Þ w as�� ���	�,½C¾ÀCÂ��
]½C¾ÀCÂ � � OKáâ � 0��� ½C¾À��)�¾ � Â Ú»V
Ç¼ �,½C¾ÀJÁÄ¾ Â ) 0

��� ½C¾À��)�¾ � Â � �a�	��½C¾NÂ��
|½C¾ÇÂ � W < ��T^� (14)

from whichwe obtain v x �S� e � � O áâ 	 x } w ��� e �B�]� v w ���|��W
< �]T^� (15)

for � e à Þ w . Notethatwehaveobtainedanintegralequationfor thereflectionimpulseresponse	

x } w ��� e �M�]�which doesnot containmultiplesrelatedto thereflector Þ (Figure2a). The one-waywave fields

v w ���]�
and

v x ��� e � representtheactualsituationincludingthemultiplesrelatedto Þ . Since 	

x } w
dependson � easwell ason � , it cannot beresolvedfrom a singleseismicexperiment(exceptwhenthereareno lateral

variationsin which case	

x } w ��� e �B�]� is invariantwith respectto lateralshifts). Hence,in generalequation
(15) canonly be resolvedwhenmany independentseismicexperiments(relatedto differentsourceposi-
tions)areavailable. In principleit involvesa multi-dimensionaldeconvolution of theupgoingwave fields
by the downgoingwave fields. The ideaof resolvingthe multiple-freeresponseby ‘dividing’ the upgo-
ing wavesby the downgoingwaveshasbeendiscussedbeforeby amongstothersKennett(1979,Geoph.
Prosp.),Berkhout(1982,Elsevier), WapenaarandVerschuur(1996,DelphiAcquisitionproject,Delft), Zi-
olkowskietal. (1998,SEG)andAmundsen(1999,SEG).Thelatterauthoralsousesrepresentationtheory,
analogousto FokkemaandvandenBerg, to arrive at an integral equationfor surfacemultiples,similar to
equation(15).Thepresentresultis valid for surfacemultiples,oceanbottommultiplesor internalmultiples.
Unfortunately, direct inversionof equation(15) is unstable,becausethespectrumof thewavefield

v w ���]�
containsnotchesdueto themultiples.In WapenaarandVerschuur(1996,DelphiAcquisitionproject,Delft)
wediscussedaprocedureto stabilizethis inversion.An exampleis presentedin Figure3.

Conclusions

We have derived reciprocityandrepresentationtheoremsfor one-waywave fields in mediawith anelas-
tic losses.Applicationsarefound in forwardandinverseextrapolationin finely layeredmedia,multiple
elimination(free-surface,oceanbottomor internal)andin time-lapseseismics.


