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Intr oduction

One-waywave equationshave playeda prominentrole in seismicprocessingincethe pioneeringwork of
Claerbout(1971, Geophysics)Berkhout(1979,Geoph. Prosp.) andothers. The reasorfor this is thata
seismicexperimentcanbe explainedin termsof ‘downgoing’ wavestraveling from thesourceattheEarth's
surfaceto a targetin the subsurfaceand ‘upgoing’ wavestraveling from the tamget to the receversat the
surface One-waywave equationgaturallyhonourthis distinctionbetweerdovngoingandupgoingwaves.

This paperstartswith areview of reciprocitytheoremdor one-waywavefields. Thesereciprocitytheorems
formulategeneralelationsbetweerthe one-waywave fieldsin two different‘states’. Oneof thesestates
is anactualseismicexperiment,while the otherstatecaneitherbe a computationaktate(e.g. a wave field
propagator)a desiredstate(e.g. multiple-freedata)or anotherseismicmeasuremer{tharacterizingime-
lapsedifferencesn thetarget). Thetitle of this paperrefersto the book‘Seismicapplicationsof acoustic
reciprocity’ by Fokkemaand van denBerg (1993, Elsevier). Theseauthorsderive seismicprocessing
techniqguedrom Rayleighs reciprocitytheoremfor total acousticwave fields. In this paperthe one-way
reciprocitytheoremdorm the startingpoint. Thesetheoremsrovide a theoreticaframe-workfor current
seismicprocessingechniquedasedn the one-waywave equations Someapplicationswill beindicated.

One-wayreciprocity theoremsin mediawith losses
Theone-waywaveequationandits symmetnproperties

We review the acousticone-waywave equationfor downgoingandupgoingwavesin aninhomogeneous
mediumwith lossesWe introducea one-waywave vectorP anda one-waysourcevectorS, accordingto

_ P+ _ St
P_<P_) and S_<S—)' (1)
Thesuperscripts- and— standfor ‘downgoing’and‘upgoing’, respectiely. In thespace-frequeryq(x, w)
domain theone-waywave equatiorreads

;P = BP + S, 2)

wherethe one-wayoperatomatrix B is definedas

o= (3" )+ (G 7 )

(the circumflex denotesa pseudo-diferential containinggd; and ds). , is the well-known square-root
operatorand R and7’ arethereflectionandtransmissiomperators.

We definethebilinearform (-, -), andthe sesquilineaform (-, -) ; accordingio

(f8)s = [ F'(uglen)d®n and (F.g). = [ £(xm)g(xr)a?, @



where’ denotegransposition! denotesadjoint (here:transpositiorandcomplex conjugationjandxz =
(z1,22). We introducethe transposedperato3’ andtheadjointoperatoB ' via

(Bf,g), = (f,B'g), and (Bf,g),=(f,Bg).. (5)
Usingthesedefinitions thetranspose@ndadjointone-wayoperatomatricesobey
B'N=-NB and B'J=-JB, (6)

with N :(_01 N andJ =(! _°1>. Thefirst symmetryrelationin equation(6) wasderivedin Wapenaar
andGrimbegen(1996,Geoph.J. Int.) for losslessmedia.Using anapproachmodifiedafter Dillen (2000,

Ph.D.thesis,Delft), it appeargo hold in mediawith lossesaswell. The prime’ in the secondsymmetry
relationin equation(6) denoteghatthis operatoris definedin the adjoint (=complex conjugate)medium.

Whenamediumis passve, its adjointmediumis active andvice versa.

Recipocity theoemof the corvolutiontypefor one-waywavefields

We introducetwo differentstatesthat will be distinguishedby the subscripts4 and B. For thesetwo
stateswe considertheinteractionquantity d; { P4, NP g}, or, written alternatvely, ds{ P Pz — Py P34 }.
[For comparisonFokkemaandvan denBerg considerthe interactionquantity 9y { PaVi.B — Vi,aPr}].
Apparently we considerthe interactionbetweeroppositelypropagatingvaves. Applying the productrule
for differentiation,substitutirg the one-waywave equation(2) for statesA and B, integratingthe result
over a cylindrical volumeV with boundaryoV, U 0V, (seeFigurel), applyingthe theoremof Gaussand
usingthefirst symmetryrelationin equation(6) yieldsthefollowing one-wayreciprocitytheorem

| PiNPumdixy = [ PUN(Bs-BaPad’x+ [ (PiNSs+SINPa)d’x, (1)
XENVy XeV XeV

with ng = —1 attheuppersurfaceof 9V, andns = +1 atthelower surfaceof 9.
Recipocity theolemof the correlationtypefor one-waywavefields

We considerthe interactionquantity83{PLJPB}, or, written alternatvely, ds{ (P )* Py — (P7)*Pg },
where* denoteszomplex conjugation Following thesameprocedureasabove, usingthe secondsymmetry
relationin equation(6), yieldsthefollowing one-wayreciprocitytheorem

/ P IPgnsdxy = / Pl I(Bg - B,)Psd’x +/ {PlL1Sp + sl IPs}d%. (8)
X€EIVy X€eV XeV

Repesentatiortheoemfor one-waywavefields

We introducea one-wayGreens matrix G which satisfieghefollowing one-waywave equation
0:G(x,x') = B(x)G(x,x) + I6(x — x), )

with §(x) = d(z1)d(z2)d(z3) and] beingthe2 x 2 identity matrix. B is somereferencene-wayoperator

Figurel: Configuationfor the one-wayreciprocity theoems.Thecombinatiornof thetwo planar surfaces
is denotedby 0Vy; thecylindrical surfaceis denotedby 0V;.



The two columnsof G(x, x’) representwo independentGreens one-waywave vectorsat obsenation
pointx, relatedto two independentne-waysourcesat sourcepointx’. Usingreciprocitytheorem(7) we
canderive G(x/,x") = -N~'G'(x",x')N, or

Gt (x',x") Gt~ (x',x") -G~ (x",x) GP(x",x')

G0 = (Gan o) cmmwn) = (Grrgonm) “eoimrm): GO

Next we derive arepresentatiofor the one-waywave field vectorP, obeying equation(2). This wave field
vectorwill beusedasstateB in thereciprocitytheorem(7). The Greens matrix G, obegying equation(9),
will playtherole of stateA. We thusobtain

PE) = [ G0 xS e0d*x — |

- G(x',x)P(x)nzd*xy + /V G(x',x)A(x)P(x)d*x,

(11)
wherethe characteristiéunctiony andthe contrasbperatorA aredefinedas

1 forx' eV
x(x')=<1/2 forx’ €V and é(x) = B(x) - B(x). (12)
0 forx' ¢ VUV

Notethattheright-handsideof equation(11) containsyespectiely, a‘direct wave’ contribution,a bound-
ary integral over the ‘interactionquantity’ GP andavolumeintegral over the ‘contrastoperator'A.

Applications

Theone-wayreciprocitytheoremg7) and(8) aswell astheone-wayrepresentatiotheorem(11) have mary
applications.We mentionforward andinverseextrapolationin finely layeredmedia,multiple elimination,
andtime-lapseseismics As anexample,herewe discussmultiple elimination,usinga similar approachas
FokkemaandvandenBerg (1993)andvan Borselenet al. (1996,Geophysics).We startby deriving an
integral equationfor multiples, relatedto areflectingboundary This boundarymay representhe Earth's
freesurfacetheocearbottom,or ary reflectorin the subsurfaceWe denotethis reflectingboundaryby >:.
We definethevolumeV entirelybelow 3, in suchawaythatits upperboundaryapproaches: (asalimiting
processfrom belon andits lower boundarylies below all inhomogeneitietn the subsurfaceWe denote
theupperboundanby X1 andthelowerby 33,,, respectiely, seeFigure2hb. We employrepresentatio(i1)
to this configurationwhereP denoteshe one-waywave vectorrelatedto the actualsituation(hence Pt
and P~ includethe multiplesrelatedto thereflectory). We assumehatthe sourceis situatedat or above
Y., sothefirst volumeintegral on the right-handside of equation(11) vanishes.Moreover, the boundary
integralin equation(11) reducego anintegral over >+ only, with n; = —1. Throughouty we choosehe
referencamediumequalto theactualmedium sothelastvolumeintegralontheright-handsideof equation
(11) vanishesaswell. Hence for x’ € 3t we obtain

(13)

Figure2: (a) StateA: the multiple-freeimpulseresponses—+(x’, x). (b) StateB: the actual one-way
response$t (x) and P~ (x'), includingocean-bottormelatedmultiples.



We have not yet specifiedthe referencemediumfor the Greens matrix outsideV. In the following we
choosea non-scatteringeferencenediumin the half-spaceabove 31 (Figure2a). Thelower-left element
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Figure 3: Downgoing(a) and upgoing(b) wavefieldsat 31, obtainedby decomposinghe pressue and
velocityat the oceanbottomy. (c) Themultiple-freerespons&7 =+, obtainedby invertingequation(15).

of the Greens matrix, i.e., G~ (x', x) representshe reflectionimpulseresponsef the mediumin V

withoutmultiplesrelatedto thereflectory:; thisis the response¢hatwe areafter. The upperright element
is the reflectionresponseof the mediumabove >, henceit equalszero. The diagonalelementsof G

arethe direct downgoingand upgoingwavesat >*. Fromequation(9) it follows thatthey aregiven by

+15(xhy — xpy) = £16(a) — 21)8(2y — z,). Thefactori is dueto thefactthatx’ andx arebothon
¥ *; theplusandminussignsfollow from theboundaryconditions(i.e., outgoingwavesfor z3 — —oo and
r3 — 00). Hence we mayrewrite equation(13)for x’ € ¥t as

) L () (e

from whichwe obtain

P~ (x') = - G (%, x) Pt (x)d*xq, (15)
forx’ € ©*. Notethatwe have obtainedanintegralequatiorfor thereflectionmpulseresponsé ~+ (x’, x)
which doesnot containmultiplesrelatedto thereflectory: (Figure2a). The one-waywave fields Pt (x)
and P~ (x') representhe actualsituationincludingthe multiplesrelatedto .. SinceG~'* dependon x’
aswell ason x, it cannot beresolhedfrom a singleseismicexperiment(exceptwhenthereareno lateral
variationsin which case(="1(x/, x) is invariantwith respecto lateralshifts). Hence,in generakequation
(15) canonly be resohedwhenmary independenseismicexperiments(relatedto differentsourceposi-
tions)areavailable. In principleit involvesa multi-dimensionatecowolution of the upgoingwave fields
by the downgoingwave fields. The ideaof resolvingthe multiple-freeresponséy ‘dividing’ the upgo-
ing wavesby the downgoingwaveshasbeendiscussedeforeby amongsiothersKennett(1979, Geoph.
Prosp.) Berkhout(1982,Elsevier), WapenaaandVerschuu(1996,Delphi Acquisition project,Delft), Zi-
olkowski etal. (1998,SEG)andAmundsen(1999,SEG).Thelatterauthoralsousesrepresentatiotheory
analogougo FokkemaandvandenBely, to arrive at anintegral equationfor surfacemultiples,similar to
equation(15). Thepresentesultis valid for surfacemultiples,ocearbottommultiplesor internalmultiples.
Unfortunately directinversionof equation(15) is unstablepecausehe spectrunof the wave field P (x)
containsotchegueto themultiples.In WapenaaandVerschuu1996,DelphiAcquisitionproject,Delft)
we discussea procedureo stabilizethis inversion.An exampleis presentedh Figure3.

Conclusions

We have derived reciprocity and representatiotheoremdor one-waywave fields in mediawith anelas-
tic losses. Applicationsarefoundin forward andinverseextrapolationin finely layeredmedia, multiple
elimination(free-surfacepcearbottomor internal)andin time-lapseseismics.



