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Summary where the matrice6~ andG™ contain the Green’s functions
due to sources at every point on the surfd@e, which are re-
spectively either up- or downgoing at all receiver locasiam

an arbitrary datum at dep@D, (Figure 1). Thex superscript
denotes time-reversed fields; here, we assume equatioms to b
in the frequency domain, although the form of the Marchenko

The goal of Marchenko redatuming is to reconstruct, from
single-sided reflection data, wavefields at virtual sulzsef
locations containing transmitted and reflected primariesd a
internal multiples, while relying on limited or no knowleglg

of discontinuties in subsurface properties. Here, we addre equations is the same in the time domain. Rheatrix is the
the limitations of the current Marchenko scheme in retrigvi quati . ) .
reflection response of the medium due to sources and reseiver

waves in highly heterogeneous media, such as subsalt or sub- - ) .
- . . on the surfac@Dg and acts as a multidimensional convolution
basalt. We focus on the initial focusing function that plays

a key role in the iterative scheme, and propose an altemativ ggi;abt?(/\l/n the Marcthelnkgoiistemﬂ(qe.g}., van defr Ni‘g etal.,
focusing function that uses an estimate of the inverse trans » Vvapenaar et al., a). € focusing func ?_hs

o . andF; are key to the Marchenko formulation, with, by defini-
mission operator from a reference model that contains sharp 1

. ; . . tion,
gontrasts (e.g_., salt boundarl_es_). Using a physics-dragen | = TAFT 3)
timate of the inverse transmission operator, we demoestrat - . 1 .
that the new approach retrieves improved subsurface wave-andF; = RaF;, whereRa andT 4 are the full reflection and

fields, including enhanced amplitudes and internal magipl  transmission responses for a medium that is truncated batwe
in a subsalt environment. the surface9)Dg and 0D, (Figure 1). Following Wapenaar

etal. (2013), the identity in equation 3 states that whestigjd
as a source field at the top surfati®o, FI produces a purely-
Introduction downgoing field that focuses at each pointdib, at depth.

The retrieval of wavefields within the earth’s subsurfacereh In the practice of Marchenko redatuming, the only known guan
no receivers or sources are available is a key component oftity is R, which is given by the complete reflection response
wave-equation imaging and inversion; however, retriefirtig due to all sources and receivers on top of the real medium (e.g
wave responses containing internal multiples with impdove  Figure 1a). Both of th&* responses and focusing functions
amplitudes has long presented a challenge to imaging peacti £~ are unknown, and the purpose of Marchenko redatuming
The method of Marchenko redatuming or autofocusing (Brog- is to estimate these quantities from the input reflectior dat
gini et al., 2011; Wapenaar et al., 2013) proposes to refriev R, To accomplish this task, the Marchenko scheme (Broggini
such wave responses inside the subsurface, while using relaet al., 2011; Wapenaar et al., 2013) relies on two other ele-
tively little information about the earth’s properties. eTfelds ments in addition to the reflection data: a separation operat
retrieved by Marchenko redatuming can, in principle, beduse @ and an initial focusing functiof{,. The initial FIO func-

to improve imaging beyond current capabilities, as disetiss o is such that the desireRl| — FIO+ = WhereFIm is

L
by Behura et al. (2012), van der Neut et al. (2013), Brog- 4 e ypdated by the scheme. Assuming the separation opera-

gini et al. (2014), Slob et al. (2014),Wapenaar e_t al. (29142 (q; satisfie©G— — 0,0GH* =0, OF; =Fy, andOFIO -0,
and Vasconcelos et al. (2014). Recently, Ravasi et al. (2015 {,an once applied to equations 1 and 2, it yields
validated the imaging capabilities of the method on ocean-

bottom field data. While indeed capable of retrieving in&rn F, =GR [Ff(ﬁ Ffm} , 4)
multiples and correcting amplitudes, recent studies imptes- ' '

ence of highly complex media brought forth some limitations and

of the current Marchenko scheme (van der Neut et al., 2014a; Ffm = OR"F . ®)
Wapenaar et al., 2014b). With the aim of applying Marchenko
redatuming in geologically complex media such as subsalt, w
review the limitations of the existing approach and propmse
alternative scheme capable of accounting for higher medium
complexity.

The system formed by equations 4 and 5 comprises Fredholm
integrals of the second kind, which can be solved by means of
Neumann series expansions (Kato, 1982). This result yields
an iterative solution of the Marchenko system, whi€rerder
solutions to the focusing functions are given by

Marchenko redatuming F9 = ocFfandF ) = eRQkFE,,  (6)

The underlying equations of Marchenko redatuming (Wape- \ith the series kernels

naar et al., 2013, 2014a) can be compactly written in diseret K

matrix form as (van der Neut et al., 2014b) Qx = Z(OR*@R)k. @
G~ +F; =RF/, (1) k=0
and Note that equation 6 shows that the retrievaFgfis the cen-

G™ + Ff =R"F (2) tral step in the iterative Marchenko scheme, since it folow
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Figure 1: Acquisition geometry and wavespeed models uselddochenko redatuming. Sourcesxgtand receivers; are placed

on the top surfac@Dg, whereas)D, represents an arbitrary surface at depth where the redaguotgationsx, lie. (a) The true
model where the reflection daRaare acquired, corresponding also to the desired redatuelddit—. (b) The reference model
used to generate the transmission and reflection respdnsgsndRa o, necessary for the Marchenko scheme. Density is constant
at 1000 kgm3. ForR, we model 221 shots, each recorded by 221 receivers. Shataaiyer lines coincide, starting at 1300 m
with a 20-m increment. For transmission responses, sostw@® the same lateral configuration, but are instead pktcadepth

of 1300 m.

thatFI(K) = ORFﬁK). Finally, theFf andF; estimates from model such as that in Figure 1b, which contains large caistras
equation 6 can be inserted into equations 1 and 2 to Weld  across sharp interfaces. In that case, the structui, gfis

order estimates of the desired redatumed fi€ldsandG—. more complex, and thuE,g_%) # TI\.O making TI\.O a less op-

In this paper, we revisit the scheme described by Wapenaartimum choice forF{ . Here, based on equations 3 and 8, we

et al. (2014a) by modifying the inplliq_o function to accom- choose insteaﬂfo = T;%, which yields
modate highly complex media. Throughout this paper, our ’ '
i i ime- i i K -
ch0|c<_e for® is the same traveltime-based windowing approac_h_ ,:L(nv) - Ok (BA.%)TL o) (10)
used in previous versions of the Marchenko scheme (Broggini
etal., 2012; Wapenaar et al., 2013). with F. (nv) ORFIm (equation 6). At this point, the es-

timate of the deblurring operatcBAO becomes the defining
factor in differentiating the result in equation 10 from ttira
In principle, it follows from equation 3 that equation 9. While it is possible to estimate a direct numer-

S (TTT )71TT _g-itt- ®) ical inverse ofBA_’O (e.g., by Tikhonov regularization), here,

1 A ATA A A A we choose instead to apply a physical approximation to that

ie., Ff is by definition an inverse to the transmission response inverse because it yields a more numerically stable reSolt.
of the real medium truncated betwe@iy and 0D, (Fig- accomplish that task, we invoke the identity
ure l1a). Equation 8 denotE{ in a least-squares sense, where

Transmission inversesin Marchenko redatuming

_ Tt T
the adjointT } can be thought of as a versionBf* “blurred” I'= TaoTao + RaoRao: (11)
by the operatoB, = TAT. As a resultB;* “deblurs” Th; which enforces power conservation between transmissidn an
thus, yieldingFI. reflection responses (Wapenaar and Herrmann, 1996; Wape-

naar et al., 2004). This identity allows for &horder estimate

Because the retrieval ﬁf is a key objective of the Marchenko of the inverse 0B , , to be expressed as the series

scheme, the true-medium resporisgis not available at the

outset; instead, one begins with a respohgg corresponding N

- t
to a reference medium. In previous forms of the Marchenko BA.%) =1+ 2 :(RAA,ORA,O)n‘ (12)
scheme (e.g., Wapenaar et al., 2014a),, is taken from a n—1

. + T .
smooth velocity model, arial-,O - TA.O is chosen so that, e.g., When using this result in equation 10, we obtain

ngm)] = QkTho = QK (BaoTap) ©
EH) _ pHK)

N
ot
results from the iterative scheme (equation 6), which iswsho Linv ladj T Qx( Z RA ORAO Tho- (13)
to ignore the effect B, , in the theorically desireElf0 (equa- n=1

tion 8). Wapenaar et al. (2014a) shows that when the referenc Tpg equation shows that our physical estimatB pf in equa-
medium forT , o is smooth, the structure (EfAO approaches ’

tion 12 yields an estimate (ﬂ‘l+ that is the result from pre-

that of an identity matrix, and thuELO ~ TA%), apart from nv

scaling factors. vious Marchenko schemeEIgd)j, superimposed with a cor-

. — i ini n > 1.
However, to account for scattering effects in highly comple rection term ComamngAaORAD) forn=1

media such as subsalt, we can dréiy, from a reference
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Subsalt example of the field in Figure 3a: not only does the field in Figure 3b
provide an improved amplitude update along the first asival
it also retrieves several of the salt-related internal iples,
particularly toward the edges of the gather. Albeit bettee,
estimate in Figure 3b also contains artifacts not presefign
ure 3c.

For our numerical example, we use the Sigsbee models in Fig-
ure 1. The reflection respongeis modeled for source (red
stars) and receiver (white triangles) locations on top ef th
model in Figure 1a. The migration velocity model in Figure 1b
is used to obtain the reference transmissio(y,, which is
generated using only the medium between the led8lg and The differences in the Marchenko estimates stem from the dif
0D, with sources at depth (circles in Figure 1b) and receivers ferences in the initial focusing functions in Figures 3d &ed

on the surface in the same configuration as¥¢see Figure 1). which, as equations 6 and 13 show, condition the final itera-
From a slightly smoothed version of the model in Figure 1b, tive estimates oFf" (Figure 4) that are at the core of the

we extract the direct-wave traveltimes between pointdDp redatuming scheme. When comparing the final focusing func-
and the surface, which are used to create the muting magks thations in Figure 4, we see that most of the arrivals retriewed b
make up the® operator (Wapenaar et al., 2014a). meansT;L_o, are present itﬁf’ from T;}), albeit with differ-

ent relative amplitudes. In addition, and more noticeahly i
Figure 4a, the fields derived witfi, 5 contain additional ar-
rivals over the entire gather. By inspecting the initialdtions
in Figures 3d and 3e, we observe tﬁ%ro from T;%) contains

One essential detail for the purpose of this paper is that all €Nergy attimes pastthe direct arn\_/arﬁﬁ‘o, butis also notice-
fields in the equations above dhex-normalized fieldéwape- @bl different before the direct arrivals as well. The prese
naar, 1998), so that one-way reciprocity relations suck.as, of physical energy '"’Ffo before the direct arrivals in Figure 3d
those denoted by equation 11 indeed hold. As such, the physi-violates the conditio®F] , = 0 (equations 4 and 5) whe@

cal fields output by the finite-difference modeling requice-n  is the windowing operator described by, e.g., Wapenaar. et al
malization by local impedance &g for R andRa o, and at (2014a). The design of an alternat®@eperator to account for
0Da for Tpo. This is particularly important at depth, where — the complexity ofF{, is the subject of ongoing research.

the datumdDj lies over large lateral variations in impedance

between sediment and salt. In Figure 2, we show the matricesConclusions

in the power-conservation relation in equation 11Tqr, and
RA70 after impedance normalization, from the model and ge-

Waveform modeling is performed by staggered-grid, firsteor
PDE, acoustic finite differences with a 20-Hz peak-freqyenc
Ricker wavelet as a source pulse. The source pulse is decon
volved from the modelled data to yieR, but kept inT, .

In this paper, using a compact matrix-based formalism fer th
o ) o Marchenko equations, we review the main elements of the
ometry in Figure 1b. Figure 2a shows t@&.oRAp is slightly Marchenko iterative scheme while showing that the iteeativ
more dominated by signals corresponding to the prominéint sa econstruction of the downgoing focusing function at depth

reflections on the right-hand side of the model, ‘_’VmL‘?oTA,o is the central step of the method. The retrieval of this fecus
in Figure 2b is dominated by sources and receivers on the leftjg gperator relies on seismic reflection data, togetheh wit
side of the model where transmitted waves are less obstfucte g1, separation filter and an initial/reference focusimg:fion

by the salt body. When superposed (Figure 2c), these two ma-yhich are in turn drawn from a reference model. Here, we
trices approach the identity predicted by theory (equalibn g4,y the role of the initial focusing function, by showirigt
Atthe same time, the result in Figure 2c is not a perfect iden- ne injtial focusing function chosen in previous Marchenko
tity matrix due to the finite aperture of source and receiver a gchemes. while suitable for relatively simple models, fras |
rays and the existence of laterally propagating energy.,(€.9 jtations in highly complex models such as subsalt, paityl
salt diffractions), which prevent equation 11 from being nU  \yhen the reference model contains large parameter camtrast
merically exact. and sharp interfaces.

The Marchenko-retrieved fields and corresponding inital f 14 handle more complex subsurface scenarios, we propose
cusing functions are shown in Figure 3 for a chosen depth the yse of alternative initial focusing functions based fu t
location (white circle in Figure 1). The notation for the  jhyerse of transmission responses extracted from a referen
fields in the Figure denotes convolution of t@efields with model (e.g., conventional migration models). We provide a
the source wavelet. Moreover, tpe field in Figure 3a shows  formalism that accounts for such improved focusing furtio

the waves in the true medium that cannot be simulated with gnq discuss its relationship with previous versions of tiaedflenko
the reference model in Figure 1b; thus, being the unknown re- scheme. In addition, we offer a reflection-based physical ap
sponse we wish to retrieve with the Marchenko estimates in proximation to the inverse transmission matrices thatdgiel
Figures 3b and 3c. The Marchenko estimate in Figure 3b useSgtaple numerical solutions while discussing its impleratian

thf initial ffC‘j;‘S'”g_ function in Figure 3d, which is a coluroh details. Using a subsalt numerical example, we demonstrate
F1o0=BaoTao With the deblurring operator given by equa-  ihat the new focusing functions provide improved estimates
tion 12 with n= 2. ':Jr'gure 3c is the result of the Marchenko  of gpsurface wavefields, with higher first-arrival amplii-
scheme withF1, =T 5, where the intial focusing functionin  gejity and by successfully retrieving a greater number tfin
Figure 3e is simply the time-reversed version of the field mod ) myjtiple reflections. Finally, we also point out thasthew

eled betweerxa and the surface using the reference model. gcheme produces some artifact arrivals, which are coulgbe a

When comparing Figures 3b and 3c, we observe that using thegqciated with using the time-domain windowing employed by
initial function in Figure 3d yields an overall better estita the original Marchenko approaches.
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Figure 2: Discrete matrices corresponding to the identitgduation 11 for the reference model in Figure 1b, at a fixeguency
of 20 Hz. (a) The power dRL oR AO" (b) the power oflf }; ol AO and (c) the superposition of panels (a) and (b). Here, alfioeast

are normalized by the maximum power of fﬁEOTAO matrix in (b).
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Figure 3: Comparison between true and Marchenko-estingtbdurface fields, along with initial focusing functionsheTfields

in panels (a) and (b) represent pressure responses for gesax (white circle in Figure 1) and receivers on the surface. The
field ptSrue in (a) is the difference between the full pressure field usirgtrue model in Figure 1a and the reference pressure field
using the model in Figure 1b. The responses in (b) and (c)hereesult of the superposition of up- and downgoing fieldsfro
Marchenko redatuming, i.eo;" +p~, minus the reference pressure field using the model in Fijur@he Marchenko field in (b)
results from using an estimate of the inverse transmissierMOrT;}), while the field in (c) is obtained by the original Marchenko

scheme using the adjoint operatbx,o. The initial focusing functions are illustrated by paned¥ &nd (e), which represeﬁqO
between a fixeda (white circle in Figure 1b) and the surface, frd’rg%) andT;%, respectively.
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Figure 4: Final focusing functions after four iterationstieé Marchenko scheme (equation 6). (a) and (b) show the dioneain
version ofFf andF; for a fixedxa (white circle in Figure 1a), that result from using the irsetransmission operatifr;%) as

the initial focusing function. Analogously, the fields i) @nd (d) result from the adjoint transmission operéﬁﬁrO as the initial
focusing function.



