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I ntroduction

It is well-known that Kirchhoff migration, usingonly thefirst arrivals in the Greens functions,may lead
to significantartifactsin the migration outputwhen the macrovelocity modelis comple [2]. In mary
caseghe amplitudesof the later arrivals in multivalued Greens functionsare higherthanthe amplitudes
of the first arrivals. Hence,employing the arrival with the strongesamplituderatherthanthe first arrival
may alreadygive significantimprovements.Of courseemploying all arrivals givesthe bestresultthatcan
be obtainedwith Kirchhoff migration. However, it is a commonmisconceptiorthat this “best result” is
the correctresult. Herewe do not referto the fact that ray-tracedmultivalued Greens functionsare high
frequenyg approximationof the exact Greens functions,nor do we referto the negligenceof evanescent
waves. We claim that even applicationof the Kirchhoff-Helmholtz integral with exact back-propagating
Greens functionsmay give riseto amplitudeerrorsthatareof the sameorderof magnitudeasthosecaused
by ignoring the later arrivals in multivaluedGreens functions. In the following we first demonstratehis
with anumericalexample thenwe give anexplanationandfinally we demonstrata solution.

Downward extrapolation with single- and multivalued operators

In orderto analysethe limitations of multivaluedoperatorsve considera symmetricsynclinemodelwith
a large impedancecontrast(Figure 1a),c; = 1500m/s, p1 = 1500 kg/m?, ¢z = 3000m /s, andpy =
3000 kg/m?. A planewave sourcewith finite lengthat depthlevel zg = 520m radiatesan upgoingwave
field, which is registeredat the surfacezy, = 0, seeFigurelh The minimum and maximumfrequencies
of the sourcespectrumare12.75Hz and34.75Hz, respectiely. Our aim is to dovnward extrapolatethis
upgoingwave field backto the sourcelevel zg. To this endwe modeledGreens functionsfor a rangeof
sourcepointsat this depthlevel. The Greens functionrelatedto the sourcepoint at the symmetryaxis of
thesynclinemodel,is shavn in Figurelc. To avoid discussiongsbouttheaccurayg of the Greens functions,
we modeledthemusingafinite differencemethod;the sourcespectrumis flat betweenl2.75Hz and34.75
Hz. Notethatthefirst arrival in this Greens functionis wealer thanthelaterarrival. Applying downward
extrapolation,usingonly thefirst arrival of the Greens function, yieldsthe resultshavn in Figure2a. The
left andright partsclearly resemblethe planewave source however, the centralpartis largely distorted.
Theresultsof downwardextrapolationusingthe strongesarrival andall arrivals, respectrely, areshavn in
Figures2b and2c. Theseresultsclearlylook betterthantheresultin Figure2a,but the collectedamplitude
cross-sectiongFigure 2d) reveal thatthe amplitudesare overall too low and significantly distortedin the
middle of the section.In this figureandin all otheramplitudecrosssectionghesolid grayline corresponds
to the sourcefunction. Before we explain the discrepancieswe shav the resultsof two other methods,
reversetime extrapolation[4], seeFigure3a,andrecursive explicit depthextrapolation[3, 6], seeFigure3c.
Thereversetime extrapolationamplitudecross-sectioin Figure3b is very similar to thatof the Kirchhoff
methodwith the multivaluedGreens function (Figure 2d). This confirmsthe obseration by Esmersyg [1]
that reversetime extrapolationis equivalentwith the Kirchhoff-Helmholtz integral with back-propagating
Greens functions. The amplitudesof recursve depthextrapolation,Figure 3d, also deviate significantly
from the correctresult.
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Figurel: (a) Synclinemodel.(b) Planewave response(c) Multivaluedoperator{Greens function)
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Figure2: Kirchhoff downwardextrapolationresults.(a) Usingthefirst arrivalsonly. (b) Usingthe strongest
arrivalsonly. (c) Usingall arrivals of the multivaluedoperator (d) Amplitude cross-sectionsf the dovn-
ward extrapolationresultsof Figure 2a, dotted,2b, dashedand 2c, solid black, respectrely. Solid gray
correspondso the sourceamplitude.

Explanation of the limitations of the multivalued operator

The explanationfor the amplitudeerrorsof Kirchhoff extrapolationwith multivaluedoperatorgFigure2d)
is thattheKirchhoff-Helmholtzintegral with back-propagatin@Greens functionsis exactonly whenapplied
to aclosedsurface,thatis whenall enegy scatteredy theinterfaceis accountedor, transmissioraswell
asreflection. The seismicacquisitionsurfaceis alwaysanopensurface,sopartof theenegy is neglected.

T_p Gl_ T
20 We have illustratedthe situationin Figure4. The closedsurface
consistsof the acquisitionsurfaceat zy, a boundaryin the sub-
surfaceat z,,,, betweerthe Greens sourcepointatdepthlevel z 4
andthe planewave sourceat depthlevel zg, andverticalbound-
ZA ariesatz,. Thez-coordinate®bey 2y < z4 < 2, < zg; Note
8 Zm thatin the examplesin the previous sectionwe have taken the
Zs limits z4 | zm,m andzg 1 z,. In aprevious study[8] we shaved
Figure4: MultivaluedGreens function thatin inhomogeneoumediathe Greens functionaswell asthe
in asynclinemodel. dataconsistf two parts;transmittedpartsarriving asan upgo-

ing wave attheacquisitionsurfacez, G; andP;, andreflected
partsatz,,, Gi andP;, propagatinglovnwardthroughthesub-
surface.In complex velocity modelsthe situationis evenmorecomplicatedthenG, containsmultivalued
arrivals, first arrivals G, andlaterarrivals G;. It is clearthatKirchhoff migrationschemesvith multival-

uedoperatorsaccountfor thetransmittedields,G 7 andG,; atz. In practicethereflectionsat z,, andz.,
cannotbetakeninto accounbecaus@o dataareavailableattheseboundariesfor z,, — +oo theintegrals
overtheverticalboundariegjo to zero,but the contritution from z,,, cannotbe neglected.This explainsthe
discrepang betweerthegrayreferenceurve andthe othercunesin Figure2d. To illustratethis, we model
thedataat z,,, andz..,, andwe evaluatethe Kirchhoff-Helmholtz integral alongtheseboundariesNext we
addthis resultto thatof FigureZ2c, i.e., to theresultof the Kirchhoff-Helmholtz integral with the upgoing
Greens functionsG; andG at z. Theresultof this additionis shavn in Figure5a. Apart from the fact
thatnow alsothe downgoingwave field is reconstructedthe amplitudeof the upgoingwave is improved.
Thisis confirmedin Figure5b which shavs thatthe amplitudecross-sectionf Figure5a (the dashedine)
accuratelymatcheghe amplitudecross-sectiownf the original upgoingplanewave field.
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Figure 3: (a) Reversetime extrapolation. (b) Amplitude cross-sectiorf 3a. (c) recursve explicit depth
extrapolation.(d) Amplitude cross-sectionf 3c
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Figure5: (a) Sumof theKirchhoff-Helmholtzintegral overthe upperboundary(Figure2c) thelower bound-
ary (Figureba), andthetwo boundariesat z,,. (b) Amplitude cross-sectiomf figure (a) (dashedpandthe
referenceamplitudegqsolid gray).

Iterative downward extrapolation

In theprevious sectiorwe shavedthattrueamplitudeextrapolationrequiresheevaluationof the Kirchhoff-
Helmholtzintegral alonga closedboundary Herewe discussaniterative downward extrapolationmethod,
which avoids theintegral alongthelower andsideboundariesbut insteadusesthe reflectiity information
in the data. For inversewave field extrapolationthroughfinely layeredmedia,we previously derived the
following expressior7]

I - R}(20)Ro(20) = (W (2m, 20) W (21, 20), @)

wherewg(zm, zp) istheforwardextrapolationmatrixfor flux-normalizeddovngoingwavesbetweerdepth
levels zy and z,,, Ro(2p) is the flux-normalizedreflectionresponsemnatrix of the subsurbce measureadt
zop (assumingthereis no free surface); correspondingolumnsof W;’(zm, z0) andRy(zp) describethe
transmission-respoesit z,,, andreflection-responsat zy, resultingfrom a singlepoint-sourceat oneof the
recever-posistions.Thesubscript, standdor generalizegrimary whichwe usedto denotethatall internal
multiplesof the finely layeredmediumareincludedand’ denotegranspositiorandcomplex conjugation.
However, sincethe derivation wasfor arbitrarily inhomogeneoumedia,we may apply this expressionas
well for complex mediawith stronglateral variations,like the synclinemodelin Figure 1a. Hence,we
extendthe definition of generalizedprimary to include multivaluedarrivals aswell. A final note on (1)
shouldbe that eachof the diagonalelementsof this matrix-equatiorformulatesenegy conseration; the
diagonalelementsf left andright-handsidesof (1) read

[I - RIJRO] aq 1- Z Ré,quO,pQ’ (2)
p
[{W;—}ng—]qq = Z W;,quSI,p(J' (3
p
From (1) we obtain
(B, (om, 20))T = B (20, 7m) = (T~ R (20)Ro20)) (W} (2 20)}, @

whereF (21, 20) is the inverseextrapolationmatrix for flux-normalizedupgoingwaves betweendepth
levels z,, andzy, and” denotegransposition. Applying a Neumannexpansionand usingthe properties
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{W_j(zm, )} = Wg—(zo, zm) andRY (z) = Ro(20), equation(4) becomes

k .
2
(Fy (2 20)®) = (W (20,20} 3 [Ro0) R (20)] ©)
i=0
where(-)(*) denoteghe kth orderestimate Eachcolumnof the matrix W, (20, 2m) containsa discretized

flux-normalizedversionof G + G| atxs o, for aspecificsourcepositionat z,,. Hencein this notationthe
Kirchhoff integral with back-propagatinghultivaluedGreens functionsreads

(P~ (2m))® = {W (20, 2m)}' P~ (20), (6)

whereP ~ (zy) andP~ (z,,) arevectorscontainingthediscretizedupgoingwave fieldsatdepthlevels z, and
zm, respeciiely. Thesuperscript?) denoteshezerothorderestimation.Usingthe operatorf equation(5),
the kth orderestimatiorreads

k .
7
P ()™ = (W, (20 5)} Y [Ro(z0)Ri ()] P (0. )
=0
Notethatindeedonly input dataat z; is requiredandthatthe correctiontermscanbe fully obtainedfrom

the decowolved reflectionmeasurementat zy. Resultsfor k=0 and2 areshavn in Figures6aandb. The
cross-sectionm Figure6c shav thattheresultscorvergeto the correctamplitudes.
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Figure 6: Downward extrapolationresults,using equation(7). (@) k = 0. (b) & = 2. (c) Amplitude
cross-sectionfor k = 0, solid, kK = 2, dotted,andk = 10, dashed.

Conclusions

Kirchhoff migration,usingonly thefirst arrivalsin the Greens functions,mayleadto significantartifactsin
the migrationoutputwhenthe macrovelocity modelis comple [2]. However, we demonstratethat even
applicationof the Kirchhoff-Helmholtz integral with multivaluedback-propagatingreens functionsmay
give riseto significantlaterally varyingamplitudeerrors,particularlywhenthe contrastsn themediumare
large. The explanationlies in thefactthatbackscatterednegy shouldbetakeninto accountaswell.

We derived aninverseextrapolationoperaton(5) thataccountdor the multivaluednessf the Greens func-
tions aswell asfor the scatteringlossesrelatedto the contrastsin the medium. The correctionterm is
deriveddirectly from thereflectionmeasurementsSinceour methodeadsto aninverseoperatoratherthan
atime-reversedone,it providesanalternatve to theinversionmethodproposedy TenKroodeetal. [5].
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