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Intr oduction

Codasdueto internalmultiple scatteringcontainrelevantinformationaboutthe heterogeneities the sub-
surface. Employingthe informationin the codain seismicimagingmay improve the resolution. Codas
occurin seismicreflectionaswell asin transmissiordata. In this paperwe derive two relationsbetween
reflectionandtransmissiomesponsei 3-D inhomogeneousiedia.Basedontheserelations we will shov

thatthe reflectionresponseincludingsits coda,canbe derived from the transmissiorresponsend, vice

versa,thatthe codaof the transmissiorresponseanbe derived from the reflectionresponse The former
relationshipwasderivedfor horizontallylayeredmediaby Claerbout{Geophysics1968)andthe latter by

Herman(InverseProblems,1992)andWapenaaandHerrmann(SEG,1993). In the currentpaperwe em-

ploy a uniform approacHor deriving both relationshipsusing reciprocity; both resultsare valid for 3-D

inhomogeneoumedia.We alsoindicatehow theseresultsmaybe of usefor seismicimaging.

One-wayreciprocity theorem

We useacoustiaeciprocityasa startingpointto derive therelationsbetweerthereflectionandtransmission
responses.Acoustic reciprocity formulatesa relation betweentwo acousticstatesin one and the same
domain(de Hoop, J. Acoust. Soc. Am., 1988;FokkemaandvandenBem, Elsevier, 1993). Thetwo states
will bedistinguistedby subscripts4 and B. Usuallyreciprocitytheoremsapplyto the full wave fieldsin
bothstates As analternatve, WapenaaandGrimbegen(Geoph.J.Int., 1996)derivedreciprocitytheorems
for one-way(i.e. downgoingandupgoing)wave fields. For a plan-paralleldomain? embeddedetween
surfaces)D, anddD,,, atdepthlevelsz;, + ¢ andzs ,,, respectiely, the one-wayreciprocitytheoremof
thecorrelationtype readsin the space-frequenyc(x, w) domain

(PR P = (P P )i = [ ARy P - (PR PR, @)
8Dq 8D

whereP* and P~ areflux-normalizeddowngoingandupgoingwave fields,respectiely, * denotesomple
conjugationandxy = (z1, z2). In equation(1) it hasbeenassumedhatthe mediumparameterén both
statesareidentical,losslessand3-D inhomogeneouandthatthedomain®D is source-free.

Relationsbetweenreflectionand transmissionresponses

We employequation(1) to derive relationsbetweerthereflectionandtransmissiomesponsesf themedium
in domainD. To this endwe considertwo configurations.In the first configuration(Figure 1a) both half-
spacesibore 0D, andbelov 0D,,, arehomogeneoud-or statesA and B we choosesourcesor downgoing
wavesat x4 andxp in the upperhalf-spacejust abore 0D,, thatis, we definex, = (x4, 23,0) and
xp = (xu,B, £3,0). Hencefor x atdD, we have

Pj{(x,xmw) = 0(xg —xm,4)54(w), 2
PE(X,XB,QJ) = 0(xg — xm,B)SB(W), 3)
Py(x,x4,0) = Ro(x,x4,w)s4(w), 4
Pg(x,xp,w) = Ro(x,xp,w)sp(w), (5)
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Figurel: DomainD betweersurfaces)D, anddD,,. Themediumin D isinhomogeneouis the z:-, z4-
and z3-directions. In (a) the half-spacesabovedD, andbelowdD,,, are homogeneousin (b) theris a
freesurfacejustabovedDy; the half-spacebelowdD,, is againhomogeneous.

wheres 4 (w) andsg (w) arethesourcespectrdor bothstates.Ry(x, x 4, w) is thereflectionresponsef the
inhomogeneousediumin D, includingall internalmultiples,for asourceatx 4 andareceveratx (Figure
1a). A similar remarkappliesto Ry (x,xpg,w). Thesubscript, denoteghatno free surfacemultiplesare
included.For x atoD,, we have

P: (X7 XA (.U) = TO (X7 XA, w)SA (w)y (6)
PE(x,xg,w) = To(x,xB,w)sp(w), @)
PX(X’XAW“) = Pﬁ(vaB’w):O, (8)

whereT)(x, x 4, w) is thetransmissiomespons®f theinhomogeneoumediumin D, includingall internal
multiples(Figurela). Substitutiorinto equation(1) anddividing bothsidesof theequatiorby s% (w)sp(w)
yields

S(XH,B—XH,A) — /

9Dy

R(x, % 4,0) Ro(x,xp,w)d*x gy = / Ty (%, %4,w0)To(x, xp,w)d*xp.
9Dm

(9)

In the secondconfiguration(Figure 1b) we choosea free surfaceat =3  anda homogeneousalf-space
below 9D,,. Thesourcepointsx 4, andx g arechoserasbefore.Hence for x at 9Dy we now have

RI(X,XA,(.U) = 0(xg —Xm,4)54(w) —}—rRZ(x,xA,w), (20)
PE(X,XB,(.U) = 5(XH—XH7B)SB(QJ)—|—T’PB?(X,XB,LU), (11)
Py (x,x4,w) = R(x,x4,w)s4(w), (12)
Pg(x,xp,w) = R(x,xB,w)sp(w), (13)
wherer is thereflectioncoeficient of the free surface(r = —1) and R(x, x 4, w) is thereflectionresponse

of theinhomogeneoumediumin D, includingall internalandfree surfacemultiples(Figure1b). For x at
0D,, we have

Pr(x,xa,w) = T(x,%2,w)s4(w), (14)
PE(vava) = T(vava)SB(w)v (15)
Py (x,x4,w0) = Pg(x,xp,w)=0, (16)
whereT'(x, x 4, w) is thetransmissiomesponsef theinhomogeneoumediumin D, includingall internal
andfree surfacemultiples(Figure 1b). Substitutioninto equation(1), usingr = —1 and R(x 4, xp,w) =

R(xB,x 4,w), anddividing bothsidesof the equatiorby s* (w)sg(w) yields
S(xm,p — xm,4) — 2R [R(x4,xB,w)] = / T*(x, x4,w)T (%, xB, w)d*xq, 17)

3D

where® denotegherealpart. Equationg9) and(17) formulaterelationsbetweerthe reflectionandtrans-
missionresponsefor the situationwithout (Rq, Tp) andwith (R, T') free surfacemultiples,respectiely.




Obtaining the reflectionresponseincluding its coda,from the transmissionresponse

Equation(17) shows thatthe real partof thereflectionresponseanbe obtainedfrom the transmissiome-
sponseSincethereflectionresponsés causaltheimaginarypartcanbe obtainedvia the Hilbert transform
of therealpart. Alternatively, 2% [R(xA, xg, w)] canbetransformedo thetime domainandsubsequently
be multiplied by the Heaviside step-functionyielding the time domainversionof R(x4,xg,w). Weillus-
tratethiswith a one-dimensionatxample,i.e., we considemplanewave responsesf a horizontallylayered
medium.For this situationequation(17) simplifiesto

2R[R(w)] =1 =T*(w)T (w). (18)

In our example,the mediumconsistsof 7 layers,eachwith alayerthicknessof 100 m, a constanidensity
of 1000kg/m* andpropagatiorvelocitiesof 1000,2000,1000,2000,4000,2000and4000m/s. Theflux-

normalizedtransmissionmesponseéncluding free surfacemultiplesis shown in the time domainin Figure
2a. Employingequation(18), transformingthe resultto the time domainandtaking the causalpartyields
thereflectionresponseasshownnin Figure2b. This resultperfectlymatcheshe directly modeledreflection
responsgnot shavn).
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Figure2: (a) Planewavetransmissiorresponsef a horizontally layered mediumwith free surface (b)
Reflectiorresponsegbtainedfrom(a) by employingequation(18) andthe causalityprinciple.

Obtaining the codaof the transmissionresponsdr om the reflectionresponse

Obtainingthe transmissiorresponsdrom the reflectionresponsas lesstrivial, becausd” and7, do not
appeaiin isolatedformin equationg9) and(17). We will makeuseof thefactthatTy, i.e. thetransmission
responseavithout free surfacemultiples,canbe thoughtto be composef a primarytransmissiomesponse
anda causalcoda. We will not discusshow this codacanbe obtainedfor generalconfigurationgrom the
reflectionresponsevia equation(9). Insteadwe consideragainthe one-dimensionasituation,for which
equation(9) simplifiesto

Ts (@) Tolw) = 1 - Ry(w) Ro(w). (19)

Defining 7y (w) = P(w)C(w), whereP(w) is the flux-normalizedprimary transmissiorresponsgwith
P*(w)P(w) = 1) andC(w) is the coda,we obtain

C*'(w)C(w) =1- Rj(w)Ro(w). (20)
Following the O’'Doherty-Anstg approaci{GeophysProsp.,1971),we write
C(w) = exp{—A(w)Az3}, (21)
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whereAzs = z3,, — 3,0 and.A(w) is theFouriertransformof the causapartof theauto-correlatiorf the
reflectiity. Substitutionin equation(20) andtakingthelogarithmof bothsidesgives

2R[A(w)]Azs = —In[1 — Bj(w)Ro(w)]. (22)

Figure 3a shaws the planewave reflectionresponsef the samemediumasbefore, without free surface
multiples. Employingequation(22), applyingthe causalityprinciple andsubstitutng theresultin equation
(21) yieldsthe codaof thetransmissiomesponseasshaovn in Figure3b. Thisresultperfectlymatcheghe
directly modeledransmissiorctoda(not shavn).
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Figure 3: (a) Plane wavereflectionresponseof a horizontally layered mediumwithout free surface (b)
Codaof transmissiomesponsegbtainedfrom(a) by employingequation(22) andthe causalityprinciple.
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Discussion

Equation(18)is thebasisfor whatis called‘acousticdaylightimaging’ (RickettandClaerboutSEG,1999).
By correlatingtheresponsatthesurfaceof naturalnoisesourcesn thesubsurfacepneobtains?™ (w) 7 (w)
(apartfrom a factorrelatedto the sourceenegy) and,by subsequenthapplyingthe causalityprinciple, the
reflectionresponsefor the 3-D extensionof this principle,it hasbeenconjecturedhat“by cross-correlating
noisetracesecordedattwo locationsonthe surfacewe canconstructhewave field thatwould berecorded
at one of the locationsif therewasa sourceat the other” (Rickettand Claerbout,SEG,1999). Equation
(17) formulatesthis principle quantitatvely. Bearingin mindthat7'(x,x4) = 7'(x4, x), thetransmission
responsef equation(17) canbe seenasresponsesf sourcesn the subsurfacemeasuredy recevers
atx 4 andxp atthefreesurface.Equation(17) alsoshaws thata simple correlationof the responsesf a
singlesourcedoesnotsuffice, but thatanintegralfor all sourcepositionsx at9D,,, shouldbecarriedout. Of
coursethis is not possiblein practice but theintegral canpossiblybe replacedby a sumover uncorrelated
sourceswith a randomdistribution, not necessarilyconfinedto 0D,,,. This statements supporteddy the
resultsof modelingstudiesof RickettandClaerbout{SEP-92,1996).

Equationq9) and(19) arethebasisfor obtainingthetransmissiorcodafrom thereflectionrespons@ndcan
be of usein seismicimaging. Imagingoperatorsare generallyformulatedin termsof primary propagators
in amacromodel. Whenthesepropagatoraresupplementeaith the transmissiorcodaandsubsequently
inverted,oneaobtainsimproved imaging operatorghataccountfor internalmultiple reflections(Wapenaar
and Herrmann,SEG, 1993). Note thatin this approacha macromodelis still neededo accountfor the
primarypropagatioreffects;however, theinformationabouttheinternalmultiplescomesrom thereflection
data.

In bothapproachewe have assumedhatthe mediumis homogeneoubkelow thesurfacedD,,,. Sincethisis
notthecasein practice all resultsdiscussedbove have to beappliedwith care.For example time-windovs
maybeusedto suppresseflectiondrom reflectorsoelow 9D,,,, but thesewindowswill suppressisoa part
of thecoda.A furtherdiscussions beyondthe scopeof this paper




