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Summary. In this paperwereview our reciprocitytheoremsfor
one-waywave fields,modifiedfor lossymedia,andwe discuss
applicationsin multipleeliminationandtime-lapseseismics.
Intr oduction
One-waywave equationshave playeda prominentrole in seis-
mic processingsince the pioneeringwork of Claerbout[4],
Berkhout[2] andothers. The reasonfor this is that a seismic
experimentcan be explained in terms of ‘downgoing’ waves
traveling from the sourceat the Earth’s surfaceto a target in
thesubsurfaceand‘upgoing’ wavestraveling from thetarget to
the receiversat thesurface.One-waywave equationsnaturally
honorthisdistinctionbetweendowngoingandupgoingwaves.
This paperstartswith a review of reciprocitytheoremsfor one-
way wave fields. Thesereciprocity theoremsformulategen-
eral relationsbetweentheone-waywave fields in two different
‘states’. One of thesestatesis an actualseismicexperiment,
while theotherstatecaneitherbea computationalstate(e.g. a
wave field propagator),a desiredstate(e.g. multiple-freedata)
or anotherseismicmeasurement(characterizingtime-lapsedif-
ferencesin the target). Fokkemaandvan denBerg [8] derived
seismicprocessingtechniquesfrom Rayleigh’sreciprocitytheo-
remfor total acousticwave fields. In thecurrentpapertheone-
way reciprocitytheoremsform the startingpoint. Thesetheo-
remsprovide a theoreticalframe-workfor currentseismicpro-
cessingtechniquesbasedon theone-waywaveequations.Some
applicationswill beindicated.
One-wayreciprocity theoremsin mediawith losses
Theone-waywaveequationand its symmetryproperties. We
review theacousticone-waywave equationfor downgoingand
upgoingwavesin an inhomogeneousmediumwith losses.We
introduceaone-waywavevector

�
andaone-waysourcevector�

, accordingto�������	���

� and
����������


��� (1)

Thesuperscripts� and � standfor ‘downgoing’and‘upgoing’,
respectively. In thespace-frequency ��������� domain,theone-way
waveequationreads �! �"�$#%

˜

� � � � (2)

wheretheone-wayoperatormatrix
#%
˜

is definedas#%
˜

� �
&('�)*,+ -- ' )*,+ � � �.)/ &0)1& )1 )/ � (3)

(thecircumflex denotesa pseudo-differentialcontaining

� +
and

�!2
).
#3 +

is thewell-known square-rootoperatorand
#4

and
#5

are
thereflectionandtransmissionoperators.

We define the bilinear form 6879�:7<;8= and the sesquilinearform687>�?7<;A@ accordingto6CB!�8D(; = � E BGFH���(I��JDK���(I��JL 2 �(IM� (4)6CBN�8DO; @ � E B!P:���(I��JD
���QI��JL 2 �(IM� (5)

where F denotestransposition,P denotesadjoint(here: transpo-
sition andcomplex conjugation)and �(I � ��R + �?R 2 � . We in-
troducethetransposedoperator

#%
˜
F andtheadjointoperator

#%
˜
P

via 6 #%
˜
BS��D
;8= � 6CBS� #%

˜
F D
;8= and 6 #%

˜
BN�8D(;A@ � 6CB!� #%

˜
PJD(;A@ � (6)

Usingthesedefinitions,thetransposedandadjointone-wayop-
eratormatricesobey#%

˜
FUT

˜

� � T
˜

#%
˜

and
#%
˜
P�V
˜

� �WV
˜

#%
˜ X � (7)

with T
˜

�,YWZ [\ []ZC^ and V
˜

�,YA[ ZZ \ [C^ . The first symmetryrela-
tion in equation(7) wasderived in WapenaarandGrimbergen
[13] for losslessmedia.UsinganapproachmodifiedafterDillen
[5], it appearsto hold in mediawith lossesaswell (Wapenaar
et al. [12]). The prime X in the secondsymmetryrelation in
equation(7) denotesthat this operatoris definedin theadjoint
(=complex conjugate)medium. Whena mediumis passive, its
adjointmediumis activeandvice versa.

Reciprocity theoremof the convolution typefor one-waywave
fields. We introducetwo different statesthat will be distin-
guishedby thesubscripts_ and ` . For thesetwo stateswecon-
sidertheinteractionquantity

�! Ga � Fb T
˜

�dc�e
, or, writtenalterna-

tively,

�! Gagf �b f 
c � f 
b f �c e . [For comparison,Fokkemaand
van den Berg considerthe interactionquantity

�NhgaGf bKi hkj c �i hkj b f c e ]. Apparently, we considerthe interactionbetween
oppositelypropagatingwaves. Applying the productrule for
differentiation,substitutingthe one-waywave equation(2) for
states_ and ` , integratingtheresultover a cylindrical volumel

with boundary

� l�m	n � l +
(seeFigure1), applyingthetheo-

remof Gaussandusingthefirst symmetryrelationin equation
(7) yieldsthefollowing one-wayreciprocitytheoremE �Koqpqr Z � Fb T ˜ ��c�s  L 2 � I � E �KoSr � Fb T ˜ t #% ˜ c � #%

˜
b
u �dc L  �� E �KoSr a � Fb T ˜ �
c � � Fb T ˜ �dc�e L  �v� (8)

with
s  � �dw at theuppersurfaceof

� l m
and

s  � �xw at the
lowersurfaceof

� l m
.
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Fig. 1: Configurationfor the one-wayreciprocity theorems.Thecom-
binationof the two planar surfacesis denotedby ¡!¢ m ; the cylindrical
surfaceis denotedby ¡!¢ + .
Reciprocity theoremof the correlation type for one-waywave
fields. We considertheinteractionquantity

�  a � Pb V
˜

� c e
, or,

written alternatively,

�! Ga � f �b �A£ f �c �¤� f 
b �A£ f 
c e , where £ de-
notescomplex conjugation. Following the sameprocedureas
above, using the secondsymmetry relation in equation(7),
yieldsthefollowing one-wayreciprocitytheoremE �Ko!pgr Z � Pb V ˜ �dc�s  L 2 � I � E �KoNr � Pb V ˜ t #% ˜ c � #%

˜ Xb
u �dc L  �� E �KoNr a � Pb V ˜ �(c � � Pb V ˜ �dc¥e L  � � (9)

Representationtheoremfor one-waywavefields. Weintroduce
a one-wayGreen’s matrix ¦

˜
which satisfiesthefollowing one-

waywaveequation�! ¦
˜
�����8� X � � #§%

˜
���(�8¦

˜
���K�8� X ���©¨˜ ª ���«�¬� X �A� (10)

with ª ���Q� � ª ��R + � ª ��R 2 � ª ��R  � and ¨
˜

beingthe ­�®0­ identity

matrix.
#§%
˜

is somereferenceone-wayoperator. Thetwocolumns
of ¦

˜
�����8� X � representtwo independentGreen’s one-waywave

vectorsat observationpoint � , relatedto two independentone-
way sourcesat sourcepoint � X . Using reciprocitytheorem(8)
wecanderive ¦

˜
��� X �?� X X � � � T

˜

 + ¦

˜
F ��� X X ��� X � T ˜ , or¦

˜
��� X ��� X X � � ��¯ � j �±°³² XC´ ² X X9µ ¯ � j 
 °C² X¶´ ² X X>µ¯±
 j � °³² X ´ ² X X µ ¯±
 j 
 °C² X ´ ² X X µ � (11)� � &�¯±
 j 
 °C² X X ´ ² X µ ¯ � j 
 °³² X<X ´ ² X µ¯ 
 j � °C² X X ´ ² X µ &�¯W� j � °C² X X ´ ² X µ � �

Next wederive a representationfor theone-waywavefield vec-
tor
�

, obeying equation(2). Thiswavefield vectorwill beused
asstate ` in the reciprocity theorem(8). The Green’s matrix¦
˜

, obeying equation(10),will play theroleof state_ . We thus
obtain· ��� X � � ��� X � � E r ¦ ˜ ��� X ���
� #¸ ˜ ���
� � ���Q�JL  �¹� (12)E r ¦ ˜ ��� X �8�(� � ���(�JL  �«� E pgr ¦ ˜ ��� X �8�Q� � ���
� s  L 2 �(IM�

wherethecharacteristicfunction

·
is definedas· ��� X � �»º¼½ ¼¾ ¿ for ² XOÀ ¢¿ÂÁkÃ

for ² XOÀ ¡!¢Ä
for ² X ÁÀ ¢ÆÅ�¡Ç¢ (13)

andthecontrastoperator
#¸
˜

as#¸
˜
���
� � #%

˜
���K�
� #§%

˜
���(� � (14)

Notethat theright-handsideof equation(12) contains,respec-
tively, avolumeintegralover the‘contrastoperator’

#¸
˜

, a‘direct
wave’ contributionandaboundaryintegral over the‘interaction
quantity’ ¦

˜

�
.

Applications
Theone-wayreciprocitytheorems(8) and(9) aswell astheone-
way representationtheorem(12) have many applications. We
mentionforwardandinverseextrapolationin finely layeredme-
dia, multiple elimination,andtime-lapseseismics. In the fol-
lowing, wediscussthelattertwo applicationsin moredetail.

Reciprocity theoremfor multipleelimination. Herewediscuss
multiple elimination,usinga similar approachasFokkemaand
vandenBerg [8] andvanBorselenet al. [11]. We startby de-
riving an integral equationfor multiples,relatedto a reflecting
boundary. ThisboundarymayrepresenttheEarth’s freesurface,
theoceanbottom,or any reflectorin thesubsurface.We denote
this reflectingboundaryby È . We definethevolume

l
entirely

below È , in suchawaythatits upperboundaryapproachesÈ (as
a limiting process)from below andits lower boundarylies be-
low all inhomogeneitiesin thesubsurface.We denotetheupper
boundaryby È � andthelower by È±É , respectively, seeFigure
2b. We employrepresentation(12) to this configuration,where�

denotestheone-waywavevectorrelatedto theactualsituation
(hence,

f � and

f 
 includethemultiplesrelatedto the reflec-
tor È ). Throughout

l
wechoosethereferencemediumequalto

theactualmedium,sothefirst volumeintegralontheright-hand
sideof equation(12) vanishes.Moreover, we assumethat the
sourceis situatedat or above È , so thesecondvolumeintegral
ontheright-handsideof equation(12)vanishesaswell. Finally,

Ê Ë Ì Í Î ÏÐ Ñ
Ò Ó
Ô Õ Ö× Ø Ù ÚÛ Ü Ý Þß àá â

ã ä
å æ ç

è é ê ë ì íî ï
Fig. 2: (a) Stateð : the multiple-freeimpulseresponsē 
 j � °³² X ´ ² µ .(b) Stateñ : theactualone-wayresponses� �W°C² µ and � 
 °C² X9µ , includ-
ing multiplesrelatedto thereflectingboundaryò .
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theboundaryintegral in equation(12)reducesto anintegraloverÈ � only, with
s  � �dw . Sofor � XOó È � weobtainw­ � ��� X � �"ENôöõ ¦

˜
��� X ���
� � ���(�JL 2 � I � (15)

We havenotyetspecifiedthereferencemediumfor theGreen’s
matrix outside

l
. In the following we choosea non-scattering

referencemediumin thehalf-spaceabove È � (Figure2a). The
lower-left elementof theGreen’s matrix, i.e., ÷ 
 j � ��� X ���
� rep-
resentsthereflectionimpulseresponseof themediumin

l
with-

out multiplesrelatedto thereflector È ; this is theresponsethat
we areafter. Theupper-right elementis the reflectionresponse
of the mediumabove È � , henceit equalszero. The diagonal
elementsof ¦

˜
are the direct downgoing and upgoing waves

at È � . From equation(10) it follows that they are given byø +2 ª ��� XI �ù�(I�� � ø +2 ª ��R X + �¬R + � ª ��R X2 �0R 2 � . Thefactor
+2

is
dueto thefact that � X and � arebothon È � ; theplusandminus
signsfollow from theboundaryconditions(i.e.,outgoingwaves
for R  dú �üû and R  ýú û ). Hence,wemayrewrite equation
(15) for � Xþó È � asw­ � � � °³² X µ� 
�°³² X µ � � (16)Eöô õ � +2Nÿ °³² XI & ² I µ Ä¯	
 j � °C² X ´ ² µ & +2Nÿ °³² XI & ² I µ � �ö� �W°C² µ��
 °C² µ � L

2 �
Id�
from whichweobtainf 
 ��� X � � Eöôöõ ÷ 
 j � ��� X ���
� f � ���(�JL 2 � I � (17)

for � X ó È � . Note that we have obtainedan integral equa-
tion for thereflectionimpulseresponse÷ 
 j � ��� X �8�K� whichdoes
not containmultiplesrelatedto thereflector È (Figure2a). The
one-waywave fields

f � ���(� and

f 
 ��� X � representthe actual
situationincluding the multiplesrelatedto È . Since ÷ 
 j � de-
pendson � X aswell ason � , it cannotberesolvedfrom asingle
seismicexperiment(exceptwhenthereareno lateralvariations
in which case ÷ 
 j � ��� X �8�(� is invariantwith respectto lateral
shifts). Hence,in generalequation(17) can only be resolved
whenmany independentseismicexperiments(relatedto differ-
ent sourcepositions)are available. In principle it involves a
multi-dimensionaldeconvolutionof theupgoingwavefieldsby
thedowngoingwave fields. The ideaof resolvingthemultiple-
freeresponseby ‘dividing’ theupgoingwavesby thedowngoing
waveshasbeendiscussedbeforeby amongstothersKennett[9],
Berkhout[3], WapenaarandVerschuur[14], Ziolkowski et al.
[15] andAmundsen[1]. The latter authoralsousesrepresen-
tation theory, analogousto Fokkemaandvan denBerg [8], to
arrive at anintegral equationfor surfacemultiplesin oceanbot-
tomdata,similarto equation(17). Thepresentresultis valid for
surfacemultiples,oceanbottommultiplesor internalmultiples.
Unfortunately, direct inversionof equation(17) is unstable,be-
causethe spectrumof the wave field

f � ���K� containsnotches
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Fig. 3: Downgoing(a) andupgoing(b) wavefieldsat ò � , obtainedby
decomposingthe pressureandvelocityat the oceanbottom ò . (c) The
multiple-freeresponsē±
 j � , obtainedby invertingequation(17). (d)
Idem,afterstabilization.

dueto the multiples. In WapenaarandVerschuur[14] we dis-
cusseda procedureto stabilizethis inversion. An exampleis
presentedin Figure3.

Reciprocity theoremsfor time-lapseseismics. Sincein a reci-
procity theoremtwo statesinteract,it is optimally fitted to for-
mulatethe relationbetweentwo measurementsin a time-lapse
seismicexperiment(Fokkemaet al. [7], Dillen [5], [6]). State_ is associatedwith the referencewave field at, say,

� � � +
,

while state ` is associatedwith the monitoringwave field at,
say,

� � � 2 � � +
. It is notedthat

� 2 � � +
is much longer

than the seismicexperimenttime. In our analysis � �
 

is di-
videdin threedomains(Figure4):

l m
is thedomainwherethere

areno differencesbetweenthe materialparametersin the two
states,mostly associatedwith the domainabove the reservoir
(i.e., R  � R + ); the domain

l��
, for exampleassociatedwith

the reservoir ( R + � R  � R 2 ), wherethereis a differencebe-
tweenthematerialparametersin thetwo statesmostlydueto the
reservoir productionhistory;and

l X denotesthecomplementof
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Fig. 4: Configurationfor time-lapseseismics.lþmýn©l��
(i.e., R  � R 2 ); the materialparametersin this do-

mainmayor maynot be different. In our one-wayanalysiswe
considerpoint-sourcesfor downgoingwavesin bothstates,ac-
cordingto � b �����8��� � �-, �b �����/.!� F ª ��� �0�10N�A� (18)�
c ���K�8��� � �-, �c �����2.q� F ª ���Æ� �43�� � (19)

Applicationof reciprocitytheorem(8) to domain
l¤� lþm¥n�l��

yields

, �c ����� f 
b ���43/5 �60��
�7, �b ����� f 
c ���1085 �43K� (20)� E �KoNr:9 � Fb ���;5 �60Ç� T ˜ � #% ˜ c ���K�
� #%
˜
b ���(�8� �dc ���;5 �43K�JL  �,�E=<?>A@B<?C>agf 
b ���/5 � 0 � f �c ���;5 � 3 �K� f �b ���D5 � 0 � f 
c ���;5 � 3 � e L 2 �(I �

Using physical reciprocity, the term

f 
c ��� 0 5 � 3 � may be re-
placedby

f 
c ���E3/5 �10N� . Hence,when , �b ����� � , �c ����� , theleft-
handside representsthe differencewave field. The first term
on the right-handside is relatedto the changesin the domainl��

. The secondterm on the right-handside is relatedto any
changesbelow R  � R 2 . Let us analyzethis boundaryinte-
gral further. Figure5 showsa configurationwith two regionsin
which changesoccur(the grey areas). Figure5a shows some
wavepathsin the integral F <?>G@H< C>

f 
b ���;5 �60�� f �c ���;5 ��3K�JL 2 � I .

If

f �c is interpretedasaGreen’sfunctionfor statè (multiplied
by thesourcefunction , �c ����� ), thenit is understoodthatthis in-
tegral performsanupwardextrapolationof

f 
b in state_ from
thedepthlevel R 2 to � 3 at theacquisitionsurface.This results
in a virtual experiment(seeFigure6a), in which the downgo-
ing and upgoingwaves propagatethroughthe mediumbefore
( _ ) andafter ( ` ) thechangestook place,respectively. A sim-
ilar interpretationis shown in Figures5b and 6b for the inte-
gral F <?>I@B<?C>

f �b ���;5 � 0 � f 
c ���/5 � 3 �JL 2 �KI . The only difference

betweenthe two virtual experimentsin Figures6a andb is the
changeof materialparametersbelow R 2 (region 2). Note that
thetwo termsof theboundaryintegral cancelwhenno changes
occurbelow R 2 andwhen

fKJb and

fKJc at R 2 havebeenobtained
correctly. This yields a verificationcriterion for the estimated
changesabove R 2 (Dillen [5], [6], Scherpenhuijsen[10]).
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Fig. 5: Analysisof the two termsin the boundaryintegral in equation
(20). Bothtermsaccomplisha forward extrapolationof upgoingwaves
from r

2 
to thesurface.Theresultsareshownin Figure6.
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Fig. 6: Virtual experiments,correspondingto Figures5a andb. ð andñ : situationsbeforeandafter thechangestookplace.

Conclusions
We have derived reciprocity and representationtheoremsfor
one-waywave fields in mediawith anelasticlosses. Applica-
tions are found in forward and inverseextrapolationin finely
layeredmedia,multipleelimination(free-surface,oceanbottom
or internal)andin time-lapseseismics.
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