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Intr oduction

Reciprocitytheoremsplay an importantrole in formulating true amplitudeoperationson seismicwave

fields,suchasmultiple elimination,migrationandcharacterizationln generalareciprocitytheoremnter-

relatesthe quantitiesthatcharacterizéwo admissiblephysicalstateghatcould occurin oneandthe same
domain(de Hoop, 1988). One stateis identified with an actualmeasurementyhile the other statecan
eitherbe a computationaktate(e.g. migrationoperators)a desiredstate(e.g. multiple-freedata)or an
othermeasuremer{tharacterizingime-lapsedifferencesn thereserwir).

In the usualpracticeof seismicdataanalysistwo classef wave equationsareused,viz. the full wave
equationexpressedn termsof the acoustigpressureandparticlevelocity andthe one-waywave equations
expressedn termsof down andup goingwaves. Accordingly, reciprocitytheoremscanbe formulatedfor
bothclasse®f wave equationsin this papemwe presenteciprocitytheoremdor thefull wave field aswell
asfor its down andup going constituentandwe discusssomeof their applications.

Reciprocity theoremfor the full wavefield

In this sectionwe review the scalarform of the acousticreciprocitytheoremof the convolution type. We
closelyfollow de Hoop (1988)and Fokkemaandvan denBerg (1993). The former authorderivesreci-
procity theoremsn the time domain;the latter authorsin the time domain,the Laplacedomainandthe
frequeng domain.Herewe only considerthe frequeng domain.

Basicacousticequations

In the space-frequelyc(x, w) domain theequationghatgovernlinearacoustiovave motionread

P+ jwoVy = Fy 1)
and

Ok Vi + jwrP = Q, (2)

where P is the acousticpressureV;, is the particle velocity, ¢ is the volume densityof mass,x is the
compressibility I, is the volume sourcedensityof volumeforce and() is the volume sourcedensityof
volumeinjectionrate. The Latin subscriptsakeon thevaluesl to 3 andthe summatiorcorventionapplies
to repeatedubscripts.

Recipocity theoemof the corvolutiontypefor thefull wavefield

We introducetwo acousticstates(i.e., wave fields, mediumparameterandsources)that will be distin-
guishedby thesubscriptsA and B. For thesetwo statesve considettheinteractionquantityd,{ P4 Vi B —
Vi,aPg}. Applying the productrule for differentiation,substitutirg equations(1) and (2) for statesA
and B, integrating the result over a volume vV with boundarydy and outwardpointing normal vector
n = (ny, ng, n3) (SeeFigurel) andapplyingthetheoremof Gaussyields
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Figurel: Configuationfor Rayleighsreciprocity theoem.

/ {PaVip — Vi aPp}npdA = —jw {Pa(k — ka) P — Vi,a(oB — 04)Vi,5}dV
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‘|‘/ V{PAQB — Vi, aFiB + FiaVig — QaPg}dV. (3)
Xe

Equation(3) is Rayleighsreciprocitytheorem(Rayleigh,1878).
We concludethis sectionby consideringsomespecialcases.

Unboundedmedia— Considerthe situationin which the mediumat and outside 9y is homogeneous,
unboundedndsource-freén bothstates Assumethatthewave fieldsin bothstatesarecausallyrelatedto
thesourcesn V. Then,if p4 = 05 andx 4 = kg atandoutsidedV, theboundaryintegral ontheleft-hand
sideof equation(3) vanishegBleistein,1984;FokkemaandvandenBery, 1993).

Physicalreciprocity — Assumethat the abose mentionedconditionsare fulfilled andthates = op and
k4 = kp in Y aswell. Thenthe first volumeintegral on the right-handside of equation(3) vanishes.
Furthermoreconsidermoint sourcesn statesA andB atx4 € V andxg € V, respectrely, accordingto

Qa(x,w) = qa(w)d(x — x4), Qr(X,w) = ¢B(W)d(x — xB), With g4(w) = ¢p(w) and Fj 4 (x,w) =

Fy B(x,w) = 0. Equation(3) thusyieldsthewell-known result

PA(XB,w):PB(xA,w). (4)

Reciprocity theorem for one-waywavefields

In this sectionwe review thematrix-vectorform of theacoustiaeciprocitytheorenfor one-waywave fields
(WapenaaandGrimbegen,1996).

One-waywaveequationin matrix-vectorform

We introducea systemof coupledequationgor the one-waywave fields P+ and P, propagatingn the
positive andnegative depthdirection,respectiely, originatingfrom sourcesS+ and.S—:

3P =BP +S (5)

(thehatdenotes pseudo-diferentialoperator) with

Pt S+t
P= d S= . 6
Theone-wayoperatomatrix B is definedas
. —jH1 0 T -R
B = - . . 7
o= (0 )+ (5 ) @

where?{, isthewell-known square-roobperatorandz and?’ arethereflectionandtransmissiomperators,
respectiely.
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Figure2: Bothtermsof theinteractionquantityfor the one-wayreciprocity theolemof the convolutiontype
containwaveghat propagatein oppositedirections.

Recipocity theoremof the convolutiontypefor the one-waywavefields

We introducetwo differentstateghatwill bedistinguisiedby thesubscriptsd and B. For thesetwo states
we considetheinteractionquantityds {P, NP}, with N = (_”1 ;) or, writtenalternatvely, ds{ P1 Pg —
Py P#}. Apparently we considertheinteractionbetweeroppositelypropagatingvaves(seeFigure2).
Applying the productrule for differentiation,substitutng the one-waywave equation(5) for statesA and
B, integratingthe resultover a cylindrical volumeV with boundarydV, U 9V, (seeFigure3), applying
the theoremof Gaussandusingthe symmetryrelationBT = —NB*N~", yields the following one-way
reciprocitytheorem

[ PiNPamda = [ PINAPsaV [ (PINS,+SINPLV, @)
XENV, XeV y

Xe

wherethe contrasbperatorA is givenby
A=Bz-B,. )

Note that the boundaryintegral over 8V, vanished. For boundeddV; this occurswhenP, andPg
satisfyhomogeneouBirichlet or Neumanrboundaryconditionson 9V;. Ontheotherhand,whendV; is
unboundedhis boundarycontritution alsovanishesunderthe conditionthat P 4, andP g have sufficient
decayatinfinity.

We concludehis subsectiorby analyzingreciprocitytheorem(8) for somespecialcases.

Unboundedmedia— Considerthe situationin which the mediumat and outsidedV, is homogeneous,
unboundedndsource-freén bothstates Assumethatthewave fieldsin bothstatesarecausallyrelatedto
thesourcesn V. Thenin bothstateshewave fieldsareoutgoingat 0V, (i.e., Pf = P# = 0 attheupper
surfaceand P} = P = 0 atthelowersurfacelandit is easilyseerthatP NP = Pf Py — Py P = 0
at9V,, sotheboundaryintegral ontheleft-handsideof equation8) vanishesApparentlyit is notrequired
thatthe mediumparameterat and outsided), areidenticalin both states,unlike the conditionsfor the
vanishingof theboundaryintegralin reciprocitytheorem(3).

Figure3: Modifiedconfigurtion for the one-wayreciprocity theolem. Thecombinationof thetwo planar
surfacess denoteddy 0V,; thecylindrical surfaceis denotedoy 0V, .
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Figure4: Physicalreciprocity for one-waysourcesandreceivers.

Physicalreciprocity — Assumethat the abose mentionedconditionsare fulfilled andthates = op and
k4 = kp insideaswell asoutsidey. Thenthe first volumeintegral on the right-handside of equation
(8) vanishesFurthermoreconsidempointsourcesn statesA andB atx4 € V andxp € V, respectiely,
accordingo S 4 (x,w) = s4(w)d(x — x4) andSp(x,w) = sp(w)d(x — x5). Equation(8) thusyields

P} (xp,w)Nsp(w) = s} (w)NPp(xa,w). (10)
For thespecialcasethats 4 = (s’ 0)7 andsg = (s}, 0)7, with st = s£, thisreducego
Py (xB,w) = Pg (x4,0), (11)
seeFigure4.

Discussionand conclusions

In this paperwe have presentedwo formulationsof the reciprocity theorem. Both theoremsshav how
the acousticstatesat the surfaceof someboundeddomainare relatedto contrastfunctionsand source
distributionsin this domain. In the reciprocity theoremfor the full wave field the contrastfunction is
expressedn materialdifferencegA«, Ap), while in thereciprocitytheorenmfor the one-waywavefieldsit
is expressedn scatteringpperatorg 2, 7).

The reciprocity theoremfor the full wave field hasproven its functionality for examplein the removal
of multiple reflections(van Borselenet al., 1996)andin velocity replacemen{Smit et al., 1998). The
reciprocitytheorenfor theone-waywavefieldshasbeenthe pointof departurdor thederivationof seismic
imaging techniquedor finely layeredmedia(Wapenaar1996). The currentinvestigationsare directed
towardsthe applicationof bothreciprocitytheoremsn 4-D seismicimaging(Fokkemaetal., 1997).
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