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Summary
The bandwidth of wave field extrapolation operators in the do
ble wavenumber domain is directly related to the complexity
the medium through which the propagation is described. For si

extrapolation can be done much more efficiently in the wavenu

Introduction

form (i.e. after pre-processing) it is given by

ple or moderately complex macro models (generally with later
variations) this implies that non-recursive forward or invers

ber domain than in the space domain, without loosing accuracy.

The forward model of seismic data that is used in our seisn
research project DELPHI is based on a number of matrix multipli-
cations (space-frequency domain formulation). In its simple

I- matrices. In other words, the “bandwidth” of the matrices in equa
hf tion (2) is proportional to the magnitude of the lateral variations o
. the subsurface parameters.

f

Al with the help of an example for a moderately complex macr
€ model it will be shown that processing (here: non-recursiv
N- inverse wave field extrapolation) is much more efficient in the
double wavenumber domain than in the space domain.

Extrapolation in the space domain

i Consider a 2-D monochromatic downgoing acoustic wave fiel

P*(x, zg, ), registered as a function of the horizontal coordinatg
St x at depth levez, and frequency . Downward extrapolation
from depth levek, to depth levez,, is mathematically described
by the generalized convolution integral (Berkhout, 1985)

1}

P = [WRW']P* (1)

whereP* contains the downgoing (source) wave fields at the su
face,w* describes downward propagation into the subsurface,
represents reflection in the subsurface, W describes upward pr
agation to the surface and, finalP", contains the upgoing wave
fields at the surface.

Dp-

Equation (1) is a monochromatic representation of the seismic
data (i.e., one frequency component); the different elements in the
matrices correspond to different spatial positions. In this paper we
investigate the possibility of processing in theuble wavenum-

her domain taking horizontal as well as vertical variations of th
subsurface parameters into account (for reference, Wapen
1992). We will show that without loss of generality equation (|
(or its extended version) may be transformed to the wavenumb
frequency domain, yielding

1%

er-

P = [WRW )P @
where the tilde denotes the transformed domain.

is-
if-

Equation (2) is again a monochromatic representation of the se
mic data; the different elements in the matrices correspond to ¢
ferent wavenumbers. The theory underlying this equation will he
briefly reviewed. It will be shown that the structure of the matrices
depends largely on the complexity of the subsurface. In the spegial

case of a laterally invariant subsurface the matrices are diagohal
matrices which means that the processing (based on the invergion
of this equation) can be done very efficiently. In the case of mogl
erate lateral variations the matrices exhibit a narrow band stryc-
ture and in the case of strong lateral variations the matrices are

ull
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oo

) = fw* (X', Z| %, 2y, @) P* (X, 20, @) dx.(3)

—oo

P* (x', 2

m*

HereP* (x, z,,
may be seen as the downgoing response at (x', z,,) of a dipolg
(X, 2g) .

For discretized wave fields (discretization interval y\quation
(3) can be rewritten as a matrix equation, according to

P (z) = W (z

m

w20 P (29) “

Herep" ( z;) andp” (zm) are column vectors, containing the
(monochromatic) discretized wave fields at depth lezizand z,,,,
respectively. Matrixw* is explained in Fig. 1.

Spatial Fourier transforms

We define the spatial Fourier transform (the plane wave decomp
sition) of the wave fiel®*(x, zy, ) by

oo

P (kozp @) = | &P (x,25 @) dx (52)
and its inverse by

" 1 - —jk x5+

P* (x,25 @) = ﬁje P’ (k,, zg ©0) dk, . (5b)

o) represents the extrapolated downgoing wave
field at(x', z,,). The extrapolation operatow* (X',2,) X, 29, @)
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Fig.1 The extrapolation matriw* (z,| z9) ; column n contains th
(monochromatic) discretized resporax W* (x', 2| Xy 2 @)
as a function of x' at dep,, for a dipole source &x,, z) .

For discretized wave fields we may use a similar matrix notatig
as in the previous section:

P (z9) = TP (zg) and P (zg) = T7'B" (z). (6)
Herep' (z) is a column vector, containing the discretized wj
field as a function ok,, I is the discretized Fourier transform

operator. It can be scaled such T =TH,

Extrapolation in the wavenumber domain

The operator for wave field extrapolation in the double waveny
ber domain is now easily derived. Applying the Fourier transfg
operatoll" to both sides of equation (4) gives

TP (z,) = TW* (z,]29) P (2))
Using equations (6) yields
P (z,) = W (2, 2) B (20),

m

where the transformed extrapolation operator

W' (2,29) =T W* (2, 2) T". (8b)

The interpretation of matriw” (24| Z9) is shown in Fig. 2. The
“bandwidth” of this matrix is proportional to the complexity of th
macro model. In general it is smaller than in the space domai
(Fig.1). For the special case of a homogeneous macro model 1
matrix reduces to a diagonal matrix, with the phase shift ope
of Gazdag (1978) on its diagonal.

Application

Introduction

Now that we have the theoretical framework we can investig
the advantages of processing in the double wavenumber do
This will be done by inversely extrapolating the upgoin
response & of a plane wave source gt ¢&he upgoing responsg
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Fig. 2 The propagation matriw” (24| z9) - Column n contains th
(monochromatic) Fourier transformed response as a functid
k,’ at depth z for a plane wave source with. wave numbgy &t
depth gz,
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Extrapolation in the wavenumber domain

atz, will be called the test data). inverse extrapolation
described by

(7]

P'(2,) =F (z,/2,) P (z,) (in the space domain) and by (9

oh

(2,) =F (2,]2) 3 (z,) (in the wavenumber domain),(10)

where the modified matched filter approach has been used stich

that

Fo=(w’ and F =T [W']TH. (11)
The model

A moderately complex macro model has been used (Fig. 3). devel-
oped by Rietveld et al (1992). In this model a plane wave soufce

has been placed z; = 800 m.

X (m)
—_—

Zy ¢

= 200 m/s

¢ = 1800 m/s

Fig. 3 The moderarelv complex macro model together with the plane
wave source at z,, = 800 m. The response at zy is shown in Fig. 6

The propagation operators

With a one-way recursive forward modeling scheme (Blacquigre
1989) the non-recursivw* operator has been created for th
model of Fig. 3w* describes the forward propagation frz;-

0 m toz,, = 800 m.w* and one column of W+ are displayed in
Fig. 4. By applying equation (8b) the operew™ has been
compiled. From Fig. 5 it is clear that the bandwidtiw fis
much smaller than that cw™ (Fig. 4).

17

Inverse extrapolation (no filtering)

The test data (the responsezt 0 m of a finite plane wave source
atz,, = 800 m) have been modeled diorward finite-difference

modeling of a horizontal plane wave sourcz, afFig. 3). In Fig.

6 (left) the (x, t)-registration &}, is displayed. inverse extrapola-
tion with F (based on the Fourier transformed modified matchgd
filter operator according to equation (11)) results in the (x. t)-r¢g.
istration of Fig. 6 (right). Inverse extrapolation wFtyields

exactly the same results (these are therefore not displayed).|The

Fig. 4 The propagation operdlor W {:"'l :”':I Sor the moderately
complex meern model of Fig. 3. The dipole source response for
o single source af x = 0 ix extracred from the matrix.
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Fig. § The propagation marrix W I:zw| ‘:J_-] for the model of Fig, 3.

The trensformed plane wave response for o plane wave source
with k=0 fone column af the marrix) clearly shews the smll
berndwidth

228




Extrapolation in the wavenumber domain 4

information is aligned very well at t = 0 s and the amplitude cross
- section shows a constant amplitude along the plane wave source
.] I anda fast decay to zero outside the source area.

_ EJ||I||""IE_MHI‘.I'“

Filtering

Application of F,;, a band filtered version of tHE operator,
with only 7 diagonals left on both sides of the main diagonal (i.e.
in total 15 diagonals left), leads to the results of Fig. la. Applying
a taper to 3 diagonals on both sides gives the inversely extrag
lated wave field of Fig. 7b. The alignment at t = 0 s is perfect; thi
means that there is no phase error in the wavenumb
domain. There is a slight error in the amplitudes (Fig. 7c). Th
tapered version gives smaller amplitude errors than the one with
out taper. From this experiment we can conclude that, for this hg
erogeneous macro model (Fig. 3). we roughly need a tenth of the
operator matrix in the wavenumber domain (opposed to the full

e

ms_‘uv:?

—
T

Fig. 6 Left: The response at £y of @ plane wave source af g, = 800
m in the model of Fig, 3; Right: the inverselv extrapalated

e B TR B The ana e L O ey operator matrix in the space domain).
f;::'ld and the amplitude cross section is almost perfectly Conclusion
et

We have shown that non-recursive wave field extrapolation in
moderately complex macro models is ideally done in the wave
number domain instead of in the space domain. This is because| of
the fact that the double Fourier transformed operator for waye
field extrapolation exhibits a narrow band structure which makes
processing very efficiently, without loosing accuracy.
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