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Introduction

The interaction of elastodynamic waves with imperfectly coupled interfaces has been investigated by many
authors for various situations. Schoenberg [2] introduced the linear slip model for an interface between two
elastic media. In this model it is assumed that the particle displacement of an elastic wave at an interface
jumps by a finite amount, linearly proportional to the stress at the interface. The stress itself is assumed
continuous across the interface. The ratio of the stress and the displacement jump is the specific boundary
stiffness. Pyrak-Nolte et al. [1] extended this model with a specific boundary viscosity, which is the ratio of
stress and a velocity jump across the interface. Other authors considered imperfect boundary conditions for
amongst others, electromagnetic waves in matter and for Biot waves in porous media.

In this paper we analyze reciprocity theorems and power balances for various wave types in piecewise
continuous inhomogeneous media, containing arbitrarily shaped interfaces with imperfect coupling. We
illustrate the relations for the elastodynamic linear slip models of Schoenberg [2] and Pyrak-Nolte et al. [1].

General boundary conditions for wave fields at imperfectly coupled interfaces

We use a unified notation that applies to acoustic waves in fluids, elastodynamic waves in solids, electro-
magnetic waves in matter, poroelastic waves in porous solids and seismoelectric waves in porous solids.
The general boundary conditions for each of these wave phenomena can be cast in a single matrix-vector
equation, according to

A(Mi) = Y (M), (1)
whereu is the wave field vectoiM is a matrix that contracts this wave vector to the components that are
involved in the boundary conditions af is a matrix containing the specific boundary paramet&g)
and(-) represent the jump and the average across the interface, respectively. We illustrate equation (1) for the
situation of elastodynamic waves in solids. An elastodynamic wave field is described in the space-frequency
(x,w) domain in terms of the stress;(x, w) and the particle velocity; (x,w). We use a subscript notation
for the components of vectorial and tensorial quantities. Lower-case Latin subscripts take on the values 1,
2 and 3 and Einstein’s summation convention applies to repeated subscripts. Consider an interface with
normal vectom = (n1,n2,n3)” between two solids with different (space-dependent) medium parameters
(superscript” denotes transposition). The general boundary conditions for an elastodynamic wave field at
an imperfectly coupled interface read

A(#yng) = Bu(on), (2)
Ay = Al Tring)- 3)

Here B, = Bix(x,w) and4; = Au(x,w) are anisotropic frequency-dependent parameters. Boundary
conditions (2) and (3) can be captured by matrix-vector equation (1), with
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Where({r)i = @i, (’i'J)Z e 7A'ij, (B)zk = Bz’kv ('?)Zk = ’Ayik, (I),k = 51';9 and (O),k = 0. We consider
some special situations. Wh@n= O (which is usually the case) and= (0,0,1)7 (i.e., the interface is
horizontal), then equations (1) and (4) yie\dr = 475. Furthermore, whefy can be written as

Ctm™ 0 0
4= 0 (E2+mpt 0 |, ()
0 0 (52!
Jw
this yields
R AD . ) AD . . AD
i3 = Ki—— + A0y, fog = Ko—— + Ay, 33 = Kz ——. (6)
jw Jw Jw

These equations represent the frequency domain equivalent of the extended linear slip model of Pyrak-Nolte
et al. [1]. The first term on the right-hand side of each of these equations represents the specific boundary
stiffnessK; multiplied with the displacement jumfv;/jw; the second term is the product of the specific
boundary viscosity) and the velocity jump\¢;. Whenn = 0 and K; = K5, these equations reduce to the
linear slip model of Schoenberg [2].

Unified reciprocity theorems

For any of the wave phenomena mentioned in the previous section, we derived two unified reciprocity
theorems (Wapenaar and Fokkema [3]), which are briefly reviewed here. We consider two physical states
in a volumeV, enclosed by surfacg) with outward pointing normal vectai. The field quantities, the
material parameters, as well as the source functions may be different in both states; they will be distinguished
with subscriptsd and B (of course the summation convention does not apply for these subscripts). For the
moment we assume that there are no interfacds im the frequency domain, the reciprocity theorem of

the convolution type reads

7{ ﬁgKNxﬁBd%c:/[ﬁEKéB—égKﬁB}d3x+/ 0K [jw(As—Ap)+(Ba—Bg)|ip d*x.(7)
oV % v

We speak of a convolution-type theorem, because the multiplications in the frequency domain correspond
to convolutions in the time domain. This theorem interrelates the wave field quantities (containgedrid

upg), the material parameters (containediin, B 4, A g andB ) as well as the source functions (contained

in §4 andsp) of statesA and B. The material parameter matrices, the source vectors as well as matrices
Ny andK are given in [3] for the different wave phenomena discussed above. The reciprocity theorem of
the correlation type reads

7{ W Nytip dx = / [ﬁ% sp+8lf ﬁB] d*x + / i [jw(Aa— Ap) — (BY +Bp)|upd’x, (8)

oV % %

where superscrigf denotes transposition and complex conjugation. We speak of correlation type, because
the multiplications in the frequency domain correspond to correlations in the time domain. For elastody-
namic waves, the matric@$ andK are given by

O mI nol nsl I O O O
_|m1 0 0 o |lo -1 0 O

Nx = |1 o0 o ol ™ K=|g 0 1 0 )
sl O O O O O O -I

Reciprocity for imperfectly coupled interfaces

We now extend the reciprocity theorems for the situation in whdatontains imperfectly coupled internal
interfaces. To this end we subdivideinto L continuous regions, according =V, UV, - ---UVy,

see Figure 1. RegioY; is enclosed by surfaag); with outward pointing normal vectat;. The boundaries
between these regions represent the imperfectly coupled internal interfaces. Note that each internal interface
is part of two surface8V;, with oppositely pointing normal vectors, see Figure 1.




oV,

Figure 1:Piecewise continuous volumé= V; UV, - ---U Vy.

Since the medium parameters in reglgrare continuous, the reciprocity theorems (7) and (8) apply to each
of these regions. Summing both sides of these equationd gields again equations (7) and (8) for the
total volume), with in the left-hand sides extra integrals over the internal interfaces, given by

/ |(0hKNyip), + (04KNyig),| d’  and (@ Nyip), + (0 Nyitg),| ¢, (10)

Eint Eint

respectively, wher&;,; constitutes the total of all internal interfaces; the subsciipisd, denote the two
sides of the internal interfaces. In the following, we evaluate these integrals, using the general boundary
condition of equation (1). To this end we first introduce matrilseandJ, such that

KN, =M 'NM and N, = M7JM. (11)
For example, for elastodynamic waves in solids, matiideendJ are given by
O 1 O 1
N:(_I O> and J:<I O)' (12)
Since the normal vectors have different signs at opposite sides of an interface (see Figure 1), we have
MINM, = -MINM; and MIIM, = -MIIM;. (13)
We use equations (11) and (13) to rewrite the interface integrals of equation (10) as
/ (af \M"NMi, 5 — 05 ;M "NMi ) d’x (14)
Eint
and
/ (o, M7 IMiy 5 — 0 ;M7 IM1, 5) d*x, (15)
Eint

respectively, wher®1 stands fofM;. In case of perfect coupling, we hau, = Mu; for stateA as

well as state3, hence, the internal interface integrals vanish. This means that the reciprocity theorems (7)
and (8) are valid for a piecewise continuous medium (as in Figure 1) with perfectly coupled interfaces. Of
course the more interesting case is the one in which the interfaces are partially coupled. For this situation
we rewrite the general boundary condition (1) as

M(iy — ) = YM(dz + 1) /2, (16)
or R R R R
My = ZMua;, with Z=(I-Y/2) 1 (I+Y/2). (17)
We substitute equation (17) for statésand B into the interface integrals (14) and (15), which yields

/ a M7 (N - ZﬁNZB)MﬁB d’>x and / al M (3 - ZZJZB)MﬁB d’x, (18)

Yint Ying

respectively. This is the final form of the integrals that have to be added to the left-hand sides of equations
(7) and (8), respectively. Note thaty andup stand fora; 4 andi, g, respectively (similar adI stands

for M,). Itis arbitrary which side of the interface is designated ‘side 1'. All that matters isithali 5 and

M all refer to the same side of the interface.
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Analysis of the internal interface integral in the reciprocity theorem of the convolution type

In the following analysis we tak& 4 = Zz = Z. The internal interface integral in the reciprocity theorem
of the convolution type (equation 18, first integral) vanishes when

ZTNZ =N, (19)
or, substituting equation (17), reorganizing some terms and using the prdyetty: —N, when
I-Y/2)NI-YT/2)= 1+ Y/2)NI+Y7T/2). (20)

Hence, reciprocity theorem (7) is valid in all situations where equation (20) is fulfilled. As a consequence,
in those situations source-receiver reciprocity remains valid when the source and receiver are separated by
imperfectly coupled interfaces.

As an example, we substitu® and N as defined in equations (4) and (12) for elastodynamlc waves in
solids into equation (20). It thus follows that the interface integral vanishes @he” andy = 47 In

the linear slip model of Schoenberg [2] as well as the extended linear slip model of Pyrak-Nolte et al. [1]
these conditions are fulfilled singe= O and¥ is diagonal (equation 5).

Analysis of the internal interface integral in the reciprocity theorem of the correlation type

The internal interface integral in the reciprocity theorem of the correlation type (equation 18, second inte-
gral) vanishes when

7137 =7, (21)
or, substituting equation (17), reorganizing some terms and using the prdpérty J, when
(I-Y/2)JX-Y7/2) = (1+Y/2)I(1+YH/2). (22)

Hence, reciprocity theorem (8) is valid in all situations where equation (22) is fulfilled. As a consequence,
in those situations no power dissipation occurs at the imperfectly coupled interfaces.

As an example, we substitu¥ andJ as defined in equations (4) and (12) for elastodynamic waves in solids
into equation (22). It thus follows that the interface integral vanishes When-B1 andy = —4'. In the
linear slip model of Schoenberg [2] these conditions are fulfilled, stheeO and4 is a purely imaginary
diagonal matrix (equation (5), with = 0). However, in the extended linear slip model of Pyrak-Nolte et al.
[1] these conditions are not fulfilled since the diagonal magrigquation 5) is not purely imaginary.

Conclusions

We have formulated general boundary conditions at imperfectly coupled interfaces for acoustic waves in
fluids, elastodynamic waves in solids, electromagnetic waves in matter, poroelastic waves in porous solids
and seismoelectric waves in porous solids. These boundary conditions are captured by the general matrix-
vector equatiomA (Mu) = Y (Mu), where matrixY contains the specific interface parameters. Using

this equation, we have extended two unified reciprocity theorems (one of the convolution-type and one of
the correlation-type) with an extra integral over the imperfectly coupled interfaces. We have formulated
conditions for the matri® under which the extra integrals vanish [equations (20) and (22)]. It appears that
the extra integral in the convolution-type reciprocity theorem vanishes in the considered cases, which means
amongst others that source-receiver reciprocity remains valid when the source and receiver are separated by
imperfectly coupled interfaces. The extra integral in the correlation-type reciprocity theorem vanishes only
in a limited number of cases. In those situations where it does not vanish, the imperfectly coupled interfaces
dissipate power.
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