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Abstract. The earthquake seismology and seismic explo-
ration communities have developed a variety of seismic
imaging methods for passive- and active-source data. Despite
the seemingly different approaches and underlying princi-
ples, many of those methods are based in some way or an-
other on Green’s theorem. The aim of this paper is to discuss
a variety of imaging methods in a systematic way, using a
specific form of Green’s theorem (the homogeneous Green’s
function representation) as a common starting point. The
imaging methods we cover are time-reversal acoustics, seis-
mic interferometry, back propagation, source–receiver reda-
tuming and imaging by double focusing. We review classical
approaches and discuss recent developments that fully ac-
count for multiple scattering, using the Marchenko method.
We briefly indicate new applications for monitoring and fore-
casting of responses to induced seismic sources, which are
discussed in detail in a companion paper.

1 Introduction

Through the years, the earthquake seismology and seismic
exploration communities have developed a variety of seismic
imaging methods for passive- and active-source data, based
on a wide range of principles such as time-reversal acous-
tics, Green’s function retrieval by noise correlation (a form
of seismic interferometry), back propagation (also known as
holography) and source–receiver redatuming. Many of these
methods are rooted in some way or another in Green’s the-
orem (Green, 1828; Morse and Feshbach, 1953; Challis and
Sheard, 2003). The current paper is a modest attempt to dis-
cuss a variety of imaging methods and their underlying prin-
ciples in a systematic way, using Green’s theorem as the com-
mon starting point. We are certainly not the first to recog-
nize links between different imaging methods. For example,

Esmersoy and Oristaglio (1988) discussed the link between
back propagation and reverse-time migration, Derode et al.
(2003) derived Green’s function retrieval from the principle
of time-reversal acoustics by physical reasoning and Schuster
et al. (2004) linked seismic interferometry to back propaga-
tion, to name but a few.

We start by reviewing a specific form of Green’s theo-
rem, namely the classical representation of the homogeneous
Green’s function, originally developed for optical hologra-
phy (Porter, 1970; Porter and Devaney, 1982). The homo-
geneous Green’s function is the superposition of the causal
Green’s function and its time reversal. We use its surface-
integral representation to derive time-reversal acoustics, seis-
mic interferometry, back propagation, source–receiver reda-
tuming and imaging by double focusing in a systematic way,
confirming that these methods are all very similar. We briefly
discuss the potential and the limitations of these methods.
Because the classical homogeneous Green’s function repre-
sentation is based on a closed surface integral, an implicit
assumption of all of these methods is that the medium of in-
terest can be accessed from all sides. Due to the fact that
acquisition is limited to the Earth’s surface in most seismic
applications, a major part of the closed surface integral is
necessarily neglected. This implies that errors are introduced
and, in particular, that multiple reflections between layer in-
terfaces are not correctly handled. To address this issue, we
also discuss a recently developed single-sided representation
of the homogeneous Green’s function. We use this to derive,
in the same systematic way, modified seismic imaging meth-
ods that account for multiple reflections between layer inter-
faces. In a companion paper (Brackenhoff et al., 2019) we
extensively discuss applications for monitoring induced seis-
micity.

Although the solid Earth supports elastodynamic (vecto-
rial) waves, to facilitate the comparison of the different meth-
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150 Acoustic waves in fluids

From the pertaining acoustic wave equations, first the local form of a reciprocity theorem
will be derived, which form applies to each point of any subdomain of ~D where the acoustic
wave-field quantities are continuously differentiable. By integrating the local form over such
subdomains and adding the results, the global form of the reciprocity theorem is arrived at. In
it, a boundary integral over OD occurs, the integrand of which always contains the unit vector
Urn along the normal to ~), oriented away from ~D (Figure 7.1-1).

The two states will be denoted by the superscripts A and B. The construction of the
time-domain reciprocity theorems will be based on the acoustic wave equations (see Equations
(2.7-22), (2.7-23), (2.7-26) and (2.7-27))

A A A~kpA + ~tCt(ltk, r,Vr ;x,t) =f£, (7.1-1)
A AOrVr + ~tCt(zA, pA;x,t) = q , (7.1-2)

for state A, and
B B B,OkpB + OtCt(ktk, r,Vr ;x,t) =f£

OrVBr + 0tCt(zB, pB;x,t) = qB,

(7.1-3)
(7.1-4)

for state B, where Ct denotes the time convolution operator (see Equation (B.1-11)) (Figure
7.1-2).

If, in ~), either surfaces of discontinuity in acoustic properties or acoustically impenetrable
objects are present, Equations (7.1-1)-(7.1-4) are supplemented by boundary conditions of the
type discussed in Section 2.6, both for state A and for state B. These are either (see Equations
(2.6-2) and (2.6-3))

pa,B is continuous across any interface, (7.1-5)
and

i(3)

0
(~)

i(1)

7. l - l Bounded domain ~Dwith boundary surface ~a9 and unit vector I~m along the normal to ~3, pointing
away from ~9, to which the reciprocity theorems apply.
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Surface-related multiples 
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Internal multiples: much more difficult 



False images of internal multiples 



0

500

1000

1500

-2000 -1000 0 1000 2000

1900

2000

2100

2200

2300

2400

2500



0

500

1000

1500

-2000 -1000 0 1000 2000

1900

2000

2100

2200

2300

2400

2500

1000

1200

1400

1600

1800

2000

-1000 -500 0 500 1000

False images of internal multiples 



0

500

1000

1500

-2000 -1000 0 1000 2000

1900

2000

2100

2200

2300

2400

2500

1000

1200

1400

1600

1800

2000

-1000 -500 0 500 1000

Marchenko imaging 



Representations for the homogeneous Green’s function 
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Fundamental basis for: 
 
 
 
 
 
 

•   Time-reversal acoustics 
•   Seismic interferometry  
    (=Green’s function retrieval) 
•  Imaging by double focusing 
•  Monitoring of induced seismicity 
•  Etc. 
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Fundamental basis for: 
 
 
 
 
 
However: 

•   Time-reversal acoustics 
•   Seismic interferometry  
    (=Green’s function retrieval) 
•  Imaging by double focusing 
•  Monitoring of induced seismicity 
•  Etc. 

•  Requires data at a closed boundary 
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Possible solutions: 
Iterative time-reversal  
(Prada, Wu and Fink, 1991, JASA; Montaldo et al., IEEE, 2005) 
Characteristics: 
-   Physical re-emission (e.g. ultrasonic applications) 
-  Focuses on strong scatterer, or  
-  Uses measured transmission response 

Iterative Marchenko method 
(Broggini and Snieder, 2012, EJP; Wapenaar et al., PRL, 2013) 
Characteristics: 
-  Numerical re-emission (e.g. seismic applications) 
-  Derives focusing function from reflection response 
-  Uses estimate of direct arrival of transmission response 
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- 8 lines with 500 m spacing 
- About 400 receiver positions per line  
- Receiver positions at every 50 m 
- Each receiver position = geophone group 

- About 11 hours of recording time 
- About 900 noise panels of 47 s 

traffic road 

- Active-source data recorded along 
the same lines 
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Pseudo-3D image: geology below the Libyan desert 
(Deyan Draganov, in cooperation with Shell) 
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double focusing 



Video source: American Petroleum Institute on YouTube 149 
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A unified approach to acoustical reflection imaging. 
II: The inverse problem 

A.J. Berkhout and C. P.A. Wapenaar 
Del• University of Technology. Laboratory of Seisrnics and Acoustics, R O. Box 5046, 2600 GA De/fl. 
The Netherlands 

(Received 20 December 1990; accepted for publication 19 October 1992) 

Using the forward matrix model, as derived in part I [A. J. Berkhout, J. Acoust. Soc. Am. 93, 
2005-2016(1993) ], it is shown that the first and main part of numerical acoustic imaging 
consists of a wave field extrapolation process by double matrix inversion. Physically, the wave 
field extrapolation process means that the downward propagation effects and the upward 
propagation effects are eliminated from the measurements. Next, the reflection information is 
extracted from the wave field extrapolation result. Optionally, the reflection information is 
translated to discipline-oriented material parameters by some data fitting process. Double 
focusing, i.e., focusing in emission and focusing in detection, is closely related to the above 
numerical imaging process. Finally, it is shown that imaging of zero-offset or puls-echo data 
can be formulated by single matrix inversion, involving phase shifts only. 
PACS numbers: 43.60.Gk, 43.60.Pt 

INTRODUCTION 

In part I of this paper (Berkhout, 1993) a general for- 
ward model has been derived for discrete acoustic reflection 
data: 

P- (zo) = W-(zo,zm)R+(zm)W+(zm,zo) 
1 

xS + (Zo) , (la) 
with 

S + (zo) = D + (zo)S(zo), (lb) 
P(zo) = D- (zo)P- (Zo). (lc) 

In expressions ( la)-(lc) two corresponding columns in the 
source matrix S (or S + ) and measurement matrix P (or 
P - ) refer to one experiment. Matrix operators D + and D - 
are defined by the boundary conditions at the data acquisi- 
tion surface (z = z o) as well as the choice of sources and 
detectors (velocity and/or pressure). Propagation matrices 
W + and W - define the propagation effects in the measure- 
ments; reflection matrix R + defines the (angle-dependent) 
reflection effects in the measurements. All matrices refer to 
one Fourier component (frequency domain formulation). 
The choice of a frequency domain formulation has the im- 
portant consequence that the multi-dimensional forward 
model (la) is relatively simple. To keep the notation simple 
as well, the frequency parameter to has been omitted. Note 
that in one-dimensional media all matrices simplify to Toe- 
plitz matrices and matrix equation ( 1 ) can be rewritten as a 
scalar equation in the spatial Fourier domain: 
•' - (k,,k.•,Zo,•) 

M 

= E [ •' - (kr'A2m'r-'ø)k + 
X • + (k,,Az,,,o)) ]• + (ks,zo,O)) (ld) 

with Az, = (z,• -- Zo), k = (k x,k• ), subscript s referring to 

the source coordinate, and subscript r referring to the receiv- 
er coordinate. 

In part I multiple scattering caused by the surface has 
been simply introduced by using in ( la): 

P+ (Zo) = S + (Zo) + R - (zo)P- (Zo) (2) 
instead ors + (zo), where R - (z o) defines the surface reflec- 
tivity for upward traveling waves. Expression (2) has also 
been generalized for internal multiple scattering. 

The objective of the proposed forward model is not pri- 
marily for simulation purposes (there exist excellent finite 
difference and finite element algorithms for acoustic simula- 
tion). The primary objective of our version of the forward 
model is the derivation of a generalized acoustic imaging and 
inversion process. We will see that our formulation in terms 
of matrix operators is pre-eminently suited for the derivation 
and understanding of imaging and inversion methods. 

In the forward problem all details about the data acqui- 
sition procedure are known, the acoustic properties of the 
surface and medium ( trend and detail) are available, and the 
measurements need to be computed ("numerical simula- 
tion"). In the case where we start with reflectivity, simula- 
tion means 

R + (z)• P(zo)- (3a) 
In the inverse problem, all details about the data acquisition 
procedure should be known, the measurements are avail- 
able, and the medium parameters need to be computed. If 
the spatial reflectivity distribution is aimed for (reflection 
imaging), inversion means 

P(zo)--,R + (z). (3b) 
Generally, in reflection imaging the diagonal elements of 
R * (z) are computed only, meaning that the angle-depend- 
ence information of reflection is not aimed for (one reflec- 
tion coefficient per medium grid point). 

For a high-resolution result the localization (position- 
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ing) information can be supplemented with shape and size 
information. In addition, if all elements of the reflection ma- 
trix are computed, then for each grid point angie-dependent 
reflection information is available as well and reflection 

imaging can be followed by the computation of the material 
parameters (post processing): 

R + (z) -, p (z),cp (z),es (2), (3c) 
where p(z), c n (z), c• (z) are diagonal matrices that repre- 
sent, respectively, density, longitudinal velocity, and shear 
velocity (if applicable) at each grid point of depth level z. In 
most imaging techniques results are not in terms of material 
parameters but are in terms of local reflectivity (reflection 
imaging). 

I. IMAGE FORMATION BY DOUBLE INVERSION 

If we ignore for the moment the influence of the surface 
on the measurements and we assume perfect dipole sources 
and pressure detectors [D + (z o) = D-(z o) = S + (z o) 
= I], then the forward model (la) simplifies to 

P(zo) = X(zo,zo) 
with 

M 

X(zo,zo) = • W - (Zo,Zm)R + (z,•)W + (z,,,Zo). 
If the objective of reflection imaging involves estimation of 
R + (Zm), it can be seen from the above expression that the 
downward propagation effects from z o to Zm and the upward 
propagation effects from z.• to z o need be compensated. Or, 
in mathematical terms, the propagation matrices 
W + (Zr.,Z o) and W- (Zo,Z m ) need be inverted: 

X(z,.,,z., ) = F - (z•,zo)X(zo,zo)F + (Zo,Z m ) (4a) 
with 

F-Cz,•,zo) = [W-Czo,z.•) ] -'= [W+ (z.,,Zo)] * 
(4b) 

= [w+c:m,Zo)] 
(40) 

where • is based on the macro model and where * denotes 
complex conjugation. 

In the seismic exploration inversion process (4a) is gen- 
erally referred to as "redatuming." From (4a) it follows that 
the elements of X(zr•,zm ) can be written as 

Xij (Zm 'Zrn ) = E • Eta' (Zm 'zo)Skt (Zo'Zo)F ; (2o'Z'. ) 
k 

(Sa) 

or, if we are interested in the diagonal elements only, 

X"(Zm'Zm ) = E • Fi• ('Zm'zø)X•c,(zø'zø)F,• (ZO'Zm)' 
k I 

(Sb) 

In practical solutions one generally chooses 
Fi•- (Zr•,Zo) = [ Wi• (z,.,Zo) ]*, 

which is consistent with the suggested approximations in 
(4b) and (40). 

Note that for one-dimensional macro models numerical 

image formation involves a double deconvolution process. 
Figure 1 gives a schematical illustration. 

After the double inversion process (4) has been com- 
pleted for all Fourier components of interest, reflectivity ma- 
trix R + (z.,) needs to be computed from X(Zm,Zr• ). First, 
let us look at the Radon transform of one row of X(z,.,z.• ): 

•'(xi,z•,co;p) = • X•k (z•,z•)e +•,c•, •op, (6a) 
k 

wherep is the ray parameter. 
Expression (6a) represents the response of the medium 

at grid point (x•7 m ) in terms of plane waves. Realizing that 
the inversion operators F- and F + remove the propagation 
effects (travel time and geometrical spreading) from the 
measurements, the contribution of the inhomogeneities at 
z,, in •'(Xi,Zm,co;p ) can be found at t = 0, the contribution 
from deeper depth levels (z> z,, ) can be found at positive 
times and the contribution from shallower depth levels 
(z < z m ) can be found at negative times. Hence, 

N I - 
• + (x,,z•,;p) =- • X(x,,zm,co•; p) (6b) 

represents the angle-dependent reflection coefficient at grid 
point(x•,z•,). Note that the inverse Fourier transform 
(c0--, t = 0), as given in (6b), may also be considered as an 
averaging process where all contributions from z•z• are 
averaged away. In practical situations averaging will occur 
over a limited frequency range only, and weighted averaging 

p-(zø) 

\ \ 
\ 

\ \ 
\ 

p-(zø) F+(zo.Zm) 

'"•'x---•x- .... -•-•.,• ith receiver gather 
'"•X'" X ........ -•'-• 

ith source gather 

FIG. 1. Image formation involves double matrix inversion or, for one-di- 
mensional media, a double aleconvolution process along the source and re- 
ceiver coordinate. 
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Virtual seismology:  
Induced earthquake monitoring 0
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The image cannot be displayed. Your computer may not have enough memory to open the image, or the image may have been corrupted. Restart your computer, and then open the file again. If the red x still appears, you may have to delete the image and then 
insert it again.
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Virtual response obtained from seismic reflection data of the Vöring Basin 
 

Joeri Brackenhoff 

Complex overburden 



Virtual response obtained from seismic reflection data of the Vöring Basin 
 

Joeri Brackenhoff 

Complex overburden 



Virtual response obtained from seismic reflection data of the Vöring Basin 
 

Joeri Brackenhoff 

Complex overburden 



Virtual response obtained from seismic reflection data of the Vöring Basin 
 

Joeri Brackenhoff 

Complex overburden 



Virtual response obtained from seismic reflection data of the Vöring Basin 
 

Joeri Brackenhoff 

Complex overburden 



Virtual response obtained from seismic reflection data of the Vöring Basin 
 

Joeri Brackenhoff 

Complex overburden 



Virtual response obtained from seismic reflection data of the Vöring Basin 
 

Joeri Brackenhoff 

Complex overburden 



Virtual response obtained from seismic reflection data of the Vöring Basin 
 

Joeri Brackenhoff 

Complex overburden 



Virtual response obtained from seismic reflection data of the Vöring Basin 
 

Joeri Brackenhoff 

Complex overburden 



Virtual response obtained from seismic reflection data of the Vöring Basin 
 

Joeri Brackenhoff 

Complex overburden 



Virtual rupture (double couple source) 
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Take-home message: 
 
•  Classical Green’s function representation:  
    closed boundary integral 
 
 
 
 
 
 
•  Modified Green’s function representation:  
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•  Modified Green’s function representation:  
    single-sided integral 
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•  Contains focusing functions 
•  Handles multiple reflections 
•  Modified reflection imaging 
•  Monitoring induced seismicity 
•  Etc. 



Open question: 
 
How do we deal optimally with different  
multiple-scattering mechanisms? 
•  Short-period diffusion-like multiple scattering 

•  Long-period deterministic multiple scattering 
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