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Summary

Strong reflectionsin seismicdatacan often be matchedwith
sharpoutliersin the velocity function of the subsurace. This
velocity functionis generallyknovn by meansof the sonic P-
velocity log. The usualdescriptionof layeringin the earthis by
meanf stepfunctionsby which only anapproximatedersion
of the outlierscanbe constructed Theseoutliershave different
phaseand amplitudeeffects on the angle dependenteflection
responsecomparedvith stepfunctions.

We proposean effective parameterizatiorfor theseoutliers,
which is a generalizatiorof stepfunctionsfor which we have
closed-formimplicit expressiongor their effectonthereflected
wave field. Usingthismodel,we wantto extractbothasingular
ity parameterwhich characterizethe singularity“strength” of
theoutlier, aswell asthecontrasof the P-wave velocitiesabove
andbelow the singularpoint. For this characterizationve use
theamplitudesn the continuouswvavelettransformof theangle
dependenteflectvity aswell asthe angledependeninstanta-
neousphaseof thereflectedwavefield.

It is shawvn thatit is possibleto derive a consistensingularity
parametefrom boththe well-log andthe seismicreflectionre-
sponsemakinguseof theamplitudesn the continuouswvavelet
transformof theangledependenteflectivity. Secondlyaninver-
sion schemeis proposedwhich makes useof both the former
analysisandinstantaneougphaseinformation of the reflection
event. With this schemait is possibleto derive the singularity
parameterndthe contrastof the P-wave velocitiesabore and
belav the singularpointfrom seismicreflectionresponses.
Intr oduction

In [2] we proposedh methodto derive a singularityparametety
from seismicdatamakinguseof thefollowing representatioof
outliersin thevelocity,
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in whicha; 2 arethesingularityparametersandcs,» arefactors
thatdefinethe velocity contrast. The densityprofile wastaken
constanthroughouthewhole depthinterval.

In the casethatwe have a1 = a2 = a, afunctionthatcanbe
seenin Figure la,thesefunctionssatisfya relationshipof self-
similarity ¢(8z) = B%c(z), sowe will referto velocity func-
tions asin eq.(1)asself similar singularities Using this rela-
tion, simplerelationshipgor the extractionof parametetx from
both the well-log and the seismicreflectionresponsenodeled
in the well-log, canbe derived. We male useof the continuous
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Fig. 1: (a) well-log with singularityaccoringto eq.(1)for which a; =
az = a = —0.4,andc1 = ¢c2 = 1200 m/s

(b) continuouswvaveletiransformof (a)

(c) modulusmaximarepresentatiorof (b)

(d) amplitudealong modulusmaximalines: the crossedand the solid
linesoverlapcompletelytheir slope(c) is -0.393

wavelettransform
WS 8Ho,2) = Flor2) = 2 [ £

in which f(z) is the function to be transformedg the scale,
1 (z) theanalyzingwaveletandu a parametethatis dependent
on the actualuse of the wavelet transform. Whenwe are ex-
aminingwell-logs, we take 4 = 1; on the otherhandfor the
analysisof reflectionresponsesgiscussedelown, we will take
p = 0. Figure 1b shavs the continuouswavelet transformof
thewell-log; a very clearamplitudedecayin the scaledirection
is visible. Mallat andHwang[4] have shavn that estimations
of local regularity can be found by meansof a modulusmax-
imarepresentationThis is essentiallythe amplitudealonglines
which connectthe maximain the absolutevalue of the wavelet
transformedsection for whichanexampleis shavn in figurelc.
Thefirst applicationof this theoryon well-logs was performed
by Herrmann,seee.g. [3]. As the analyzingwavelet, we use
thefirst derivative of the Gaussiariunction (which hasonly one
vanishingmoment)becausét givesriseto the smallesamount
of modulusmaximalines.

The solid modulusmaximaline we canseein figure 1c, is the
oneconnectedo the maximumof thewavelettransformedsec-
tion, thecrossedine is theoneconnectedo theminimum. If we
now definethe positionsof the modulusmaximalines by zmax,
thefollowing relationholds,
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which shawvs thatwe canfind the valueof the parametetx from
the slopeof a log-log plot of the amplitudealongthe modulus
maximalines versusthe scales. This hasbeenperformedin
figure1d, andwe canseethatthe slopealongboththe modulus

log|é(o, 0 2max)| = alogo + log|é(1, Zmax)|,
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maximalines is almostidenticalto the o with which we mod-
eledthe velocity function ¢(z). In [2], we presentedalsothe
examplesfor a step-functionla = 0) anda positive a. In [2],

we shaved thatthe sameparameter: canalsobe found from
the angle-dependerseismicreflectionresponseR(p, 7). It can
be proventhatthe sameanalysiscanbe performedon R(p, z),

i.e. the datamigratedto the rayparametedepth(p, z)-domain.
The reasonwhy we will give the preferenceo this domainis
thatwhenwe performthe wavelettransformto the migratedre-
flectionresponseR.(p, z) — R(p, g, z), the automatiorof the
trackingof thereflectionsn thep-directionwill bemucheasier
asthey will be at constantdepth. The reasonthat we wantto
track thereflections,s thatwe have to constructmodulusmax-
ima planesin the cubeR(p, o, z), in the sameway asin the
well-log, but now alsoin thep-direction,seefigure2. Themod-
ulusmaximaplanesarecreatediy connectinghemaximain the
scaleandrayparametedirection.Referringto [7], we canprove
thatthe amplitudeof [R(p, o, z)| in amodulusmaximaplaneis
constangalongcontoursdescribedy

-«

p %o = constant 4)
After we have createdhe contourswe wantto estimatex mak-
ing useof the analyticalcontoursdescribedy eq. (4). We use
thefollowing 3-stepinversionschemédor this purpose:

— Computeanalyticalcontoursusingequation(4) for arelevant
a-range.Normally thiswill bebetweernr = —1 anda = 0.5.
— Along thesecontoursmeasurehe valueof [R(p, o, z)| in the
modulusmaximaplane ,andcomputeits standardieviation.

— Thevalueof a we wantto find is theonefor which thesmall-
eststandardleviationis found.
Thisinversionscheménasthebenefitthatwhenthe contoursde-
rived from the reflectionresponseare not exactly equalto the
analyticalones,we canstill find a unique‘bestfit’ for a certain

Fig. 2. 3-dimensionabata cube representingthe continuouswavelet

transformR(p, 0, z) of themigratedreflectiorresponseR(p, z), corre-
spondingo thesingularityin figure 1a, (but shiftedto a depthof 60m).

a. An exampleof thisanalysisonthecontoursn figure2 canbe
seenin figure 3, which shavs thatanuniqueminimumis found
atabout—0.4. An exampleof this procedureon a reflectionin
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Fig. 3: Standad deviation along analytical contous pl=%¢® =
constantasa functionof « for the contous in figure 2h.

arealwell-log is shawn in figure 4. Figure4 shavs thewell-log
andthe cubeR(p, 0, 7). At adepthof 1265mthe reflectorin
thewell-log wasanalyzedhaving ana=—0.50. Analysisof the
contoursin this figure shaved an optimumvalue of a=—0.59.
More examplesonrealwell-logscanbefoundin [2] andin [7].
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Fig. 4: Well-log and its wavelet transformedreflectionsresponse

R(p, 0, 2). Thearrow pointsat the reflectorand the analyzedreflec-
tion.

The analysisof reflectionresponsedy amplitude and phase
analysis

Until nov we have only taken the amplitudealong the con-
toursin the(p-o)-planeinto accountHowever, singularitiedike
equation(1) inducealsoa phaseeffect in the reflection,which
canbeeasilydervedfrom [6], eq.2(if wetake p1 = pa2).
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in which R* is the reflection coeficient for the downgoing
wavefieldandv = 1/(2 — 2a). For clarification, this equa-
tion is decomposethto arealandanimaginarypart,sowe can
analyzethe effect of the parameterg:, c2 anda onthephase
of RT

with n = 2. (6)

n . 1— 17211 )
R" =sinvm [ ————| + jcosvm -
2
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It is clearthatthereflectioncoeficientis only dependentnthe
parameter: andtheration. It is evidentthatwhenn = 1 and
a # 0, wehave aphaseshift of exactly 790 degreesdependent
onthesignof « (R* is totally imaginary). In the casea = 0
andn arbitrarywe getthe normalreflectioncoeficient of astep
function: (cz —c1)/(c2 +c1). In thecasehata # 0 andn # 1,
we will have ‘non-standardphaseshifts.
Furthermorave canseethatthe amplitudesalsoaredependent
ona. In Figure5 we canseethe effectfor normalincidencere-
flectionfor differentvaluesof 7, in therangea=[-1,0.5]. In fig-

Fig. 5: (a) absolutevalue of reflectioncoeficient Rt usingequation
(6). Thelineswhich representy = 0.33,3 andn = 0.57,1.73 overlap
(b) phaseof thereflectioncoeficient R+ usingequation(6)

ure5a,bwe have respectrely theabsolutevalueandthe phaseof
thereflectioncoeficientR ™, usingequation(6). Usingonly the
|R*|, we cannotdistinguishbetweeny and1/x, but the phase
of theeventgivesusthe‘final verdict'.

Becauseve donothave closedform explicit expressiongor the
instantaneouphasep asafunctionof rayparametep, a andy,
analyzinghiseffecthasto bedoneby modelingangledependent
reflectiondatain a synthetic'well-log’ asin equation(1). The
instantaneouphasewill be extractedby the methoddescribed
in [1]. Theresultsfor a=—0.3, =0 anda=+0.3 canbefound
in figure 6. Thefigure shaws thatthe phaseof the reflectionre-
sponsds (almost)constantalongthe p-values,for eacha and
n. Notethatin figure 6b the phasefor n:% is only constantup
to the critical reflectionangle,which is about8 x 10~*[s/m].
Beyondthis point the phasewill graduallychangeto avalueof
180degrees.

As hasbeenshavn by the examplesin this section,it should
be possibleto usethe instantaneouphasep asatool for deriv-
ing theparameters andn from theseismicreflectionresponse.
Verhelst[5] on the contrary usesthe instantaneouphaseasa
tool in detectindateraldifferencesn facieson certainhorizons,
whichis partof his geologicalcharacterization.
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Fig. 6: Phasep asa functionof raypaameterp, for differenty, at
(@ a = -0.3,(b)a =0anda = 0.3. Forn=.5 and1, ¢z hasbeen
chosen1200m/s,for n=2, ca waschosen600m/s.

Estimation of a and n by inversion on the angle dependent
reflectionresponse

Beforewe canusethe phaseeffect togetherwith the amplitude
in the wavelettransformdomain,for purposeof characteriza-
tion of n anda, we will have to:
—createandanalyzeapenaltyfunction,whichwill yield anerror
surfacewith a uniqueminimum.

—male a choicefor aninversionprocedureandtestits perfor
mance.

Creationof thepenaltyfunctionin inversion. Fortheamplitude
effectwe choosea penaltyfunctionthatdoesnotemphasizeut-
liersin the data. Thereforea stablechoicewould be taking the
£1- normof thedifferencebetweerdataandmodeleddata

1 X
Ea=— E A — AT
A N P | 1 1 b (7)

in which A% representshe amplitudesmeasuredh de modulus
maximaplaneof the dataand N = N, x N, the numberof
samplepointsin theplanes.A™ is foundby creatinga synthetic
velocity model, modelingreflectiondatain it and creatingthe
modulusmaximaplanesin the dataset. This cane.g. be done
duringtheinversionprocess.
For theinstantaneouphasep, it hasbeenshavn, thatthephase
is constanfor all rayparametevalues,aslong aswe arein the
sub-criticalreflectiondomain. So for this reflectionfunctiona
suitablecriterion would be the absolutedifferencebetweerthe
phaseof thedataandthe modeleddata,
E, = |¢7 — ™|, ®)
in which ¢ is the meanof theinstantaneouphasedor all ray-
parametewralues. If we take the meanof the phasesary mis-
extraction of the instantaneouphasein one of the traceswill
be (partially) cancelled,and will have no disastrouseffect on
the penalty function. Togetherthesetwo measureshave to
form the penaltyfunction E, with a uniqueoptimumsolution.
The penaltyfunctionsE4 andE 4 have to be summedn some
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Fig. 7: contourplotof the penaltyfunction(a) E 4, (b) E4 and(c) E for thereflectionon a singularitywithno = 1 andag = —0.3, thecross

showsthedesied minimum.

weightedmannersothatin E, definedas

1
= —E E
% ¢ + Hia,

E (C)]
E4 andE4 have a weight, accordingto their sensitvity to the
parameters: andn. For thisreasorthefactor in equation(9)
hasbeenintroduced Thisfactorhasto befoundempirically us-
ing aninversionproblemon reflectiondata,for which we know
thesolutiona,p andnyp.

For this purposene will computethe errorsuriacesE 4,4 (e, 1)
for syntheticreflectiondata,modeledn avelocity functionasin
eq. (1), with no=1 andap=—0.3. For this datathe meanphase
¢ is computed= 90 degrees)andthe (p-o)-contoursare con-
structed.For a in therange[-1,0.2] andn in therange[%,:%] the
errorsurbcesarecomputedor thepenaltyfunctionsE 4 andE,.
Figure 7ashawvs the contoursof the penaltyfunctionconnected
to the amplitudeinformationE4. The rangearoundn=1 and
a=—0.3 containsa minimum, but it is elongated However, the
mostimportantfeatureof this plot is that the penaltyfunction
E4 is primarily sensitve to changesn a andvery insensitie
to changesn n. Soinversionfor n anda: cannotbe performed
stabily by meansof the penaltyfunction E4 alone. Figure7b
shawvs the sametype of plot for the penaltyfunctionEg. This
penaltyfunctionis primarily sensitve to changesn #n, so the
penaltyfunction E might have awell definedminimum. In fig-
ure 7c we canseethe sumof the two penaltyfunctions,using
aweightingfactorW=L1. It is clearthatthe error surfacehasa
pronouncedninimumatthe optimalparametevalues.

Inversion for o and ni.  An inversionon a andn was per
formed, with the dataof the foregoing subsectionmakinguse
of the quasi-Nevton method.Choosingquite arbitrarily starting
valuesof a=—0.6 andn=1.7, theinversionmethodconvergedto
theoptimalsolutionin 6 iterations.

Conclusions

It hasbeenshawn thatit is possibleto derive a consistensin-
gularity parameterr from boththe well-log andthe seismicre-
flectionresponsemakinguseof theinformationfrom theampli-
tudealongmodulusmaximaplanesin the cubeR(p, o, z). The

resultsobtainedfrom seismicdatamodeledin a real well-log,

malkesusto expectthatthe singularityexponenta might prove

to beausefulseismicindicator

Further we have shavn thatin anextendedparameterizatioof

theselfsimilarinterfaceswith parameterg anda, theseparam-
eterscanbothberesolhedfrom thereflectionresponseFor this
purposeaninversionscheméehasbeendeveloped which males
useof both amplitudeand instantaneoughaseinformation of

thereflectionevent. A syntheticestshavedthattheinversionis

stable.
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