One-wayacousticreciprocity and its applicationsin multiple elimination and time-lapseseismics
KeesWapenaayJacobFokkemaMennoDillen and Pieter SherpenhuijsenDelft Univ. of Tedn., TheNetherlands

Summary. In this paperwe review our reciprocitytheoremdor

We define the bilinear form (-, -}, and the sesquilineaform

one-waywave fields, modifiedfor lossymedia,andwe discuss (-, -). accordingto

applicationdn multiple eliminationandtime-lapseseismics.
Intr oduction

One-waywave equationshave playeda prominentrole in seis-
mic processingsince the pioneeringwork of Claerbout[4],
Berkhout[2] andothers. The reasonfor this is that a seismic
experimentcan be explainedin termsof ‘downgoing’ waves
traveling from the sourceat the Earths surfaceto a target in
the subsurfacend‘upgoing’ wavestraveling from the targetto
thereceversat the surface.One-waywave equationaturally
honorthis distinctionbetweerdowngoingandupgoingwaves.
This paperstartswith areview of reciprocitytheoremdor one-
way wave fields. Thesereciprocity theoremsformulate gen-
eralrelationsbetweernthe one-waywave fieldsin two different
‘states’. One of thesestatesis an actual seismicexperiment,
while the otherstatecaneitherbe a computationaktate(e.g. a
wave field propagator)a desiredstate(e.g. multiple-freedata)
or anotherseismicmeasuremen(characterizingime-lapsedif-
ferencesn thetamget). FokkemaandvandenBer [8] derived
seismicprocessingechniquesrom Rayleighsreciprocitytheo-
remfor total acoustiowave fields. In the currentpaperthe one-
way reciprocitytheoremsorm the startingpoint. Thesetheo-
remsprovide a theoreticalframe-workfor currentseismicpro-
cessingechniquedaseddn theone-waywave equationsSome
applicationswill beindicated.

One-wayreciprocity theoremsin mediawith losses
Theone-waywaveequationandits symmetryproperties. We
review the acousticone-waywave equationfor downgoingand
upgoingwavesin aninhomogeneoumediumwith losses.We
introducea one-waywave vectorP andaone-waysourcevector

S, accordingo
Pt S+
P= (P—) and S = (S—)'
Thesuperscriptst and— standfor ‘downgoing’ and‘upgoing’,
respectiely. In thespace-frequerndx, w) domain theone-way
wave equatiorreads

@

9P = BP + 8, 2
wherethe one-wayoperatormatrixB is definedas
& (-t O T =R
o- (0 ) 7)o

(the circumflex denotesa pseudo-diferentialcontainingd, and
32). H1 isthewell-known square-roobperatoand R and7’ are
thereflectionandtransmissioroperators.

(Fg) = / £ (1) (1) d2x, @)

(f.g). = / £1 (i) () P, 5)

where! denotegransposition! denotesadjoint(here:transpo
sition and complex conjugation)andxy = (z1,z2). Wein-
troducethe transposedperatofB’ andthe adjointoperatorB !
via

(Bf,g), = (f,B'g)y and (Bf g).=(f,B'g).. (6)

Usingthesedefinitions,the transpose@ndadjointone-wayop-
eratormatricesobey

1 =-JB,

lW)
lW)
lW)

‘N=-NB and 7

with N =<_“1 [1)) andJ :([1) _”1). The first symmetryrela-

tion in equation(7) wasderved in Wapenaaand Grimbegen

[13] for losslessnedia.UsinganapproachmodifiedafterDillen

[5], it appeardgo hold in mediawith lossesaswell (Wapenaar
etal. [12]). Theprime’ in the secondsymmetryrelationin

equation(7) denoteghat this operatoris definedin the adjoint

(=complex conjugate)medium. Whena mediumis passve, its

adjointmediumis active andvice versa.

Recipocity theoremof the convolutiontype for one-waywave
fields. We introducetwo different statesthat will be distin-

guishedby thesubscriptsA and B. For thesetwo statesve con-
sidertheinteractionquantityds; { P4 NP 5}, or, written alterna-
tively, d: { P} P5 — P; P#}. [For comparisonfFokkemaand
vanden Berg considerthe interactionquantity 9x{ PaVk, 5 —

Vi,aPr}]. Apparently we considerthe interactionbetween
oppositelypropagatingwaves. Applying the productrule for

differentiation,substitutingthe one-waywave equation(2) for

statesA and B, integratingthe resultover a cylindrical volume
V with boundaryoVy, U 9V, (seeFigurel), applyingthetheo-
rem of Gaussand usingthe first symmetryrelationin equation
(7) yieldsthefollowing one-wayreciprocitytheorem

PLYNPgn:d’xy =

.,

+ [ {PLuNSs+SLNPa)d'x,
Xev

| PAN@Bs-BPsd'x
Xev
®)

with n; = —1 attheuppersurfaceof 3V, andn; = +1 atthe
lower surfaceof 9V .
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Fig. 1: Configurationfor the one-wayreciprocity theorems. The com-
bination of the two planar surfacess denotedby 9Vy; the cylindrical
surfaceis denotedoy 8V .

Recipocity theorem of the correlationtype for one-waywave
fields. We considerthe interactionquantityds {PLJPB}, or,
written alternatvely, 9 {( P1)* Pf — (P;)* P }, where* de-
notescomple conjugation. Following the sameprocedureas
above, using the secondsymmetry relation in equation(7),
yieldsthefollowing one-wayreciprocitytheorem

/ PLIPsn.d’xx :/ PLJ(B, - B))Psd’x
X€aVy Xev

+ {P1JSs +SLIPs}d’x.
Xev

©

Repesentationheoremfor one-waywavefields. Weintroduce
aone-wayGreens matrix G which satisfieghe following one-
way wave equation

8:G(x,x') = B(x)G(x,x )+ I5(x —x'),  (10)

with §(x) = 8(x1)d(z2)d(zs) andI beingthe 2 x 2 identity
matrix. ]i% is somereferenc®ne-wayoperator Thetwo columns
of G(x, x') representwo independenGreens one-waywave
vectorsat obsenationpoint x, relatedto two independenbne-
way sourcesat sourcepoint x’. Using reciprocitytheorem(8)

we canderive G(x', x") = -N7'G'(x",x')N, or
. Gtt(x',x") Gt~ (x',x")
G(X/7X“) = <G_’+ (x'7x”) G_’_(X’,X”) (ll)
B —G_V_(X”,X') G+’_(X”,X/)
- G—7+ (x/l7xl) _G+7+ (x//7x/) N

Next we derive arepresentatiofor theone-waywave field vec-
tor P, obeying equation(2). Thiswave field vectorwill beused
asstate B in thereciprocitytheorem(8). The Greens matrix
G, obegying equation(10), will playtherole of stateA. We thus
obtain
x(x)P(x') = / G(x', x)A(x)P(x)d’x + (12)
v

G(x',x)P(x)n3d2xH,
av '

/ G(x',x)S(x)d"x —
v

wherethe characteristiéunctiony is definedas

1 forx’ € v
x(xy=141/2 forx' € oV (13)
0 forx’ ¢ Vuav
andthecontrasbperatorA as
A(x) = B(x) - B(x). (14)

Notethattheright-handside of equation(12) containsrespec-
tively, avolumeintegral over the ‘contrastoperator'A , a‘direct
wave’ contribtution anda boundaryintegral over the‘interaction
quantity' GP.

Applications

Theone-wayreciprocitytheoremg8) and(9) aswell astheone-
way representatiotheorem(12) have mary applications. We
mentionforwardandinverseextrapolationin finely layeredme-
dia, multiple elimination, and time-lapseseismics. In the fol-
lowing, we discusghelattertwo applicationgn moredetail.

Recipocity theoremfor multipleelimination. Herewe discuss
multiple elimination,usinga similar approachtasFokkemaand
vandenBer [8] andvanBorselenetal. [11]. We startby de-
riving anintegral equationfor multiples, relatedto a reflecting
boundary Thisboundarymayrepresenthe Earths freesurface,
the ocearbottom,or ary reflectorin the subsurfaceWe denote
this reflectingboundaryby . We definethevolumeV entirely
belov ¥, in suchawaythatits upperboundaryapproacheX (as
alimiting process¥rom belov andits lower boundarylies be-
low all inhomogeneitiein the subsurfaceWe denotethe upper
boundaryby £ andthelower by ¥,,,, respectiely, seeFigure
2b. We employrepresentatiofil2) to this configurationwhere
P denotesheone-waywavevectorrelatedo theactualsituation
(hence,PT and P~ includethe multiplesrelatedto the reflec-
tor 3). Throughou®’ we choosehereferencanediumequalto

theactualmedium,sothefirst volumeintegral on theright-hand
side of equation(12) vanishes.Moreover, we assumehat the
sourceis situatedat or above ¥, sothe secondvolumeintegral

ontheright-handsideof equation(12) vanishesaswell. Finally,

Fig. 2 (a) StateA: the multiple-freeimpulseresponses —+ (x/, x).
(b) StateB: theactualone-wayresponse®* (x) and P~ (x’), includ-
ing multiplesrelatedto thereflectingboundary.
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theboundanyintegralin equation(12) reducego anintegral over

.+ only, with n; = —1. Sofor x’ € &% we obtain
lP(x") = G(x', x)P(x)d’x 5. (15)
2 : n+ :

We have notyet specifiedthereferencenediumfor the Greens
matrix outside). In the following we choosea non-scattering
referencemediumin the half-spaceabore £t (Figure2a). The
lower-left elemenif the Greens matrix,i.e., G~ % (x’, x) rep-
resentghereflectionimpulseresponsef themediumin V with-
out multiplesrelatedto thereflectory; thisis theresponsehat
we areafter The upperright elements the reflectionresponse
of the mediumabove ©%, henceit equalszero. The diagonal
elementsof G are the direct downgoing and upgoing waves
at . From equation(10) it follows that they are given by
+10(xy — xm) = £18(x) — £1)8(z5 — x2). Thefactor L is
dueto thefactthatx’ andx arebothon ©*; the plusandminus
signsfollow from the boundaryconditions(i.e., outgoingwaves
for zs — —oo andzs — o©). Hencewe mayrewrite equation
(15)forx’ € =7 as

1P _

5 <P_(X')) - (16)
15(xly — xpr) 0 PH(x)\ ;2

]g+ ( G_’f(xlvg —L5(xly - XH)) (P_(X))d XH,

from whichwe obtain

/ Gt (X, x)PT(x)d*xm,
=+

P(x) = 17
for x’ € ©*. Note that we have obtainedan integral equa-
tion for thereflectionimpulserespons& —* (x’, x) whichdoes
not containmultiplesrelatedto thereflectory: (Figure2a). The
one-waywave fields P*(x) and P~ (x’) representhe actual
situationincluding the multiplesrelatedto ¥. SinceG~* de-
pendsonx’ aswell ason x, it cannotberesohedfrom asingle
seismicexperiment(exceptwhenthereareno lateralvariations
in which caseG™* (x', x) is invariantwith respectto lateral
shifts). Hence,in generalequation(17) can only be resohed
whenmary independenseismicexperiments(relatedto differ-
ent sourcepositions)are available. In principle it involves a
multi-dimensionaldecorvolution of the upgoingwave fields by
thedowngoingwave fields. Theideaof resolvingthe multiple-
freeresponséy ‘dividing’ theupgoingwavesby thedowngoing
waveshasbeendiscussedeforeby amongsbthersKennet{9],
Berkhout[3], Wapenaamland Verschuuf14], Ziolkowski et al.
[15] and Amundsen[1]. The latter authoralso usesrepresen-
tation theory analogougo Fokkemaandvan denBem [8], to
arrive at anintegral equationfor surfacemultiplesin oceanbot-
tomdata,similarto equation(17). Thepresentesultis valid for
surfacemultiples,ocearbottommultiplesor internalmultiples.
Unfortunately directinversionof equation(17) is unstable pe-
causethe spectrumof the wave field P*(x) containsnotches
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Fig. 3: Downgoing(a) and upgoing(b) wavefieldsat £+, obtainedby
decomposinghe pressue and velocityat the oceanbottomX. (c) The
multiple-freeresponses—: 1, obtainedby invertingequation(17). (d)
Idem,after stabilization.

dueto the multiples. In Wapenaaiand Verschuuf14] we dis-
cusseda procedureo stabilizethis inversion. An exampleis
presentedh Figure3.

Recipocity theoremsfor time-lapseseismics. Sincein areci-
procity theoremtwo statesinteract,it is optimally fitted to for-
mulatethe relation betweentwo measurements atime-lapse
seismicexperiment(Fokkemaet al. [7], Dillen [5], [6]). State
A is associatedvith the referencewave field at, say ¢t = ¢4,
while state B is associatedvith the monitoring wave field at,
say ¢ to > t;. It is notedthat ¢, — ¢; is much longer
than the seismicexperimenttime. In our analysisR?® is di-
videdin threedomaing(Figure4): V; is thedomainwherethere
are no differencesbetweenthe materialparametersn the two
states,mostly associatedvith the domainabove the reseroir
(e, zs < x3); the domainV,, for example associatedvith
thereseroir (1 < =3 < z3), wherethereis a differencebe-
tweenthematerialparameterm thetwo statesnostlydueto the
reseroir productionhistory; and)’ denoteghe complemenbf
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Fig. 4: Configurationfor time-lapseseismics.

Vo UV, (i.e., z3 > z3); the materialparametersn this do-
main may or may not be different. In our one-wayanalysiswe
considerpoint-sourcegor downgoingwavesin both statesac-
cordingto

S 4(x,w) = (sh(w) 0)'6(x — xs),
Sp(x,w) = (sh(w) 0)'8(x — xr).

(18)
(19)

Applicationof reciprocitytheorem(8) to domainy = V, U V.
yields

sh(w) Py (xrlxs) — sh(w)P5 (xs|xr) (20)

/ PO N(Ba(x) ~ By (0)P(xfxr)d’ +

{ P (xlxs) Pg (x|xr) — P1 (x|xs) Pg (x[xr)}d*xm.
T3=x3

Using physicalreciprocity the term Pz (xs|xr) may be re-
placedoy P5 (xr|xs). Hencewhens? (w) = sf(w), theleft-
handside representshe differencewave field. The first term
on the right-handsideis relatedto the changedn the domain
V.. The secondterm on the right-handsideis relatedto ary
changesbelowv z; = 3. Let us analyzethis boundaryinte-
gralfurther Figure5 showsa configuratiorwith two regionsin
which changesoccur (the grey areas). Figure 5a shovs some
wavepathsin the integral f%zzg Py (x|xs)P# (x|xr)d*x5.
If PZ isinterpretecasa Greensfunctionfor stateB (multiplied
by thesourcefunctionst,(w)), thenit is understoodhatthisin-
tegral performsan upwardextrapolationof P} in stateA from
the depthlevel 23 to x attheacquisitionsurface.This results
in a virtual experiment(seeFigure 6a), in which the downgo-
ing and upgoingwaves propagatehroughthe mediumbefore
(A) andafter (B) the changegook place,respectiely. A sim-
ilar interpretationis showvn in Figures5b and6b for the inte-
gral fm3=xg P (x|xs)Pg (x|xr)d*>xm. The only difference
betweerthe two virtual experimentsn Figures6aandb is the
changeof materialparameterdelov =3 (region 2). Note that
the two termsof the boundaryintegral cancelwhenno changes
occurbelov «% andwhenPE andPZ ata? have beenobtained
correctly This yields a verificationcriterion for the estimated
changesbove z2 (Dillen [5], [6], Scherpenhuijsefi0]).

@

(b)
Fig. 5: Analysisof the two termsin the boundaryintegral in equation
(20). Bothtermsaccomplisha forward extrapolationof upgoingwaves
fromz32 to the surface.Theresultsare shownin Figure 6.
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Fig. 6: Mrtual experimentscorrespondingo Figures5aandb. A and
B: situationsbefore andafter the changesookplace.

Conclusions

We have derived reciprocity and representatiortheoremsfor
one-waywave fields in mediawith anelasticlosses. Applica-
tions are found in forward and inverseextrapolationin finely
layeredmedia,multiple elimination(free-surfacepceanbottom
or internal)andin time-lapseseismics.
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