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Intr oduction

Reciprocitytheoremslay animportantrole in formulatingtrue amplitudeoperationson seismic
wave fields, suchasmultiple elimination,migrationandcharacterizationin generalareciprocity
theoremnterrelategshequantitieghatcharacterizéwo admissiblephysicalstateghatcouldoccur
in oneandthe samedomain(de Hoop,1988).Onestateis identifiedwith anactualmeasurement,
while the other statecan either be a computationalstate(e.g. migration operators)a desired
state(e.g. multiple-freedata)or anothermeasuremenfcharacterizingime-lapsedifferencesn
thereserwir). In previouswork we discussedhe applicationof acousticreciprocitytheoremdor
time-lapseseismicmethods. In particular in Fokkemaet al. (1999)we discussedpplications
basednthefull andone-waywave equationsHerewe extendthisto the elastodynamisituation.

Reciprocity theoremfor the full elastodynamicwave field

In thespace-frequeryx,w) domain,theequationghatgovernelastodynamigvave motionread
JwoVi = 0;T;; = F; (1)

) 1
JwsiiniTr — E(an] +0;V;)) = —-H;, (2)

whereT}; is thestress); is the particlevelocity, ¢ is thevolumedensityof masss;; is thecom-
pliance, F; is the volumesourcedensityof volumeforce and H;; is the volumesourcedensityof
deformationrate. The Latin subscriptdake on the valuesl to 3 andthe summationcorvention
appliesto repeatedubscriptsThe stresobeys the symmetryrelation7;; = T;;. Thecompliance
obeys s;jr = s;im = sji and,assuminghatthe wave motionoccursadiabatically s;;jx = sgi;.
We introducetwo elastodynamictates(i.e., wave fields, mediumparametersnd sources)that
will bedistinguishedy the subscripts4 and B. For thesetwo stateswve considertheinteraction
quantityd;{7;; 4Vi s — Vi, 4aTi;,5}. Applying theproductrule for differentiation substitutingequa-
tions(1) and(2) for statesA and B, integratingtheresultover avolume) with boundarydy and
outwardpointingnormalvectorn = (ny, n,, n3) (SeeFigurel) andapplyingthetheorenof Gauss
yields

/ {T:;,4Vie — ViaTi;B}n;dA = (3)
X€EIV
jw/ {Tij,A(Svfjkl,B - 577jkl,A>Tkl,B - V;T,A<9B - QA)‘/;,B}dV
xeV
+/ {Tij’AHij,B + V;',A Fz’,B - Fi,AV;',B - HZ’]‘,A"E’]"B}dV.
xeV

Equation(3) is the Betti-Rayleighreciprocitytheorem.
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Figurel: Configuationfor the Rayleigh-Bettreciprocity theoem.

Reciprocity theoremfor elastodynamicone-waywave fields

We introducea systemof coupledequationgor the one-waywave fields P+ andP ~, propagating
in the positve andnegative depthdirection,respectrely, accordingo

9P =BP +8, (4)

(thehatdenotesa pseudo-diferentialoperator)with

. o + Sy
P_ <£_), pt_ [vt| and szz<§_>, st = [s%], 5)
Ti S:I:

whered*, U+ andY* representhe (flux-normalized)down- andupgoingquasi-Pquasi-Sland
guasi-S2waves,respectiely. St andS~ aresourcevectorsfor theseone-waywave fields. The
one-wayoperatomatrix B is definedas

~ —jwf\"' O ™ R-
B = A + . . 6
( O jw/\‘) (—R+ T/’ 6)

whereA* istheverticalsIaNnessnperatorandf{i andT= arethereflectionandtransmissiorop-
eratorsrespectrely. We introducetwo differentstateghatwill bedistinguishedy the subscripts
AandB. Forthesetwo statesve considettheinteractionquantityds {P, NPg}, with N =( [

o
or, written alternatvely, 9;{(P%)'P5 — (P;)'P%}. Thesuperscript denotegransposition Ap-
plying the productrule for differentiation,substitutingthe one-waywave equation(4) for states
A and B, integratingtheresultover a cylindrical volume) with boundaryd}, U 0, (seeFigure
2a), applyingthe theoremof Gaussandusingthe symplecticrelationB‘'N = —NB, yieldsthe
following one-wayreciprocitytheorem

/' P;NPBmﬂA::/‘ P;N{BB—JEQPBdV+:/ {P,NSp + S, NP3}dV. (7)
XEIVy XEV X€EV

For elastodynamione-waywave fieldsthis reciprocitytheoremhasbeenstrictly provenonly for
laterallyinvariantmedia;for acousticone-waywave fieldsit hasbeenprovenfor laterallyvarying
mediaaswell (WapenaaandGrimbegen,1996). In the following we will useit withoutfurther
prooffor elastodynamione-waywave fieldsin laterallyvaryingmedia.

Elastodynamicreciprocity theoremsfor time-lapseseismic

Sincein a reciprocitytheoremtwo statesinteract, it is optimally fitted to formulatethe relation
betweentwo measurements a time-lapseseismicexperiment. State A is associatedvith the
referencewave field at, say ¢t = ¢, while stateB is associatedvith the monitoringwave field




at,say t = ¢, > t;. It is notedthatt, — ¢, is muchlongerthanthe seismicexperimenttime.

In our analysisIr?® is dividedin threedomains(Figure2b): V, is the domainwherethereareno

differencedetweerthe materialparameteri the two statesmostly associatedvith the domain
above the reserwir (i.e., z3 < z3); the domain) ., for exampleassociatedvith the reserwir

(z} < z3 < 23), wherethereis a differencebetweenthe materialparametersn the two states
mostly dueto the reserwir productionhistory; and)’ denoteghe complemenbfy =V, U V.

(i.e.,z3 > x2); thematerialparameters this domainmayor may notbedifferent.
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Figure2: (a) Modifiedconfiguation for the one-wayreciprocity theoem. Thecombinationof the

twoplanarsurfacess denotedy 0V,; thecylindrical surfaces denotedy dV;. (b) Configuation
for time-lapseseismic.

Full waveequation
In orderto simplify the analysiswe only considerpoint sourcesof the volumeforce type. The
sourceof stateA is takenatx = xgs in the z,,,-direction,while the sourceof stateB is takenat
x = xp in the z,-direction,accordingo

Fia(x,0) = fa(w)d(x — X5)im, (8)

Fip(x,w) = f(w)d(x — XR)din- 9
Applicationof reciprocitytheorem(3) to domainy =V, U ). yields

[B(w)Vaa(xrlxs) = fa(w)Vin,B(xsXR)

= —jw/ {Tija(siju.B — sijri.a)Tup — Vialop — 04)Vip}dV
x€V

—I-/ {Ti37A(X|X5)‘/2"B(X|XR) — ‘/Z'A(X|X5)TZ'3’B(X|XR)}(1A. (10)

—m2
3=y

The surfaceintegral on the right-handside of equation(10) takesinto accounta possiblediffer-
enceof the materialparameters )’, belowv thereserwir; it vanishesvhenthereis no difference
betweerthetwo statesn ).

One-waywaveequation
In theone-wayanalysiswve considerpoint-source$or downgoingwavesin bothstates:

Sa(x,w) = ({sj(w)}t O)t5(x — Xg), (11)
Sp(x,w) = ({s§(w)} 0)'d(x — xp). (12)
Applicationof reciprocitytheorem(7) to domain) =V, UV, yields
{sf(w)}' P (xrlxs) — {s}(w)} Pg(xs|xr)
= [ PUxxoN(Ba(x) - Ba(x)Pa(xlxa)dV
xEV,

+ / P xbes) Y P (xlxr) — {PF(xes) Py (x[xR)|dA. (13)
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Figure3: Simplifiedrepresentatiorof thetwotermsin theboundaryintegral in equation(13). Both
termsaccomplisha forward extrapolationof upgoingwavesrom 2 to thesurface

As in the previouscasethesurfacentegral on theright-handsideof equation(13) vanishesvhen
thereis no differencebetweenthe two statesin V' (i.e., below z3 = z2). Let usanalyzethis
boundaryintegral, however, for the situationin which therearechangedelow z; = z3. Figure3
shaws a configuratiorwith two regionsin which change®ccur(the grey areas) Figure3ashawvs
somewavepathsn thefirst termof theboundaryintegralin equation(13), which canbewrittenas

/ AP (xfxs) FPE(x[xR)dA = / {95 (xPxs) PR (xPxr) + W3 (x[xs) W (x[xp) A
(notethatweignorethecontribution Y Y3). If ®1 and¥ areinterpretedasGreensfunctionsfor

stateB (multipliedby asourcefunction),thenit is understoodhatthisintegral performsanupward
extrapolationof ® and U7 in stateA from the depthlevel z3 to x at the acquisitionsurface.
Thisresultsin a virtual experimentin which the downgoingwavespropagatdérom x s throughthe

mediumin state A (beforethe changegook place),reflectionat the secondreserwir occursin

stateA, andthe upgoingwavespropagatehroughthe mediumin stateB (afterthe changedook

place)to xr. Thesecondermin theboundaryintegralin equation(13) (seeFigure3b) represents
a similar virtual experimentwith the samepropagatiorpaths,exceptwith reflectiontaking place
at the secondreserwir in state B. Hence,sincethe traveltimesin thesevirtual experimentsare

the samethedifferenceof theseterms(asexpressedy the boundaryintegralin equation(13)) is

proportionalo thetime-lapsechange®f the elastodynamiceflectvity of thesecondeserwoir.

Conclusions

We have formulatedelastodynamiceciprocitytheoremdor time-lapseseismic,basedon the full

andtheone-waywave equationsThelatterform allowsastraightforwarghysicalinterpretatiorof
thevariouscontributing terms.Its implementatiorrequireswave field decompositiorfSchalkwijk
etal, 1998)andone-waywave field extrapolationof down- andupgoing? and.S waves.
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