Theory of acoustic daylight imaging revisited

equation (1) states that the net power-flux through sur-
face 9Dy 1s equal to the net power-flux through surface
9D,,. In the following the wave fields in states A and B
will be chosen different from each other and equation (1)
will be used to derive relations between the reflection and
transmission responses of the inhomogeneous medium in
domain D.

Proof of Claerbout’s conjecture

We consider the configuration of Figure 1. We define a
free surface at zs, i.e., just above 8Dy, and a homoge-
neous source-free half-space below 9D,,. For states A and
B we choose sources for downgoing waves at x4 and xp at
the free surface, that is, we define x4 = (x#,4,%3,0) and
xp = (XH,B,%3,0), where xg denotes the horizontal co-
ordinate vector: xg = (z1,22). In both states, the total
downgoing wave field at 9Dy consists of the superposi-
tion of a spatial delta function directly below the source
and the downward reflected upgoing wave field due to the
presence of the free surface. For state A this is illustrated
in Figure 1. Hence, for x at 9Dy we have

PX(X,XA,LU) = 5(XH—XH7A)SA(LU)

+rP, (x,xa4,w), (2)
d(xg —xH,B)sB(W)

+rPg(x,x5,w), (3)
R(x,x4,w)sa(w), (4)
R(x,xp,w)sp(w), (5)

where sa(w) and sp(w) are the source spectra for both
states, r is the reflection coefficient of the free surface
(r = —1) and R(x,x4,w) is the reflection response of the
inhomogeneous medium in D, including all internal and
free surface multiples, for a source at x 4 and a receiver at
x. A similar remark applies to R(x,x5,w). At 3D, there
are only downgoing waves since we assumed that the half-
space below 9D, is homogeneous and source-free. Hence,
for x at 9D,, we have

Ph(x,xp,w) =

P, (x,xa,w) =

Pg(x,xp,w) =

PX(X,XA,w)

I
=
"
><
o
E
w0
5

Pg(x,xB,w)

P, (x,xa,w) =

Fig. 1: Domain D between surfaces 9Dy and 0Dy,. The
medium in D is inhomogeneous in the x1-, T2- and x3-
directions. There is a free surface just above 8Dy; the half-
space below 9Dy, is homogeneous and source-free.

where T(x,x4,w) is the transmission response of the in-
homogeneous medium in D, including all internal and
free surface multiples. A similar remark applies to
T(x,xp,w). Substitution of equations (2) through (8)
into equation (1), using r = —1 and R(xa,xp,w) =
R(xB,xa4,w), and dividing both sides of the equation by
s%(w)sp(w) yields

5(XH,B — XHyA) — 2§R[R(XA,XB7Q))]

=/ T* (%, x4, 0)T(x, x5,0)d’x,  (9)
8D

where R denotes the real part. Using reciprocity for the
transmission responses [T(xa,x,w) = T(x,x4,w) etc.]
and reorganizing the order of the terms we obtain

2§R[R(XA,XB,Q))] = 5(XH,B — XHyA)

_/ T* (x4, %, 0)T(x5, %, 0)dx.  (10)
D

Equation (10) shows that the real part of the reflection
response can be obtained from the transmission response.
Since the reflection response is causal, the imaginary part
can be obtained via the Hilbert transform of the real part.
Alternatively, 2%[R(XA,XB,w)] can be transformed to
the time domain and subsequently be multiplied by the
Heaviside step-function, yielding R(xa,x5,t). The valid-
ity of equation (10) is confirmed with a numerical exper-
iment in Figures 2 and 3.
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Fig. 2: Syncline model

Note that we have nearly achieved the proof of Claer-
bout’s conjecture. The term T™* (x4, x, w)T(x5,X, w) rep-
resents the crosscorrelation of traces recorded at two lo-
cations (XA and XB) on the surface for a source at x in
the subsurface; the term R(xa,xp,w) is the wave field
that would be recorded at one of the locations (xa4) if
there was a source at the other (XB). The main discrep-
ancy with the conjecture is the integral in equation (10)
over all possible source positions x at surface 9D,,. It
can not be evaluated in practice because the transmission
responses are not available for all individual source po-
sitions X. To remedy this, we will assume uncorrelated
noise sources in the subsurface. The procedure is as fol-
lows. We apply an inverse Fourier transform to all terms
in equation (10) and discretize the integral, according to



