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Summary

Angle-dependenteflection functions are generally de-

rived for step-functionsof the medium parameters. A

step-functioris aspecialcaseof a self-scalingsingularity

In this paperwe investigatehe AVA reflectionbehaviour
of self-scalinginterfaces.It appearghatfor f — 0 the
self-scalinginterfaceactsasa stepfunction,whereador

f — oo the AVA reflectionbehaviouiis dominatedy the
scalingparametersf theinterface.

Intr oduction

Angle-dependenteflection functions are generally de-
rived by solving the boundaryconditionsat an interface
betweentwo homogeneoubalf-spaces.For two elastic
half-spaceghis yields the well-known Zoeppritz equa-
tionswhich, in turn, areoften usedasthe basisfor AVA-

inversion(Ostrander1984;SmithandGidlow, 1987).

By consideringwo homogeneousalf-space# isimplic-

itly assumedhatthe mediumparametersisa function of

deptharedescribedoy step-functions Obviouslya step-
function is just one specificexampleof a more general
classof functionsthat describethe transitionfrom one
constantvalueto another Recentlytherehasbeenmuch
interestin theanalysisof “self-scaling”singularitieqi.e.,

singularfunctionsthathavethesameappearancatdiffer-

entscalesMallat andHwang,1992;Herrmann1994).

Theaim of this paperis to investigatehe AVA behaviour
of interfaceghatarecharacterizedby self-scalingsingu-
larities. For convenienceve considerthe acousticcase.
For normal incidencewe consideranalytical solutions.
Theseserveasa checkfor thenumericalcodethatis used
to modeltheresponsefor obliqueincidence.

A self-scalingmedium

First we considerthe rather academicsituation of a
mediumthatis self-scalingrom z = —co t0 z = co. Let
thecompressibilityx(z) bedefinedaccordingo
K(2) = Kolz|?, 1)
whereq is aparametethatdescribeshe“strength”of the
singularity (with & > —1). The massdensityis chosen
constantaccordingto o(z) = g0, hencethe propagation
velocity reads

(2)

C(Z) = C0|'Z|_57

k(z) * 10°

Fig. 1: Theself-scalingfunctionx(z) = ko|z|, withxo = 4 *
10" anda = 0.4. The“zoom-factor’ is choserasg = .2,
hencethevertical scalingfactoris 3¢ = .525.

with ¢y = {ko00}~ 2. Theself-scalingoehaviourof «(z)
ande(z) canbemathematicallyexpresseds

K(Bz) = B%r(2) Fm%Fe(z), (3

for 8 > 0. This propertyis visualizedin Figurel, where
it becomeglearthatthe medium“looks the same”at dif-
ferentscales.For vertical wave propagatiorthroughthe
mediumdefinedby equationg1) and(2) the waveequa-
tion canbesolvedanalytically(Wapenaarl996). Its solu-
tion canbeexpresseih termsof HankelfunctionsH' >’
of fractionalorderr = (2 + «)~', accordingo

2(¢), 2#0, (4

etc.,where( = 21/w|z|%/c0. Throughouthis paperwe
chooses > 0. NotethatP(z, w) obeyghefollowing scal-
ing property

and c¢(fz)

P(z,w) ~ /|z|H(" for

P(pz,w) \/7P [)’2vw (5)

for 5 > 0. Apparentlya scalingof the depthimpliesa
scalingof thefrequencyandvice versa.

Reflectionand transmissioncoefficients

For the half-space: < 0 we expresghetotal wavefield
asthesumof an“incident” and“reflected"wavefield, ac-
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Fig. 22 Modulusof reflectioncoeficientasa functionof «.

Fig. 3: Phaseof reflectioncoeficientasa functionof «.

cordingto

P(z,w) = ]z[HP(O) = RV][HP()  (6)

andfor z > 0 asa“transmitted”wavefield, accordingo

= ~T/]z[HP(¢). (7)

Thesolutionsfor z < 0 andz > 0 areconnectedy as-
sumingcontinuity of P(z,w) alndMD;Z’—”l atz = 0. This
yields

P(z,w)

Jcos(vm)

T=1+R with R=

sin(vw) — jcos(vm)’ (8)
seeFigures2 and 3. Note thatthesecoeficientsarein-
dependenof thefrequencyw ! For smalla equation(8)
may be approximatedy R ~ =j. This meanghatin
the time domainthe reflectionresponses approximately
proportionatto the Hilbert transformof theincidentfield.

Normal incidenceexample(analytical)

Fora = 0.8 andey = 5000 m/s,thereal partof theto-
tal pressurg¢equations, 7 and8) is shownin Figure4 for
frequenciesangingfrom 5to 75Hz. Fromthisfigurethe
scalingbehaviouexpressetly equation(5) canclearlybe

R{P}
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Fig. 4: Realpart of total pressue P.
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Fig. 5: Timedomainsolutionin a VSP-likepresentation.

observed.Time domainsolutionswereobtainedby mul-

tiplying thesedatafor eachdepthlevel z with the spec-
trum of a Rickerwavelet(with centralfrequencyf, = 20
Hz) andby applyinganinverseFouriertransformto the
time domain(to this enda muchdenserfrequencysam-
pling was usedthanis shownin Figure4). The result
is shownin Figure5. Note thatthe scatteredvavesap-
pearto originatefrom thesingularityat = = 0 andthatthe
reflectionresponsas indeedapproximatelyproportional
to the Hilbert transformof the incidentfield. This result
servedasareferencdor evaluatinghevalidity of “layer-

code"modelingfor self-scalingnedia.Forthecentralfre-

guencyof the Rickerwavelet(f, = 20 Hz) andthelowest
velocity (e(z = 400) = 450m/s)thewavelengths 22.5
m. For the numericalmodelingwe chosea layer thick-

nessof Az = 1 m, whichis significantlysmallerthanthe
wavelength.For normalincidence the numericalresults
appearedo be nearlyindistinguishablefrom the analyti-
cal results. This confirmsthatit is allowedto modelthe
respons®f a self-scalingmediumnumerically provided
thatthediscretizationntervalis sufficiently smallin com-
parisornwith the seismicwavelength.
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Oblique incidenceexample(numerical)

We performednumericalmodelingfor a rangeof raypa-
rameters (i.e., for arangeof propagatiorangles). The
resultsat = = —400 m (the “reflection” responsegandat
z = 400 m (the “transmission’responsepre shownin
Figure6 (thetracesatp = 0 arethe sameasthefirst and
lasttracein Figure5).

The depth-dependemtropagatioranglef(z) is relatedto
therayparametep andthe propagationvelocity ¢(z), ac-
cordingto p = [sinf(z)]/c(z). Henceabovethe singu-
larity, 6(z) increasesvith depthfor anyfixedp # 0. Since
thevelocity atthesingularityis infinite, #(z) become®0
degreeseforethe singularityis reached.Hence for any
p # 0 thereis aturning point abovethe singularity For
low p-valuesthis turningpointis in thevicinity of thesin-
gularity and“tunneling” occurs(thatis, wavesaretrans-
mitted to the lower half-spacedespitethe turning point,
seeFigure6). Forlargerp-valuegheturningpointis suffi-
cientlyfar abovethesingularity(in termsof wavelengths),
sothatno wavespenetraténto the lower half-spaceand
total reflectionoccurs.

From the reasoningabove it follows that the angle-
dependentoeficientsmustbea functionof frequencyas
well. Figure7 showsthe reflectioncoeficientasafunc-
tion of therayparametep andthefrequencyf (obtained
from the Fouriertransformedeflectionresponsen Fig-
ure 6). Forp = 0 this numericallyobtainedcoeficient
appearso befrequency-independefasit shouldbe). Its
numericalvaluereads R| = 0.433 (for comparisonfrom
equation(8) we obtain|R| = 0.434). Forincreasingp
the reflection coeficient becomesndeedfrequencyde-
pendentFor sufiiciently highp andf it approacheanity,
dueto theabovementionedurning pointeffects.

A self-scalinginterface

Next we considera self-scalinginterface, i.e., a self-
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Fig. 6: Angle-dependerit eflection” and “transmission” re-
sponsebtainedwith numericalmodeling.
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Fig. 7: Angle-dependent)| for differentfrequencies.

scalingsingularityembeddedbetweertwo homogeneous As can be understoodhe coeficients appearto be fre-

half-spacesLet thevelocity functionbe definedby

co for z < zg
_Jalz— z1|_°‘1/2 forzg<z<z ©)
B 62|z—zl|_°‘2/2 forz1 < z < 29

forzo < z

e(z)

andlet this functionbe continuousat z; andzs. Forthis
situationthenormalincidencereflectionandtransmission
coeficientscanagainbe calculatedanalytically There-
sulting expressiongrequiteinvolved (Wapenagrl996).

qguencydependent.For f — 0 weobtainR — (3 —
co)/(es + co), hencetheinterfaceactsasastepfunction.
For f — oo thereflectionandtransmissiorcoeficients
aredominatedythescalingbehavioubetweerr, andzs;
for thespecialcasethata; = a» we obtain

o2V _ 2w . .
<C§V+C%y) sin(vm) + jcos(vm)

sin(vm) — j cos(vm)

(10)
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Fig. 8: \Velocityfunctionfor a self-scalingnterface
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Fig. 9: Reflectiorcoeficientof a self-scalingnterface

Normal incidenceexample(analytical)

We considera self-scalingnterfacedescribedy eqn(9),

with {Zo, Z1, 22} = {—10, 0, 10}m, {CQ, C1,Co, 63} =

{800, 2000, 3000, 1200} m/sand{a1, a5} = {0.8,0.8},

see Figure 8. The analytically obtained frequency-
dependenteflectioncoeficientis shownin Figure9. Note
the limiting behaviourfor f — 0 (|R| — 0.2) andfor

f — oo (|R| — 0.453).

Oblique incidenceexample(numerical)

For the self-scalingnterfacedefinedin the previoussub-
sectionwe modeledthe reflectionresponsenumerically
for arangeof anglesandfrequencies.Thereflectionco-
efficientderivedfrom thisresponsés shownin Figurel0.
For# = 0 andvariablefrequencywe recognizehefunc-
tion of Figure9. For f — 0 andvariableanglewe recog-
nizethewell knownangle-dependengflectioncoeficient
of a stepfunction.

Conclusions

We have analyzedthe seismicresponse®f self-scaling
singularities.For normalincidencetheseresponsesave
been modeledanalytically as well as numerically It
appearedhat the numericallyobtainedresponsesnatch
the analyticalresponsesery well, providedthatthe dis-
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Fig. 10: Angle-dependent®| for differentfrequencies

cretizationof themediumis chosersuficiently finein re-
lation with the seismicwavelength.

For a mediumthatis self-scalingfrom z = —occ to z =
oo, accordingo equationg1) and(2), it appearedhatthe
normalincidencereflectioncoeficient is independenbf
thefrequencythe angle-dependemeflectioncoeficient,
howeveyis differentfor differentfrequencies.

For a self-scalinginterface(i.e., a self-scalingsingular

ity embeddedetweerhomogeneoubalf-spacesjhere-

flectioncoeficientis frequency-dependefdr normalin-

cidenceaswell asfor obliqueincidence.For f — 0 the
angle-dependemeflectionbehaviouris fully determined
bytheparametersf theembeddingfor f — oo theangle-
dependeneffectsaredominatedy the scalingbehaviour
of the singularity It seemswvorthwhileto investigatethe

potentialof reflectionfunctionsof self-scalinginterfaces
in AVA-inversion.
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