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Summary 8kv,g2) (x x> w) + jwk?® (x) p? (x;xs,w)

By calculating a cenvolution type ?ntegral involving tvyo —¢® (w)d (X _ XS) )
time-lapse wave fields, at a certain depth, one obtains a

representation, which is equivalent to a difference waewhichx € R? andw is the angular frequencyR? is
field at the recording level. This difference wave fieldivided by the planar surface; = 3, into an upper half-
shows no difference reflections from temporal contrasgaceD®, for whichz; < z3, and a lower half-spac@®,
above the interaction depth. If the wave fields, appearifeg whichzs > z1. The source distributions with source
in the interaction integral, are calculated correctly, the reinctions, {¢), f{"'} and {¢®, f{*}, in Egs. (1) and
sulting integral then only generates difference reflectio(®), are located at> € D*. Rewriting Egs. (2) yields
proportional to temporal contrasts below the interaction

depth. A progressive elimination procedure of differenc¥? ? j‘*’/’(l) y) = JWAHP% + fk 0 (x —x%),
reflections with depth is shown by finite difference exanakv + jwrMp® = —jwAkp®? + ¢ (x —x%),
ples. (3)

Wave field equations ith t | rast functi b
We consider two time-lapse acoustic wave fields. The o‘%'— emporal contrast functions given by

sets of the reference and monitor wave fields are at theA') = p® — )M and Atk = £® — k. (4)
time instant) andt(?), respectively. Between these time .

instants changes in the medium parameters may haveBysubtracting Egs. (1) from Egs. (3) we construct the
cured. We assume that the time-lapse intet{al— ¢(1)  following difference wave field equations

is much larger than the time increments at which discern- 0ep™ 4 juopModif — fdif i 3
able dynamic changes occur in the wave field quantities e (D). dif it 3’
(M, 0"} and {p®,0(?}. We also assume that dur- vk Wk P =q in R, ()

ing these latter time increments the reference and M@Qghich the difference wave field quantities are given by
itor acoustic medlum parameters density and compress-

ibility, {p™), (U} and{p®, k(> }, may be approximated pl=p® —pM and ol =42 — oV ()
by constant functions of time. Applying a Fourier trans-
formation with respect to time, we consider the acoust ‘pe difference source quantities in Egs. (5) are obtained

reference wave field equations,
dlf ]wAtlp’U(z) + Atlfk:,

(1) (x-S iopD) ()
Okp (x,x ,w) + jwp' (x ) (1) (X x> w) . qdif _ _]wAtIKIp(Q) _‘_Ath, @)
w (w)o (x —x ) ,

in which
Atlfﬂ = f(2) — f(l) 6 X — XS ,
81@1),(61) (x;xs,w) + jwr®) (x) pM (x;xs,w) * ( k k ) ( )
1L (2 1 s
=W (W6 (x-x%), ) At = (¢® = ¢M) 5 (x = x%). ®)

Next, we assume the following decomposition of the dif-

and the acoustic monitor wave field equations, i o
ference wave field quantities

akp(Z) (X X w) +](Up( ( ) (2) (X X w) pdf dlf d +pd1f,u in R3

IEZ) (w) 5 (X _ XS) , Uglf — Uzlf ,d + U?f u, in R3. (9)
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Acoustic time-lapse interaction

The wave field componentgp®if:d, v, dif,d

by the wave field equations,

} are governed is obtained as [2],

akpdif,d + jwp in R /xeaD (Ulpr - pAUI?) vpdA

Q4 g =g i R Q0 [ (0P = ) el = (6 )]V
with source quantities 0

{f(hf d,qdif,d} — {f]?if,qdif}, in Dt,

{54, ¢4y = {0,0}, in D" (11)

)

(1), dif,d _ pdif,d
v =i

= / (FBoit = filvf + ¢*p® — ¢Pp*) AV, (15)
xED

in which the normal;, is pointing outwardD. Using the
reference and monitor wave fields of Egs. (1) and (2),
The wave field equations of the wave field componerigking the source position of the reference wave field to
{pditu 3" are given by bex® instead of&®, and using only; sources, application
_ _ of the reciprocity theorem yields, omitting
) pdlf ,u +pr(1)vzlf,u — f]?lﬂua in R3,

DRl 4 jurWpdifn = gdifu - in B3 (12) /GBD [ (1) (x;x7) p@ (x;%5)

with source quantities —p® (X;XR) vl(f) (X;XS):| dAa
dif,u dif,u _ ; t
{fi ™" ={0,0}, . in D, +/ jw [Atlpvl(:) (x;x%) vl(f) (x;%5)
{5y = {F{",¢™y, in DY (13 €P

. . . — Atlnp(l) (X;XR) p(z) (X;XS) ] dv
Observe that the difference wave fields defined by Eqgs.
(5), (10) and (12) propagate in the reference medium. The = qWp® (x%;x%) — ¢@p® (x*;x%) . (16)

decomposition of Eqgs. (9) is invoked by choosing differ-

ent supports for the temporal contrast functions of E(g(ence the sum of a boundary integral and a volume inte-
). al of temporal contrast sources is equivalent to a differ-

ence measurement.
Reciprocity theorem

Interaction integral
In this section the acoustic reciprocity theorem of th]e kina the boundary intearal of E 16) we define th
convolution type is used. This theorem has its rootsgr{fl‘l g the oul t? yt egatl ° t'q. '(t ) Ie etine the
Green's theorem for Laplace’s equation and Helmholz%'0WINg convolution type interaction integral,
extension to the wave equation. A reciprocity theorem jeonv
interrelates the wave field quantities of two admissible
states,A and B, that occur in one and the same time- d:ef/ [UgU (x7, 23; %) p@ (x7, 2; x5)
invariant domair® C R? [1]. In forward/inverse source xr € R?
and scattering problems one state is identified with a phys- — (1) (XT T3 x ) (2) (xT,xB, )] dxp. (17)
ical wave field while the other state is identified with a

(ﬂfé, XR, XS)

computational or so called Green’s wave field. In timd-he integration is with respectto the transverse coordinate

lapse problems both states are identified with physicat = (z1,72), at a depthr. Consider the wave fields,

wave fields. The respective wave field equations for Stde), v\ } (x; x®) and {p?), v{" } (x; x5), which differ

A and StateB are given by with respect to their source positions. Applications of the
reciprocity theorem of Eq. (15) to these wave fields, with

ap™ P (x,w) + jwp™? (x) ”1?’3 (x,w) = f/?’B (x,w), res;fect toythe doma'ﬂ?b,cllea(ds)to

8kv,‘?’B (x,w) + jws? (x) pPE (x,w) = ¢ P (x,w) .

(14) 0= / [vél) (XT,;r3 )p(l) (XT,1‘3, S)

xT € R?

The reciprocity theorem of the convolution type (in the

_ M (1) } 1
time-domain the multiplications represent convolutions) PV (@ x") v (xr, @5 x%) | dwr. (18)
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In the derivation we have taken into account that contkive arrive at a representation&P™" in terms of the com-
bution at(z? + x3) — oo andzsz — oo vanish. Because ponent difference wave fielg!>". This wave field has
there is no contrast in the medium parameters betwemmtrast sources depending on the temporal contrasts in-
the two states, and inside the domain of applicatidh, sideDP. Temporal contrasts insidB* do not generate
both states have no sources, the two volume intgralsdifference reflections in the difference gatpdif-", and

Eqg. (15) also vanish in Eq. (18). Subtracting Eq. (18)nce inIc™. If [ is calculated incorrectly resid-

from Eq. (17), using Eq. (6), yields ual difference reflection energy from temporal contrasts
inside Dt will appear. Hence, minimizing this energy
1eom (zd;x®, x5) should give the correct reference and monitor medium pa-
B ) LRy dif s rameters insidé®t. The reference and monitor two-way
= /XT I [”3 (x7, 233 x") p (x7, 23;%°) wave fields appearing iff°*v can be calculated from data
)

LRy dif L s by applying a wave field decomposition, into down-going
X7, 03X ) v (X1, 23X )] dxr. (19) ang up-going one-way wave fields, at the recording level

[3].

Numerical example

_
Next, consider the wave fie|d9£p(1),vl(€1)}(x;xR) and

{ptiftd o119 (x; x5), the latter wave field being gov- . o _
erned by Egs. (10). Applications of the reciprocity thalve consider the model in Figure {Ayith the reference

orem of Eq. (15) to these wave fields, with respect to tAgd monitor velocities and densities given in Table (1).
domainDP. leads to With a finite difference code two acoustic time-lapse wave

¢ [m/s] p [kg/m’]

0= / oD (e, e ) I (. d xS background 1800 1500
xTeRZ[ ° ( ne )p ( ns ) diamond-shaped object 2500 2000
_ (1)( 1, R) dif,d( 1, 5) d (20) lower layer 2700 2300
p XT,J,'3,X ’U3 XT,J,'g,X XT. . .
} ¢ [m/s] p® [kg/m"]
Subtracting Eq. (20) from Eq. (19), using Eq. (9), yields background 1800 1500
diamond-shaped object 2700 2200
Jeonv (m§, xt, XS) lower layer 2900 2400
— (1) L. (R pdif,u 1. S Table 1. Reference and monitor velocities and densities,
/xT €R2 [Ug (XT,mB’X )p (XT,I.B’X ) M ,pM andc® andp®.

— pW (xp, 25 x™) 03" (x7, 23; x5) } dxr. (21) fields are simulated. The source is placed in the mid-
dle at the top of the model at (0,0) m. The receivers are

Taking the wave fields, {p(l),v,il)}(x;xR) and Placedat 0 mdepth. Figure @$hows a difference gather
(pTr 80 (x:x5), the latter wave field beingpdifv obtained by subtracting a single monitor shot-gather
governed by Egs. (12), and applying Eq. (15) to theflom a single reference shot—ggther. Next, a number of
wave fields, with respect to the doma, gives reference shot-gathers, with different lateral source po-
sitions x&, atx! = Om, with receivers atrz = zi,

gD pdifu (XR XS) are modeled. Also, a single monitor shot-gather with
source position,(x5,x5) = (0,0), and also with re-
= / [v,(cl) (x7, 23; x%) pHY (x7, 23 x5) ceivers atr; = x4, is modeled. Using these shot-gathers
XT € R2

we calculate the interaction integral of Equation (17) at
— pW (xp, 25 x®) 0f Y (x7, 23; x5) } dxr. (22) =z} =400m andz} = 650 m. The resulting time-domain
integralsI°°™ (z3; x5, 2, x5, x5) are shown in Figure
Using Eqg. (21) and (22) the interaction quantity is ex2)l and (2), respectively. To test if<°"" represents a dif-

pressed as ference measuremepitf-", the monitor model is changed
) such that it equals the reference model fgr < 400 m
conv 1., R S\ _ (1), dif,u R S . . . .
I (z3;x",x7) = ¢p (x™,x%). (23) (halfway the diamond-shaped object). The resulting dif-
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Reference model

Acoustic time-lapse interaction
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Fig. 3: top (t): difference wave field at; = 0 m, no temporal
contrasts forzz < 400 m; bottom (b): difference wave field at
x3 = 0 m, no temporal contrasts fats < 650 m.

Fig. 1: top (t): model; bottom (b): Difference wave fieldwat =

g

Conclusions

The interaction integral of Eq. (17) simulates an hypothet-
ical difference measurement through media which show
no temporal contrast above the interaction depth. The in-
tegral can be used as a forward model in time-lapse in-

i

2 verse problems by minimizing difference reflection en-
mm ! JJE—' , ergy. It is ideally suited to solve nonrepeatability prob-
]]]]ﬂ Sl o ef:zll m ™ lems by calculating it below the temporal contrasts at shal-
00 Vé_;e;nm!!l(i{{ ::ia%ll low depths.
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Fig. 2: left (I): interaction integral atrs = 400 m; right (r):

interaction integral atrs = 650 m.
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