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Introduction

It is well-known that Kirchhoff migration,usingonly the first arrivals in the Green’s functions,may lead
to significantartifacts in the migration outputwhen the macrovelocity model is complex [2]. In many
casesthe amplitudesof the later arrivals in multivaluedGreen’s functionsarehigherthanthe amplitudes
of the first arrivals. Hence,employing thearrival with thestrongestamplituderatherthanthe first arrival
mayalreadygive significantimprovements.Of courseemploying all arrivals givesthebestresultthatcan
be obtainedwith Kirchhoff migration. However, it is a commonmisconceptionthat this “best result” is
the correctresult. Herewe do not refer to the fact that ray-tracedmultivaluedGreen’s functionsarehigh
frequency approximationsof theexactGreen’s functions,nor do we refer to thenegligenceof evanescent
waves. We claim that even applicationof the Kirchhoff-Helmholtz integral with exact back-propagating
Green’s functionsmaygive riseto amplitudeerrorsthatareof thesameorderof magnitudeasthosecaused
by ignoring the later arrivals in multivaluedGreen’s functions. In the following we first demonstratethis
with anumericalexample,thenwe giveanexplanationandfinally wedemonstratea solution.

Downward extrapolation with single- and multivalued operators

In orderto analysethe limitationsof multivaluedoperatorswe considera symmetricsynclinemodelwith
a large impedancecontrast(Figure1a), ���������
	�	���
� , � �������
	�	���������� , �������
	�	�	���
� , and � ����
	�	�	���� ��� � . A planewave sourcewith finite lengthat depthlevel !#" �$��%
	 m radiatesanupgoingwave
field, which is registeredat the surface !�& �'	 , seeFigure1b. The minimum andmaximumfrequencies
of thesourcespectrumare12.75Hz and34.75Hz, respectively. Our aim is to downwardextrapolatethis
upgoingwave field backto thesourcelevel ! " . To this endwe modeledGreen’s functionsfor a rangeof
sourcepointsat this depthlevel. TheGreen’s function relatedto thesourcepoint at thesymmetryaxisof
thesynclinemodel,is shown in Figure1c. To avoid discussionsabouttheaccuracy of theGreen’s functions,
we modeledthemusinga finite differencemethod;thesourcespectrumis flat between12.75Hz and34.75
Hz. Notethat thefirst arrival in this Green’s functionis weaker thanthelaterarrival. Applying downward
extrapolation,usingonly thefirst arrival of theGreen’s function,yieldstheresultshown in Figure2a. The
left andright partsclearly resemblethe planewave source,however, the centralpart is largely distorted.
Theresultsof downwardextrapolation,usingthestrongestarrival andall arrivals,respectively, areshown in
Figures2b and2c. Theseresultsclearlylook betterthantheresultin Figure2a,but thecollectedamplitude
cross-sections(Figure2d) reveal that the amplitudesareoverall too low andsignificantlydistortedin the
middleof thesection.In thisfigureandin all otheramplitudecrosssectionsthesolidgrayline corresponds
to the sourcefunction. Beforewe explain the discrepancies,we show the resultsof two othermethods,
reversetimeextrapolation[4], seeFigure3a,andrecursive explicit depthextrapolation[3, 6], seeFigure3c.
Thereversetime extrapolationamplitudecross-sectionin Figure3b is very similar to thatof theKirchhoff
methodwith themultivaluedGreen’s function(Figure2d). This confirmstheobservationby Esmersoy [1]
that reversetime extrapolationis equivalentwith the Kirchhoff-Helmholtz integral with back-propagating
Green’s functions. The amplitudesof recursive depthextrapolation,Figure3d, alsodeviate significantly
from thecorrectresult.
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Figure1: (a) Synclinemodel.(b) Planewave response.(c) Multivaluedoperator(Green’s function)
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Figure2: Kirchhoff downwardextrapolationresults.(a)Usingthefirst arrivalsonly. (b) Usingthestrongest
arrivalsonly. (c) Usingall arrivalsof themultivaluedoperator. (d) Amplitudecross-sectionsof thedown-
ward extrapolationresultsof Figure2a, dotted,2b, dashed,and2c, solid black, respectively. Solid gray
correspondsto thesourceamplitude.

Explanation of the limitations of the multivalued operator

Theexplanationfor theamplitudeerrorsof Kirchhoff extrapolationwith multivaluedoperators(Figure2d)
is thattheKirchhoff-Helmholtzintegralwith back-propagatingGreen’s functionsis exactonly whenapplied
to a closedsurface,that is whenall energy scatteredby theinterfaceis accountedfor, transmissionaswell
asreflection.Theseismicacquisitionsurfaceis alwaysanopensurface,sopartof theenergy is neglected.(*),+ ( + !�&- ). - )/- )/

!�0-213 -213- 14 - 14 !�5!�"
Figure4: MultivaluedGreen’s function
in a synclinemodel.

We have illustratedthesituationin Figure4. Theclosedsurface
consistsof theacquisitionsurfaceat ! & , a boundaryin the sub-
surfaceat ! 5 , betweentheGreen’ssourcepointatdepthlevel !�0
andtheplanewave sourceat depthlevel !�" , andverticalbound-
ariesat (76 + . Thez-coordinatesobey ! &98 !�0 8 ! 5:8 !�" ; note
that in the examplesin the previous sectionwe have taken the
limits ! 0<; !�5 and ! "�= !�5 . In a previousstudy[8] we showed
thatin inhomogeneousmediatheGreen’s functionaswell asthe
dataconsistsof two parts;transmittedpartsarriving asanupgo-
ing waveat theacquisitionsurface! & , - )> and ? )> , andreflected
partsat !�5 ,

- 14
and ? 14 , propagatingdownwardthroughthesub-

surface.In complex velocity modelsthesituationis evenmorecomplicated;then
- )> containsmultivalued

arrivals,first arrivals
- )/ andlaterarrivals

- ). . It is clearthatKirchhoff migrationschemeswith multival-

uedoperatorsaccountfor thetransmittedfields,
- )/ and

- ). at ! & . In practicethereflectionsat ! 5 and (76 +
cannotbetakeninto accountbecausenodataareavailableat theseboundaries;for ( 6 +A@CBED theintegrals
over theverticalboundariesgo to zero,but thecontribution from ! 5 cannotbeneglected.Thisexplainsthe
discrepancy betweenthegrayreferencecurveandtheothercurvesin Figure2d. To illustratethis,wemodel
thedataat ! 5 and (76 + andwe evaluatetheKirchhoff-Helmholtz integral alongtheseboundaries.Next we
addthis resultto thatof Figure2c, i.e., to the resultof theKirchhoff-Helmholtz integral with theupgoing
Green’s functions

- )/ and
- ). at ! & . Theresultof this additionis shown in Figure5a. Apart from thefact

thatnow alsothedowngoingwave field is reconstructed,theamplitudeof theupgoingwave is improved.
This is confirmedin Figure5b which shows thattheamplitudecross-sectionof Figure5a(thedashedline)
accuratelymatchestheamplitudecross-sectionof theoriginalupgoingplanewavefield.
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Figure3: (a) Reversetime extrapolation. (b) Amplitude cross-sectionof 3a. (c) recursive explicit depth
extrapolation.(d) Amplitudecross-sectionof 3c
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Figure5: (a)Sumof theKirchhoff-Helmholtzintegralovertheupperboundary(Figure2c)thelowerbound-
ary (Figure5a),andthetwo boundariesat (76 + . (b) Amplitudecross-sectionof figure(a) (dashed)andthe
referenceamplitudes(solidgray).

Iterative downward extrapolation

In theprevioussectionweshowedthattrueamplitudeextrapolationrequirestheevaluationof theKirchhoff-
Helmholtzintegral alonga closedboundary. Herewe discussaniterative downwardextrapolationmethod,
which avoids theintegral alongthelower andsideboundaries,but insteadusesthereflectivity information
in the data. For inversewave field extrapolationthroughfinely layeredmedia,we previously derived the
following expression[7] FHG<IKJ&ML ! &�N I & L ! &�N �PO�Q 1R L ! 59S ! &�NUT J Q 1R L ! 5VS ! &�NWS (1)

whereQ 1R L ! 59S ! &�N is theforwardextrapolationmatrixfor flux-normalizeddowngoingwavesbetweendepth
levels !�& and !�5 ,

I & L !�& N is the flux-normalizedreflectionresponsematrix of the subsurfacemeasuredat! & (assumingthereis no free surface); correspondingcolumnsof Q 1R L ! 5VS ! &�N and
I & L ! &�N describethe

transmission-response at !�5 andreflection-responseat !�& , resultingfrom asinglepoint-sourceatoneof the
receiver-posistions.ThesubscriptR standsfor generalizedprimary, whichweusedto denotethatall internal
multiplesof thefinely layeredmediumareincludedand

J
denotestranspositionandcomplex conjugation.

However, sincethe derivation wasfor arbitrarily inhomogeneousmedia,we may apply this expressionas
well for complex mediawith stronglateral variations,like the synclinemodel in Figure1a. Hence,we
extend the definition of generalizedprimary to includemultivaluedarrivals aswell. A final noteon (1)
shouldbe that eachof the diagonalelementsof this matrix-equationformulatesenergy conservation; the
diagonalelementsof left andright-handsidesof (1) readX FYG<I J& I &�Z�[\[ � � G^]�_$`Ea&cb _ [ ` &cb _ [ S (2)X O�Q 1R T J Q 1R Z�[\[ � ] _edfaR b _ [ d R b _ [�g (3)

From(1) we obtainO�h )R L ! 5iS ! &�NUTkj �lh 1R L ! &
S ! 5mN �on FHGpIKJ&ML ! &�N I & L ! &�Nrq ) � O�Q 1R L ! 5VS ! &�NUT J S (4)

where h )R L ! 5VS ! &�N is the inverseextrapolationmatrix for flux-normalizedupgoingwaves betweendepth
levels ! 5 and ! & , and j denotestransposition.Applying a Neumannexpansionandusingthe properties
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O�Q 1R L ! 5VS ! &�NUT j �sQ )R L ! &
S ! 5mN and
I j & L ! &�N � I & L ! &�N , equation(4) becomest h )R L ! 59S ! &�NvuUwyxkz �fO�Q )R L ! &
S ! 5ENUT J x] {}| &~ I & L ! &�N I a& L ! &�N��

{ S (5)

where
tr� u w�x�z denotesthe � th orderestimate.Eachcolumnof thematrix Q )R L ! &
S ! 52N containsa discretized

flux-normalizedversionof
- )/�� - ). at ( � b & , for aspecificsourcepositionat ! 5 . Hencein thisnotationthe

Kirchhoff integral with back-propagatingmultivaluedGreen’s functionsreadst�� ) L ! 52Nvu w & z �PO�Q )R L ! &
S ! 5mNUT J � ) L ! &�NWS (6)

where
� ) L ! &�N and

� ) L ! 5mN arevectorscontainingthediscretizedupgoingwavefieldsatdepthlevels ! & and! 5 , respectively. Thesuperscriptw & z denotesthezerothorderestimation.Usingtheoperatorof equation(5),
the � th orderestimationreadst�� ) L ! 5ENvu wyxkz �fO�Q )R L ! &
S ! 52NUT J x] {�| &�~ I & L ! &�N I a& L ! &�N �

{ � ) L ! &�N g (7)

Note that indeedonly input dataat ! & is requiredandthat thecorrectiontermscanbe fully obtainedfrom
thedeconvolved reflectionmeasurementsat ! & . Resultsfor � =0 and2 areshown in Figures6aandb. The
cross-sectionsin Figure6c show thattheresultsconvergeto thecorrectamplitudes.
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Figure 6: Downward extrapolationresults,using equation(7). (a) �P�C	 . (b) ����% . (c) Amplitude
cross-sectionsfor ����	 , solid, ����% , dotted,and �����k	 , dashed.

Conclusions

Kirchhoff migration,usingonly thefirst arrivalsin theGreen’s functions,mayleadto significantartifactsin
themigrationoutputwhenthemacrovelocity modelis complex [2]. However, we demonstratedthateven
applicationof theKirchhoff-Helmholtz integral with multivaluedback-propagatingGreen’s functionsmay
give riseto significantlaterallyvaryingamplitudeerrors,particularlywhenthecontrastsin themediumare
large.Theexplanationlies in thefactthatbackscatteredenergy shouldbetakeninto accountaswell.

We derivedaninverseextrapolationoperator(5) thataccountsfor themultivaluednessof theGreen’s func-
tions as well as for the scatteringlossesrelatedto the contrastsin the medium. The correctionterm is
deriveddirectly from thereflectionmeasurements.Sinceourmethodleadsto aninverseoperatorratherthan
a time-reversedone,it providesanalternative to theinversionmethodproposedby TenKroodeet al. [5].
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