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Intr oduction

Reciprocitytheoremsplay animportantrole in formulatingtrueamplitudeoperationson seismic
wavefields,suchasmultipleelimination,migrationandcharacterization.In general,a reciprocity
theoreminterrelatesthequantitiesthatcharacterizetwo admissiblephysicalstatesthatcouldoccur
in oneandthesamedomain(deHoop,1988).Onestateis identifiedwith anactualmeasurement,
while the other statecan either be a computationalstate(e.g. migration operators),a desired
state(e.g. multiple-freedata)or anothermeasurement(characterizingtime-lapsedifferencesin
thereservoir). In previouswork we discussedtheapplicationof acousticreciprocitytheoremsfor
time-lapseseismicmethods. In particular, in Fokkemaet al. (1999)we discussedapplications
basedonthefull andone-waywaveequations.Hereweextendthis to theelastodynamicsituation.

Reciprocity theoremfor the full elastodynamicwavefield
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deformationrate. The Latin subscriptstakeon the values1 to 3 andthe summationconvention
appliesto repeatedsubscripts.Thestressobeys thesymmetryrelation
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We introducetwo elastodynamicstates(i.e., wave fields, mediumparametersandsources),that
will bedistinguishedby thesubscripts9 and : . For thesetwo stateswe considerthe interaction
quantity
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. Applying theproductrule for differentiation,substitutingequa-

tions(1) and(2) for states9 and : , integratingtheresultover a volume G with boundary
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outwardpointingnormalvector H �0�5I�J<�KIML<�KI�N1�
(seeFigure1) andapplyingthetheoremof Gauss
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Equation(3) is theBetti-Rayleighreciprocitytheorem.
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Figure1: Configuration for theRayleigh-Bettireciprocity theorem.

Reciprocity theoremfor elastodynamicone-waywavefields

We introducea systemof coupledequationsfor theone-waywavefields k/l and knm , propagating
in thepositiveandnegativedepthdirection,respectively, accordingto��N k �poq k 'Tr �

(4)

(thehatdenotesapseudo-differentialoperator),with
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where y v ,
{ v and

| v representthe(flux-normalized)down- andupgoingquasi-P, quasi-S1and
quasi-S2waves,respectively.

r l and
r m aresourcevectorsfor theseone-waywave fields. The

one-wayoperatormatrix
oq

is definedasoq � s � 	 � o� l �� 	 �^o� m u ' s o� l o� m�To� l o� m u � (6)

where
o� v is theverticalslownessoperator, and

o� v and
o� v arethereflectionandtransmissionop-

erators,respectively. We introducetwo differentstatesthatwill bedistinguishedby thesubscripts9 and : . For thesetwo statesweconsidertheinteractionquantity
� N ; k��?�� k A E , with
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or, written alternatively,

��N1;�� k l? � � k mA ��� k m? � � k lA E . Thesuperscript� denotestransposition.Ap-
plying the productrule for differentiation,substitutingthe one-waywave equation(4) for states9 and : , integratingtheresultover a cylindrical volume G with boundary

� G2�F� � G J (seeFigure
2a),applyingthe theoremof Gaussandusingthe symplecticrelation
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, yields the
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For elastodynamicone-waywave fieldsthis reciprocitytheoremhasbeenstrictly provenonly for
laterallyinvariantmedia;for acousticone-waywave fieldsit hasbeenprovenfor laterallyvarying
mediaaswell (WapenaarandGrimbergen,1996). In thefollowing we will useit without further
proof for elastodynamicone-waywavefieldsin laterallyvaryingmedia.

Elastodynamicreciprocity theoremsfor time-lapseseismic

Sincein a reciprocitytheoremtwo statesinteract,it is optimally fitted to formulatethe relation
betweentwo measurementsin a time-lapseseismicexperiment. State 9 is associatedwith the
referencewave field at, say, � � � J , while state : is associatedwith the monitoringwave field



at, say, � � � L�� � J . It is notedthat � L�� � J is muchlongerthanthe seismicexperimenttime.
In our analysis�¡  N is dividedin threedomains(Figure2b): GF¢ is thedomainwherethereareno
differencesbetweenthematerialparametersin thetwo states,mostlyassociatedwith thedomain
above the reservoir (i.e., £ N�¤ £ JN ); the domain G�¥ , for exampleassociatedwith the reservoir
( £ JN[¦ £ N[¤ £ LN ), wherethereis a differencebetweenthe materialparametersin the two states
mostlydueto the reservoir productionhistory; and G�§ denotesthe complementof G � GF¢¨�©GF¥
(i.e., £ Nª� £ LN ); thematerialparametersin thisdomainmayor maynotbedifferent.

«¬ ­ ®¯ ° ± ² ³ ´ µ ¶ µ ¶ · ¸ ¹º » ¼ ½ ¾ ½ ¾ ¿ À Á Â Ã Ä Å Æ Ä Ç Æ È É
Ê ËÌ Í Î Ï

Ð Ñ Ò
Ó
Ô ÕÖ ×Ø ÙÚÛ ÜÝ

Þ ßà á â ãä å æ ç è é ê ë ì í î ä å æ ç è é ï ë ì í ð ê ë ì í î ð ï ë ì íñ ò ó ô õ ö ÷ ø ù ú ûü ñ ò ó ô õ ö ý ø ù ú þ ÷ ø ù ú ûü þ ý ø ù ú
(a) (b)

Figure2: (a) Modifiedconfiguration for theone-wayreciprocity theorem.Thecombinationof the
twoplanarsurfacesisdenotedby

� G � ; thecylindrical surfaceisdenotedby
� G J . (b)Configuration

for time-lapseseismic.

Full waveequation
In orderto simplify the analysiswe only considerpoint sourcesof the volumeforce type. The
sourceof state 9 is takenat
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in the £�� -direction,while thesourceof state : is takenat�[��� � in the £�� -direction,accordingto��
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Applicationof reciprocitytheorem(3) to domainG � G�¢2� G�¥ yields�8Az�¡���!� � > ?F��� ��
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Thesurfaceintegral on the right-handsideof equation(10) takesinto accounta possiblediffer-
enceof thematerialparametersin G § , below thereservoir; it vanisheswhenthereis no difference
betweenthetwo statesin G�§ .
One-waywaveequation
In theone-wayanalysisweconsiderpoint-sourcesfor downgoingwavesin bothstates:r ?������ � �F�0� ;�� l? � � �!E ��� � � �,� �^��� ÿ �K� (11)r A����������F�0��;�� lA � ���"E � � � � �,� �^��� � � _ (12)

Applicationof reciprocitytheorem(7) to domainG � G�¢2� G�¥ yields;�� lA � � �!E � k m? � � ��
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Figure3: Simplifiedrepresentationof thetwotermsin theboundaryintegral in equation(13). Both
termsaccomplisha forward extrapolationof upgoingwavesfrom £ LN to thesurface.

As in thepreviouscase,thesurfaceintegralon theright-handsideof equation(13)vanisheswhen
thereis no differencebetweenthe two statesin G�§ (i.e., below £ N�� £ LN ). Let us analyzethis
boundaryintegral,however, for thesituationin which therearechangesbelow £ Nª� £ LN . Figure3
showsa configurationwith two regionsin which changesoccur(thegrey areas).Figure3ashows
somewavepathsin thefirst termof theboundaryintegral in equation(13),whichcanbewrittenasO
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(notethatweignorethecontribution
| m? | lA ). If y lA and

{ lA areinterpretedasGreen’sfunctionsfor
state: (multipliedbyasourcefunction),thenit isunderstoodthatthisintegralperformsanupward
extrapolationof y m? and

{ m? in state 9 from the depthlevel £ LN to
� � at the acquisitionsurface.

This resultsin a virtual experimentin which thedowngoingwavespropagatefrom
� ÿ

throughthe
mediumin state 9 (beforethe changestook place),reflectionat the secondreservoir occursin
state9 , andtheupgoingwavespropagatethroughthemediumin state : (after thechangestook
place)to

� � . Thesecondtermin theboundaryintegral in equation(13) (seeFigure3b) represents
a similar virtual experimentwith thesamepropagationpaths,exceptwith reflectiontakingplace
at the secondreservoir in state : . Hence,sincethe traveltimesin thesevirtual experimentsare
thesame,thedifferenceof theseterms(asexpressedby theboundaryintegral in equation(13)) is
proportionalto thetime-lapsechangesof theelastodynamicreflectivity of thesecondreservoir.

Conclusions

We have formulatedelastodynamicreciprocitytheoremsfor time-lapseseismic,basedon thefull
andtheone-waywaveequations.Thelatterformallowsastraightforwardphysicalinterpretationof
thevariouscontributingterms.Its implementationrequireswavefield decomposition(Schalkwijk
etal, 1998)andone-waywavefield extrapolationof down- andupgoing O and � waves.
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