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Summary

The aim of wavefield decompositionof multicomponentseis-
mic ocean-bottomdata,is to separatethemeasurementsinto up-
anddowngoingP- andS-waves.To accomplishthis separation,
themediumparameters(compressionalwavevelocity ��� , shear
wave velocity ��� and density � ) just below the receiver level
needto be known. In this paper, estimatesof theseparame-
tershave beenobtainedfrom thedataitself. Usinganadaptive
decompositionscheme,least-squaresdecompositionfilters are
obtained.Thesefilters areinvertedinto sub-bottomparameters.
For theinversiontwo forwardmodelsfor theocean-bottomwere
investigated.In thefirst model,thedirectarrival andthedeeper
reflectioneventsarewell separatedin time. Thesecondmodel
consistsof a thin layer beneaththe ocean-bottom.Reverbera-
tionsinsidethethin layerinterferewith thefirst arrival. For both
modelsvelocityanddensityestimateswereobtained.

Intr oduction

Whenapplyingthe wave equationbaseddecompositiontheory
[1, 4] to field datadifficultiesareencountered;� � , � � and � just
below the ocean-bottomneedto be known, and the geophone
couplingis imperfect.As thevery shallow sub-bottomis not of
interestin oil exploration- wherethetargetliesatgreaterdepths
- measurementsof theseshallow parametersarecommonlynot
available. Therefore,estimatesof ��� , ��� and � just below the
receiver level, haveto beobtainedin adifferentway. Here,it has
beenshown thatestimatesof theseparameterscanbe obtained
fromthedataitself. Themediumparametersariseasabyproduct
of decomposingthe datainto P- andS-waves. The parameter
inversionin itself, asan alternative way to obtainestimatesof��� , ��� and � , might beof interestin otherapplicationsbesides
decomposition,e.g.marineacoustics,statics.

A morepracticalformulationof the decompositiontheorywas
obtainedby splitting the decompositionin two steps- the first
stepconsistsonly of a decompositioninto up- anddowngoing
wavefields,the secondstepdecomposesinto P- and S-waves.
Theadvantageof thistwo-stepformulationis thatlessdatacom-
ponentsarerequiredata timeThederivationof thetwo-stepde-
compositionwasshown in [2]. Furthermore,by applyingthese
‘partial’ decompositionequationsin acertainorder(theadaptive
decompositionscheme)it is possibleto estimateall unknowns
from the dataitself asyou go along[2]. An additionaladvan-
tageis the bettercontrol on the quality of the final decompo-
sition resultby obtaininggood‘partial’ decompositionresults.
In thefollowing, a moredetaileddescriptionof theinversionof
thesub-bottomparametersfrom theoptimizationfilters,arising
from theadaptive decompositionprocedure,will begiven.

Adaptivedecompositionprocedure
Theadaptivedecompositionschemeconsistsof fivestagesgiven
below (decompositionequationsarewrittenin therayparameter-
frequency domainfor the2-D situation):

Stage1. ‘Rotation’ of the velocity componentsIn this
first stagethe ��� measurementis correctedfor animperfec-
tion in the acquisitionthat is not addressedin the prepro-
cessingnor furtheron in this scheme:‘mechanicalcross-
coupling’, visible asconvertedwavesrecordedon the � �
componentthatcannotbefoundon the 	 component.

Stage2. Acoustic decompositionjust above the bottom
Theacousticdecompositionis usedto resolve thecalibra-
tion filter 
���
�� betweenthepressureandvertical velocity
component,causedby imperfectcouplingof thegeophone
to theocean-bottom:�	���� �� �	���
���
�� ������ � �� � � (1)

where� � and
� � � ! �#"�$�&%(' $ arethedensityandvertical

slownessin thewater-layer. To resolve 
���
�� , thecriterion
that thereshouldbe no primary reflectionspresentin the
decomposeddowngoingwavefieldabove thebottom( 	�) )
is used.

Stage3. Elastic decompositioninto * ��+� just below the
bottom The next stageis an elasticdecompositionbelow
thebottom,into up-anddowngoingnormalstressfields:% �* ��,� � �� �	���
���
�� � $,-�$��� ��. $ �� �/� (2)

where� $ and
� �0. $ � ! � "�$�0. $ %1' $ arethedensityandverti-

calP-waveslownessof themediumjustbelow thebottom,
and - $ � ��2�3. $#4 5 ' $ � ��. $ � � . $76 � � "8$�3. $ % � ' $ � $+9 . This time
theunknown factoris theoperatorin front of the � � com-
ponent,asit dependsonthemediumparametersjustbelow
thebottom.To find theoperator, theexpressionis replaced
by ageneralrayparameterdependentfilter :;� ' � :% �* ��+� � �� �	<�=
>��
��?:;� ' � �� ��@ (3)

Theconditionimposedon thedecompositionresultis that
thereshouldbeno directwaveandwaterbottommultiples
in theupgoingnormalstressfieldbelowthebottom.

Stage4. Elastic decompositioninto * �A � just below the
bottom Thefourthdecompositionstageinvolvesthe 	 and



Inversion for the sub-bottomparameters� A components,makingit possibleto resolve thecalibra-
tion filter B#��
�� betweenthem:% �*��A � �C�ED $ '��� � . $ �	<�=B/��
�� � $ - $��� � . $ �� A @ (4)

where
� �3. $ � ! � "�$� . $ %F' $ , D $ � � $�3. $#4 ��� �0. $ � � . $ % � � "�$� . $ %� ' $ � 9 and -�$ asabove. Fromequation(4) we canseethat

first thedecompositionoperatorsneedto becalculatedwith
the mediumparametersjust below the ocean-bottom,be-
fore B#��
G� canbeobtained.An estimateof themediumpa-
rameterscanbeobtainedby invertingthefilter :;� ' � found
in thepreviousstage.

Stage5. Elastic decompositioninto H � and I � In the
last stagethe estimatedparametersjust below the ocean-
bottomandtheresultsof theelasticdecompositioninto up-
anddowngoingstressfieldsaresimply combinedto obtain
theup-anddowngoingP- andS-waves:�HG�J� � $�-�K�L � ' � � �*8�A � % � � "8$� % � ' $ � �*8��+��M � (5)�IN�J� � $�- K � � "�$� % � ' $ � �*��A � L � ' � � �*���,�#M @ (6)

Thefirst threestagesof theadaptive decompositionschemeare
readilyapplicableto multicomponentocean-bottomdata.They
consistof least-squaresoptimizationsensuringthebestpossible
resultfor the particulardataset.If the ocean-bottomis not too
shallow, the windows in which energy is minimized,areeasily
determinedbasedon local waterdepthandvelocity. To apply
stages4 and5, however, an inversionfor themediumparamers
just below theocean-bottomis necessary. Themediumparam-
etersareinvertedfrom the least-squaresfilter :;� ' � obtainedin
stage3.
In the following, we will take a closer look at the inversion
of :;� ' � . With field datausually a frequency-dependentfilter:;� ' � 
�� is found. Therefore,also an analytic expressionfor
frequency-dependentinversionis derived.
Least-squaresfilter :;� ' �
To calculatethe filter :;� ' � , a window is put over the directar-
rival and/orwaterbottommultiples.Theenergy in this window
is minimizedin a least-squaressenseby :;� ' � . Fromequations
2 and3 it follows thattheoretically:;� ' �O�QPSR$UTWV . In Figure1 the
filter :;� ' � obtainedfrom a syntheticdatasetis shown together
with thebest-fittingdecompositionoperator(line with dots).An
initial estimateof the mediumparametersis obtainedfrom the
locationof thesingularities(giving ��� ). Fromtheamplitudeat' �YX (which is equalto half the impedance)an estimateof �
is obtained.An initial estimatefor ��� is obtainedby assuming
a realisticvelocity ratio ( � �OZ � � ). Oncean initial estimatehas
beenobtainedtheactualcurve fitting is donein thepre-critical
rayparameterdomain 4 % 5\[ � X " 2 � 5�[ � X " 2 9 s/m. Otherwisethe

large amplitudesof the singularitiesinfluencethe curve fitting
for otherrayparametervaluestoomuch.
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Fig. 1: Least-squaresoperator ]0^ _�` fromsyntheticdata, togetherwith
thebest-fittingtheoretical decompositionoperator (line with dots).The
mediumparameters just belowthe ocean-bottomare a �cbed+f�g�g m/s,a � bJh�g�g m/sand i b�dWj�f�g kg/mk .

In Figure2 an exampleof :;� ' � obtainedfrom a field dataset
is shown. Note that the filter is frequency-dependenti.e. the
differentlines do not overlap. A possiblemodelto explain the
frequency-dependency in :;� ' � can be given with the ocean-
bottommodelshown in Figure3 a. This modelconsistsof an
ocean-bottomwith a thin sedimentlayeron top. The thickness
of thelayer is chosensuchthatthearrival time of thereflection
from the bottomof the layer cannotbe distinguishedfrom the
directsourcearrival. The layermerelycausesa lengtheningof
thewavelet. Therefore,theoptimizationfilter that is estimated
not only removesthedirectwave but alsothereflectionandre-
verberationsinsidethethin layer. Therefore,it is not a purede-
compositionoperatoranymore.Thefilter :;� ' � *8� for thismodel
is shown in Figure3 b, anexampleof :;� ' � *�� for afield dataset
is givenin Figure3 c. For thisspecificmodelananalyticexpres-
sionfor :;� ' � 
�� canbederived,which will bedonein thenext
section.

Analytic expressionfor :;� ' � 
��
Acousticcase As :;� ' � 
�� removestheenergy from thedirect
sourcearrival aswell asthe reverberationsfrom the thin layer,
this is similar to obtainingthe upgoingfield just below depth
level l $ (seeFigure3 a). A decompositionat l $ is givenbym �	�)n�ol $ ��	 " �ol $ �Sp � ��=q � P?rT r� % P?rT rts m �	u�ol $ �����v�ol $ �Sp � (7)

and 4 	u�ol $ � � ���3�ol $ 9xw arerelatedto thewavefieldsat theocean-
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Fig. 2: Least-squaresoperator ]0^ _�` froma fielddataset.Thesolid lines
aredifferentfrequenciesin theintervalbetween13–53Hz.

+

-
decomposition
level

∆z
z
z

1
2

0

0.02

0.04

0.06

0.08

tim
e 

(s
)

-6 -4 -2 0 2 4 6
x10 -4p (s/m)

0

0.02

0.04

0.06

0.08

tim
e 

(s
)

-6 -4 -2 0 2 4 6
x10 -4p (s/m)

a)

b)

c)

Fig. 3: An ocean-bottommodelwith a thin layer on top of a half-space
(a), b thefilter ]�^ _�y{zv` that optimallyremovesthefirstarrival, andc an
exampleof ]0^ _�y{zv` obtainedfroma fielddataset.

bottom( l � ) by thetwo-way wavefieldextrapolationmatrix [3]m �	u�ol $ ��� � �ol $ �Sp �q}|�~#� ��
 � �+��l � %\� P,�T � �?��� ��
 � �+��l3�T �� P,� �?��� ��
 � � ��l3� |�~/� ��
 � � ��l � s m �	u�ol � ����� �ol �W� p @ (8)

Substitutingequation(8) into equation(7) givesm �	 ) �ol $ ��	 " �ol $ �Sp � �� q>� % P,�T ���� % P+�T �t��s m �	u�ol3�,��� � �ol � �Sp � (9)

where � � |�~/� ��
 � � ��l3� %c� � $ � �� � � $ �?��� ��
 � � ��l � � (10)� � � �?��� ��
 � � ��l3� %�� � $ � ���� � $ |�~/� ��
 � � ��l3� � (11)� � |�~/� ��
 � �,��l3� 6 � � $ � ���� � $ �?��� ��
 � �+��l � � (12)� � � �?��� ��
 � �,��l3� 6 � � $ � ���� � $ |�~/� ��
 � �,��l3� @ (13)

The acousticdecompositionequationfor the situationwithout
thethin layerreads �	 " � �� �	 % :;� ' � ���� � (14)

where :;� ' ��� ���� � @ (15)

For thesituationwith thethin layer, theupgoingwavefieldbelow
thelayeris obtainedwith�	 " �ol $ �O� �� � �	 % ������ � � ���� � (16)

seeequation(9). In practicetheparametersof thethin layerand
the layerunderneathareunknown andthereforetheoperatorC
is unknown. Whenbothsidesof equation(16) aredividedby C
to obtain �	 "� � �� �	 % :;� ' � 
�� �� �/� (17):;� ' � 
�� canbe obtainedin the sameway as :;� ' � in equation
(14),only this timetheexpressionto invert is::;� ' � 
��O� � � ���� � ��@ (18)

Note that in the caseof a thin layer the upgoingwavefield ob-
tainedby matching	 and ��� is a scaledversionof theupgoing
pressurewavefieldwhenno thin layeris present.
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Elasticcase In theelasticcasea decompositionjust below l $
into up-anddowngoingwavefieldsis givenbym % �*8)�+� �ol $ �% �* "�+� �ol $ � p � �� q %�� rW�T?V3� r � X PWr,R�rT?V3� r� r?�T V3� r � X % PWr?R�rT V3� r s ���� % �* A � �ol $ �% �* �,� �ol $ ��� A �ol $ ����� �ol $ �

�+��� �
(19)

see[2]. Furthermore,4 % * A � �ol $ � � % * �,� �ol $ � � � A �ol $ � � � � �ol $ � 9xw
arerelatedto thewavefieldsattheocean-bottom( l3� ) by thetwo-
wayelasticwavefieldextrapolationmatrix [5]���� % �* A �3�ol $ �% �* �+� �ol $ ��� A �ol $ ��� � �ol $ �

�+��� � ������ �?� � � $ � � k � � 2� $ � � $?$ � $ k � $ 2� k � � k $ � k?k � k 2� 2 � � 2 $ � 2 k � 2?2
�+��� ���� X�	u�ol3�,��� A �ol3�,�����3�ol3�,�

�+��� @
(20)

Theelementsof thetwo-wayelasticextrapolationmatrixarede-
pendenton thefrequency, mediumparametersandthicknessof
layer1andaregivenin [5]. Substitutingequation(20)into equa-
tion (19)givesm % �* )�,� �ol $ �% �* "�,� �ol $ � p � �� q % � r?�T V/� r � X P?r+R�rT V r� rS�TWV/� r � X % P?r,R�rTWV r s������ �?� � � $ � � k � � 2� $ � � $?$ � $ k � $ 2� k � � k $ � k?k � k 2� 2 � � 2 $ � 2 k � 2?2

� ��� ���� X�	u�ol � ��� A �ol3�,��� � �ol � �
� ��� � (21)

or % �* "�+� �ol $ �O� �� � �	\�ol �+� % � ���� �ol3�,� % � �� A �ol3�+� � (22)

where � � D $ '� �0. $ � � $�6 � $?$ % � $,-�$� ��. $ � 2 $ � (23)� � % D $ '��� ��. $ � � 2 % �� � $ 2 6 � $,-8$��� �0. $ � 2?2 � (24)� � % D $ '��� ��. $ � � k % �� � $ k 6 � $ - $��� �0. $ � 2 k @ (25)

Theelasticdecompositionequationfor thesituationwithout the
thin layerreads% �* "�,� �ol � �O� �� �	u�ol � � % :;� ' � �� � �ol � � (26)

where :;� ' �O� � -��� � @ (27)

For the situationwith the thin layer the upgoingwavefield is
given by equation(22). In practicethe parametersof the thin

layer and the layer underneathareunknown and thereforethe
operatorA is unknown. Whenboth sidesof equation(22) are
dividedby A to obtain% �* "�,� �ol $ �� � �� �	u�ol3�,� % � � ����3�ol3�+� % �� �� A �ol3�,� � (28):;� ' � canbeobtainedin thesameway asin equation(26), pro-
vided the contribution of the � A componentcanbe neglected.
Note that in the caseof a thin layer the upgoingwavefield ob-
tainedby matching	 and � � is a scaledversionof theupgoing
normalstressfieldwhen no thin layer is present. The expres-
sion for :;� ' � becomes: :;� ' � 
��J���  . Inversionusing this
expressionresultsin seven mediumparameters- the velocities
anddensitiesof thethin layerandthemediumbeneath,andthe
thicknessof thethin layer.
Conclusions
Experienceswith theadaptivedecompositionprocedureonfield
datahave resultedin frequency-dependentoptimizationfilters
obtainedin the stageof the decompositioninto up- anddown-
going normal stressfields(stage3). The optimizationfilter is
theninvertedfor themediumparametersjust below the ocean-
bottom as if it were a pure decompositionoperator, i.e. in
a frequency-independentway. To better representthe ocean-
bottom, a forward model is necessarythat can explain the
frequency-dependentbehaviour of theoptimizationfilter andis
simple enoughto provide an analytic expression. The model
proposedhereconsistsof a thin layer over the ocean-bottom.
For this model analytic expressionsare derived that describe
frequency-dependentbehaviour of the optimizationfilter. Fur-
thermore,it will beinvestigatedhow well theparametersarede-
terminedin theinversionproblem.A betterrepresentationof the
ocean-bottomwill leadto amorereliabledecompositionresult.
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