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Fig. 5.14 Influence of the background welocity co on the singularity strength in the re-
flectivity for normal-incident waves for the siluation that ¢+ > 0. (a) The
singularity strength of R(x3) at x3 = x3,0 (in the figure denoted by ap) as a
function of the scaling exponent « in the velocity profile (in the figure denoted
by avc) and the background velocity co . Note Lthat in the limiting case that the
background velocity goes to zero the scaling in the reflectivity is independent of
the singularity strength of the velocity profile. (b-c¢) Representative examples
of the considered distributions for different background velocities, for a = —-0.4
(b) and for a =04 (c).
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Caske 11 :

Hence, the reflectivity has a local scaling behavior o — 1 at x3 = x30.
Following the derivations in section 5.3.1, it can be concluded that the
singularity will also induce a phase change. The phase change is given
by Table 5.1.

Positive distortion; peak distortion larger than background velocity
Mathematically, the following situation is considered

c+ >0, and, ¢pq > cp.

Because the background velocity g is now smaller than the distortion
ca Yo, x5 — w50) around 1y = @y, the reflectivity can be written in
a series expansion according to

+¢ a—1 . -1
R(xs) = e (1 L )

204 X$ ¢+ X$
1 .
ot (0 G
2c4 x4 caxd ey '

(5.71)

which is valid for x3 in the neighborhood of x5, and for x5 > x5, if a
right-sided distribution (plus-sign) is considered, and for x3 < a3 if a
left-sided distribution (minus-sign) is considered. In the limit c,q > ¢o,
for example in the case ¢p | 0, the reflectivity takes the following form

+er XY o, 23 — 7a0)
2c4 x§ (01,03 — T30)

R(x3) ~ , (5.72)
where the dependency of x§ on (o), 3—x3,0) has been included again, for
completeness. It is expected that the scaling behavior of the reflectivity
will he —1 at 23 = 23,9, independent of the local scaling behavior of the
velocity distribution. This remarkable behavior for cpq 3 ¢y has earlier
been observed by Wapenaar (1997a).

In Figure 5.14, the derivations are numerically validated with the help of the wran
analysis of section 5.2.2. The scaling exponent of the velocity profile is —0.5 <

a < 0.5, the peak distortion ¢,y = 1'km/s, and the background velocity is 0 <
co < 3km/s. The sampling distance is taken Axy = 1m. Figure 5.14a shows
the computed local scaling exponent of R(wy) at xy = wyg. denoted by ap, as a

function of the local scaling exponent « of the velocity profile, denoted by a.., and
as a function of the background velocity. The limits of equation (5.70) of CASE I and
equation (5.72) of CASE II are found for ¢g = 3km/s, and ¢y J 0km/s, respectively.

Figures 5.14b and 5.14¢ show examples of the considered velocity profiles for o =
—0.4 and a = 0.4, respectively.
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Fig. 5.15 Influence of the background velocity co on the singularity strength in the re-
fectivity for normal-incident waves for the situation that c+ < 0. (a) The
singularity strength of R(x3) at x3 = w30 (in the figurc denoted by ar) as a
Junction of the scaling exponent o in the velocity profile (in the figure denoted
by o) and the background velocity co. (b-c) Representative cxamples of the
considered distributions for different background velocilies, for a = —0.4 and
for o =0.4. Note that ¢y is always larger than —cpq.
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For negative distortions (cx < 0), one is always bound to a background velocity
larger than the absolute value of the peak distortion. Negative velocities are generally
not considered physical. For negative distortions the following situation applies:

CAsE III : Negative distortions
Consider

c+ <0, and ¢g > —cpa-

Now, the series expansion described in CASE I, equation (5.69), applies,

i.c.
j:(’ /,(\71 cp K (,2 2
Rlry) = =22 (1\ S el —) :
2¢0 o H

HCIIC(?, one expects in the limit of ¢ 2 —Cpd, A local scaling behavior
I 9] 1 =
a—1 at €T3 = T3.0-

Figure 5.15 shows the results of a munerical validation of the derivation for negative
distortions. Ilere, the peak distortion ¢,; = —1kmn/s; the scaling exponent in the
velocity distribution varies according to —0.5 < o < 0.5, and the background velocity
varies according to —ep,g < ¢g < —cpq + 3km/s. The derived behavior is confirmed,
i.c. a scaling behavior of a — I is derived. Hence, the scaling exponent of the medium
is inherited by the reflected normal-incident wave. The behavior for o < 0 and
co > —cpq is not completely understood yet. It is however a situation where the
required conditions do not apply. Moreover, hiere the velocity goes to zero. 1 will
not bother about this part. The limits of CASE I, CAsE II, and CaSE III are put
together in Table 5.2.

Remark 5.3: Reflection at a cusp I

For the cusp with ¢, = c_, the situation is slightly different. In the case that the
conditions of the limit of CAseE 1 or CASE III apply, it can be derived from cqua-
tion (5.66) that

e (NG
2¢y

R("usp<<ri§> — (574)
where I have introduced the reflectivity Regp(as) as the reflectivity of a cusp. Now
the results of equation (5.40) can be utilized. According to that result the reflectivity
of a cusp can be expected to depend on the scale parameter as 0@~ !
a phase change of either /2 or —7 /2.

In the case that the limiting conditions of CASE 11 apply, 1 obtain

, and to induce

\u—l o \n -1
R('uh’)(IR) = ‘—+*——’; (575)
’ 2(\G +x2)
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Conditions R(x3)
Cixu—l
Case I ¢+ >0 o> cpg 7%—
. cy X“_l
Case 11 e+ >0 ¢ K Cpd iﬁ-
XL
exx1!
Case 111 | cx <0 ¢p>» —cpy 20

Table 5.2 The limiting situations of Case 1, CAsE 11, and CASE III as discussed in
section 5.5.1.

L as a function of the scale

which can be expected to have a decay bchavior of ¢~
parameter o, and to carry out an additional phase change of +n/2. Numecrical
experiments carried out for the cusps, with the same parameters as those yielding

Figure 5.14 and 5.15 for the one-sided singularities, confirm the above derivations.

5.5.2 Numerical considerations: ¢ —« diamonds of the reflec-
tivity

The conclusions of the previous section require a further numerical validation. The
validation ig neceseary in arder ta wno whothoar the T‘Q‘(_‘;\'l\nu comcidorad v Clace T
CASE 11, and CASE 111 make scnse. These regions can be discriminated because
of the enforcement of a spatial scale via equation (5.63). The enforced scale is not
necessarily the scale at which the wave is considering the singular structures. For the
numerical validation the (¢ — «)-diamond introduced in section 5.3 will be utilized,
and a layercode modeling scheme.

The (i — «)-diamond has revealed a unique relationship between the signature
and strength of a one-sided singularity on the one hand, and the phase change
the singularity induces on an analyzing wavelet on the other hand. The diamond,
which is derived from a convolution of a wavelet with singularities, can not be
transferred directly to the interaction of a seismic wavelet with the same singularities.
For that rcason the derivations in the previous subsection have been carried out.
The derivations show that if CASE 1 applies. the reflectivity behaves as if it is a
homogeneous distributions of degree a — 1 with an additional amplitude factor in
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i,

| M¢=-180 [

Fig. 5.16 Dxpected relation between the velocity c(ws), and the induced phase change by
the corresponding reflectivity. The velocity is given by c(as) = c¢o + cxx& with
the scaling exponent a in the range —1 < o < L. ¢o > ¢pa for c+ > 0, and
co > —cCpa for ey < 0.
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front. For the velocity profiles, homogencous distributions of degree —1 < o < 1
have been examined, hence the reflectivity acts as a homogeneous distribution with
-2 < a—1 < 0. Consequently, the phase change induced in this situation should be
such that the lines of the (p— «)-diamond of Figure 5.9 are closely followed. In order
to make the relation with the underlying velocity profile manifest, an alternative
(p — «)-diamond is shown in Figure 5.16. It shows the expected relation betwecen
the singularity strength and signature in the velocity profile on the one hand, and
the induced phase changes in the reflected data on the other hand?7.

In a layercode modeling scheme the earth is represented by a set of discrete
layers, each with a constant density, a constant compressional-wave velocity, and,
if applicable, a constant shear-wave velocity. A representation of the homogeneous
distributions by a set of discrete layers is intuitively difficult. However, the consis-
tency of the results obtained with the discrete representations in the convolution
approach in section 5.2 and 5.3, and the fact that the point to point decay behavior
is the actual ruling factor, gives sufficient trust in the numerical approach (see also
the discussion in section 5.2.5).

The following procedure is carried out in the numerical experiments.

Procedure 5.3: Validation of (¢ — a)-diamonds

1. A velocity profile
c(ag) = co + e\ (g — ra0)

is constructed according to the implementation discussed on page 159. The
subsequent layers are 1m thick?®. The background velocity is chosen such
that

I r. -~ N
Gy T e naaas s Frva [ Y

co=2km/s—cpg for ¢y <0

The degree of the homogeneous distribution varies according to —1 < a < 1,
which means that the most singular velocity profile is the representation of a
0-distribution, and that the least singular velocity profile is piecewise linear.
The factor cy varies such that the peak distortion is in the following range:

0.1km/s <c¢pg <10km/s for cx >0
—0.1km/s > cpy> —10km/s for cx <.

2"Note that Figure 5.16 does not introduce anything new: it is just another way of presenting
the diamond-concept.
2¥Note that a specific sampling distance necessarily implies a certain minimum scale.
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Step 1 Step 2+3
0 ™ o]
90
layercode4convolution phase extraction
= 256 v 025 ? N
2 E e
5 =
05t
2 2.2 0

c(ay) [km/s] .

Fig. 5.17 Lzample of procedure 5.3 for a single onc-sided homogencous distribution on

top of a background velocity co = 2 km/s. Step 1: The homogencous distribution
is of the form ,\1”'2(1';; — r3.0) with k.0 = 256 m. The peak distortion is given
by cpa = 0.2km/s. Step 2,3: The computed response for normal incidence
1§ convolved with a Ricker wavelet with o cenlral frequency of 40 Hz. Step 4:
Phase estimation; for a relatiwely small peak distortion the (¢, «)-point falls on

top of one of the diamond lines.

2. A lavercode modeling is carried out for normal-incident waves ouly, yielding
the reflection response r(p = 0,t)%°. The temporal sampling rate is I ms.
The reflection response is convolved with a Ricker wavelet v with a central
frequency of 40 I1z. The convolved response is represented by ry,(t) = (r+)(L).

3. The reflection response 1, (1) is led into the phase detection scheme as described
in section 5.3.2, Figure 5.11, in order to determine the phase p of the reflection
response.

1. The set of points (y, «) is plotted in a (p — a)-diamond.

The procedure is summarized for o = —0.2, ¢y — 0.2km/s (sampling 1m), c_
Okm/s in Figure 5.17. The results of procedure 5.3 are presented in Figures 5.18
and 5.19.
The results of passing through the procedure for
cpa =0.1km/s  cx >0 (¢ = 2km/s)
cpd = —0.1km/s cp <0 (cp =2.1km/s)

20 . . .
29The ray parameter p will again be omitted.
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cp = 2km/s

lepal = 0.1 km/s
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Fig. 5.18 (p—a)-diamond for one-sided singularities. The phase is given in degrees. The
background velocity co = 2km/s. The peak distortion is 0.1 km/s. Note, that
their is a very clear relationship between the structure, the scaling cxponent in

the velocity function and the resulting phase change.

is shown in Figure 5.18. The derived values for ¢ for a given a correspond with
the limits of CASE I, CASE I, and Cask III of the previous subsection, which are
summarized in Table 5.2. On the left-hand aud right-hand side of Figure 5.18 typical
velocity profiles are given.

e . a0 L il o . v N 1 -
I ‘Z“)“lt" J. 1T DUIUWD LLIC 1EDULLD WL l}dmblllg lJllUllgll P ULUUULIL O.e) 1UL

Cpd

Cpd

1,2,5,10km/s

—1,-2, -5, —10km/s

cy >0
cy <0

The following conclusions can be drawn:

(co = 2km/s)
(co = 3.5,7,12km/s).

e Irrespective of the values of ¢y and ¢pq the step functions are located quite
accurately at (¢,a) = (£180,0) and (0,0). Hence, a step function induces
a phase change of 180 degrees for a step downwards, and does not induce a
phase change at all for a step upwards, which is not a big surprise.

e The distortions in the shape of the (p — a)-diamonds is relatively small for

lepd| < 2km/s. The deviations are in the order of 25 percent maximum.
Hence. the pcak distortion for a sampling distance of Ary = 1m, aud for the
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Fig. 5.19

(¢ — a)-diamonds for different valucs of the peak distortion velocity. The phase
is given in degrees. The background velocily is kept constant at co = 2km/s.
For larger peak distorlion values the diamonds deviate from the “ideal” di-
amond structure shown in Figure 5.18 and shown as grey lines on the back-
ground. Note. however, that for a peak distortion in the order of the background
velocily (Lop right picture) the distortions are still small.
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chosen frequency range is a reasonable measure for the distinetion between the
different cases.

e For

¢pd| = 5, 10km/s the points (¢, a) move away from their “idcal” positions,
especially for negative . For o < 0 and ¢ > 0, CasE II of section 5.5.1
applics. In this part the extracted phases move to phases related to a scaling
cxponent of —1. For a < 0 and ¢ < 0, the extracted phases tend to ¢ = —90
degrees, which can be associated with a scaling exponent of —2 which secins
to correspond to the limit observed in Figure 5.15.

¢ The behavior of the points (¢, ) for |c,q| = 5,10km/s and a > 0 is surpris-
ingly stable. In this part the deviations from the ideal diamond are seemingly
smaller than for « < 0.

Remark 5.4: Reflectivity at a cusp II

For the reflectivity at a cusp (see Remark 5.3 on page 181) the numerical validation
has to be carried out in a slightly different wayv due to the fact that the phase in-
formation does not give any clue. The induced phase change is either w/2 or —m /2.
I have validated the limits discussed on page 181 with a WTMN analvsis on the
lavercode-reflection response of the cusps. and concluded that the derived liniits are
confirmed.

5.5.3 Reconsideration of the peak distortion

The experiments vielding Figures 5.18 and 5.19 have been carried out for a single
central frequeney. It is not expected that the results are independent of the central
frequency. For a larger central frequency the scale of the probing wave field reduces,
due to the relation A = 27¢/w, where X is the wavelength. A smaller scale is expected
to “observe” a larger effective peak distortion. For a Ricker wavelet with a central

frequency ranging from 2 to 256 Hz thig A v

<

(3 — x3.0) 18 used with a sampling distance of

o

profile of the tvpe ¢ 4 ¢y \;0‘
Ary = 0.25m., with ¢o = 2km/s, aud with ¢, chosen such that the peak distortion,
cpa = 0.1.0.5.1.2. 5 km/s, if a sampling distance of Ary = 1m would have been
chosen. Figure 5.20 shows the results. The conjecture is confirmed. because, for
larger central frequencies. the induced phase change moves towards o = 0. A o-
distribution does not induce a phase change. Therefore, one can conclude that the
singular transition is seen more and more as if it is a d-distribution. The cffect is
more pronounced for larger peak distortions.

5.5.4 Peak distortion in well-log data?
The effective singularity of the reflectivity function depends on the relative peak
distortion and on the effective size of the probing scismic wave field.  Although
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Fig. 5.20 The phase o as a function of the central frequency of the seismic wavelet for
a velocity with a homogeneous distribution of negative degree defined according
to co + c1 "B (
vVarying.

Iy — 23.0), with ¢co = 2km/s and the peak distortion velocily

it can be argued that the data themseclves tell what the wave has seen, it is in
my opinion important to demarcate the possible (¢ — «) combinations as much as
possible to allow for a practical singularity driven inversion algorithm. Hence, il is
important to know whether a normal-incident wave is inheriting the singularity in
the medium or not. i.e. whether it is reflected in the sitnation where the conditions
of CASE I or Case IIT on the one hand apply. or those of CASE II on the other
hand apply. For this purpose. I will consider two acoustic impedances®’ taken from
real well-logs offshore Norway, one is in the Midgard field (Courtesy SAGA). and
the other is in the North Viking Graben (Courtesy Mobil). Nore specifically. the
relative distortion g of the background acoustic impedance and the distortion with
respect to the background will be analyzed, i.e.

0 = abs Z(oz.r3) = Z(3)

‘ S or i) (5.76)

where the acoustic impedance is denoted by Z(ry). and where Z(a,.03) denotes
an estintate of the background acoustic impedance. It is obtained by smoothing
the acoustic impedance to a scale oo with a Gaussian function. The results of the
procedure for the acoustic impedances of both well-logs are compactly shown in

3UIn the analysis in the first part of this scction, the density has been taken constant.
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Fig. 5.21 The relation between the acoustic impedance contrast and the “background” acoustic impedance for a well in the Midgard
field, offshore Norway (Courtesy SAGA). The sampling distance is 0.1524 m. Ti.e top picture shows the acoustic impedance
Z(x3), the background acoustic impedance Z(og,x3), and their difference. The bottom picture shows the ratio o given by

equation (5.76), together with its histogram.
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Fig. 5.22 Relation between the impedance contrast and the “background” impedance for a well in the North Viking Graben (Courtesy
Mobil). See caption of Figure 5.21.
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Figure 5.21 and 5.22 for the SAGA log and the Mobil log. respectively. The general
trend in p is such that c,q < ¢o. As a conscquence, the analysis of the previous
subscctions allows to conclude that the scaling behavior of the acoustic impedance
is inherited by the seismic reflection data, even for normal-incident waves. If one
takes into account the numerical experiments of the previous subsection, then one
can conclude that a scismic wave is generally reflected in the region described by the
limits of CASE I and CASE III in Table 5.2.

5.6 Angle-dependent reflectivity at isolated singu-
larities

The role of phase in the analysis of amplitude-versus-angle behavior of seismic re-
flection data is generally limited to the simple situation that the phase is either 0 or
. which means that the reflection amplitude is either positive or negative (see, for
example, Verm and Hilterman, 1995). The neglect of the role of phase is also stated
by Castagna ct al. (1995)!, who write

the effects of phase changes are not yet readily dealt with ... ",

From the previous section, however, it can be concluded that a one-sided transition
other than a step function causes a phase change to the normal-incident wave field.
What happens for other than normal-incident waves with respect to the induced
phase change and with respect to the amplitude? The aim of this section is to shed
light on this question. Whereas for normal-incident waves analytic derivations have
been carried out, the approach for oblique-incident waves is of a more phenomeno-
logical character®?. The phenomenons subject to analysis are

e the phase change as a function of ray parameter, and
e the amplitude as a function of ray parameter.

There are two handles at my disposal to link the observed phenomenon to. The first
one is the relation between the phase change and the signature of the singularity as
revealed in the previous section. The second one is the Zoeppritz model for angle-
dependent reflection at a step function. In the sequel, T will commence with the
phenomenological analysis in section 5.6.1. T will limit the analysis to one type of
structure. On the basis of the observed phenomenon, I will introduce the concept of
an cquivalent Zoeppritz boundary in section 5.6.2.

31T hanks to Aart-Jan van Wijngaarden for pointing out the AVO references to me.
$2For the situation that the background velocity ¢ is much smaller than the peak distortion
velocity ¢,,4. analytic results have been derived (Wapenaar, 1997a).
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Fig. 5.23 Velocity profiles subject to an AVO analysis.

5.6.1 Phenomecnological analysis

Consider a finite-scale representation of a velocity profile given by
3 I8 ) )
('(.l“;}) = (’()+('+\+(.l;g "*.I;),_())A (577)

The background velocity is taken ¢g = 2km/s. The singularity of the homogencons
distribution is at @39 = 256 m. The sampling distance is taken Ary = ILm. The
factor ¢4 in front of the homogeneous distribution is taken positive. It is chosen
such that the peak distortion velocity takes the value ¢pq = 0.5km/s. For this
choice the limit of CAsE I applies (see Table 5.2). The scale parameter a in the
homogeneous distribution varies from —0.5 to 0.5 with steps of 0.05. Five examples
of the considered velocity profiles are shown in Figure 5.23. The middle picture
shows the traditionally studied step [unction.

With the help of an acoustic layercode modeling scheme, the reflected pressure
as a function of ray parameter and time has been computed and, subsequently,
convolved with a seismic wavelet vy(¢). yielding rp(p. ) for all 21 velocity functions
c{ry)s the density is taken constant. The general construction of a seismic wavelet
has been introduced in procedure 5.2 on page 171: here a Ricker wavelet with a
central frequencey of 40 Hz is chosen. The response for the step function is shown in
Figure 5.2, The analysis of the amplitude-versus-ray-parameter (AVP) reflection™?
is carried out with the help of the complex trace analysis, yvielding one amplitude,
a{p). and one phase, ¢(p), for each ray parameter value p. Normally, the AVDP
analysis is carried out with the local maxima for each event and for cach p-value.
The reassessment of the role of the phase of reflection events forced me to consider

33Depending on the type of the second parameter considered, AVP is also referred (o as amplitude
versus offset (AVO) or annplitude versus angle (AVA), see Castagna (1993) for details.
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Fig. 5.24 Reflection at a step function. (a) The velocity profile. (b) The response as
a function of ray parameter and intercept time. (¢) The amplitude of the
maximum of the envelope as a function of ray parameter (top) and the induced
phase as a function of ray parameter (bottom).

the maximum of the envelope, and not the local maximun. The extracted phase
and amplitude as a function of the ray parameter are showl in the two pictures
of Figure 5.24c. The dash-dotted line in these pictures delimits pre-critical and
post-critical reflection. In the pre-critical area the phase is approximately constant.
In the post-critical area the amplitude is approximately constant. Note that the
analysis can be carried out directly on the reflection data without doing a normal

move-out correction or a redatuming step, because the reflection data consist of a
single reflection event only. In generally varying media, the effects of propagation
through the overburden have to be corrected for first. Note, moreover, that due
to the fact that local velocities are quite difficult to estimate, the AVP analysis is
normally carried out on time domain data, sce the SEG-book on AVO (for example,
Castagna, 1993). or the Special Issue on AVO of The Leading Edge (for example,
Peddy et al.. 1995).

The same analysis has been carried out to the responses of the other ¢(ay)
functions. For a few velocity profiles the maximum of the envelope, a(p) and the
induced phase change. #(p). as a function of ray parameter are shown in Iigure 5.25.
In this figure the analvsis results for the step function are shown as well. The
following observations are made:

1. The amplitude. a(p). for the reflection at a step function is larger than the
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Fig. 5.25 Analysis of the amplitude and the induced phase of the angle-dependent reflection response. The top row shows the con-
sidered velocity profiles. The middle row shows the amplitude of the envelope as a function of ray parameter for the five
velocity profiles. The bottom row shows the induced phase as a function of ray parameter for the five velocity profiles.
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anmiplitudes of the reflection at the other profiles for a fixed peak distortion.

2. In the pre-critical reflection area, the induced phase change does hardly change
as a function of ray parameter for any of the velocity profiles. This has two
consequences. First, phases at multiple angles can be utilized to stably extract
the induced phase change, i.e. the induced phase change can be averaged. Sec-
ondly, if the induced phase change is changing as a function of ray parameter,
it cither means that the wave is post-critical, or, more importantly, that inter-
ferencc is occuring. For larger p-values the vertical wavelength of the probing
seismic wave is increasing. If the medium parameters are significantly different
for larger vertical wavelengths, interference will play a significant role. Wape-
naar et al. (1997) are discussing the interference effect in considerable detail.
They especially pay attention to an imaging scheme correcting for the inter-
ference effect. The phase change as a function of ray parameter can be utilized
to a priori assess the necessity of an adjusted imaging scheme.

3. Both for positive and for negative exponents « the actual post-critical reflection
area is progressing to higher p-values.

4. For pre-critical p-values the amplitude behavior can not be distinguished a
priori from that of step function, especially if the induced phase change is not
considered.

The last observation suggests that in the case the phase is not considered, a Zoeppritz
inversion will automatically yield an equivalent Zoeppritz boundary. An equivalent
Zoeppritz boundary is considered to be a step function that behaves the same as
the singular transition with respect to AVP behavior. In the next subsection, I will
briefly elucidate the idea of an equivalent Zoeppritz boundary.

5.6.2 Equivalent Zoeppritz boundaries

Suppose a plane wave impinges on a plane boundary. It is partially reflected and
partially transinitted at the boundary. The Zoeppritz equations are relations for the
ratio between the displacement of the reflected or transmitted plane wave and the
displacement of the plane wave impinging on that plane boundary. More specifically,
they express the amplitude ratio between reflected or transmitted shear or compres-
sional waves on the one hand and incident shear waves or compressional waves on
the other hand (Aki and Richards, 1980). A linearized Zoeppritz model assumes
relatively small angles of incidence (Bortfeld, 1961).

In Zoceppritz inversion the aim is to estimnate the relative contrast parameters
for the compressional-wave velocity, the shear-wave velocity and the density. Here.
I only use the so-called PP-reflection for the Zoeppritz inversion. i.c. the ampli-
tude ratio between a compressional wave reflected from a plane interface and the
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The left column shows in grey lines the singular structures. The right col-
wmn, shows in grey lincs the angle-dependent amplitudes extracled from the
numerically computed reflection vesponse of lhe three singular siruclures on
the left-hand side. The angle-dependent amplitudes have been used as input for
a linearized (PP) Zoeppritz inversion. The black lines on the left-hand side
denote the estimated step functions which have the same amplilude behavior in
the linear region. The amplitude behavior as a function of ray parameter for
the estimated step functions is shown in the right colwmn in black lines. The
linear region is delineated with the dolted line.
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corresponding compressional wave impinging on that plane interface. A Zoeppritz
inversion with the amplitudes extracted in the previous subsection as input, yields an
equivalent Zoeppritz boundary. An equivalent Zoeppritz boundary is one which has
the same angle-dependent reflection behavior for relatively low p-values. Here, I will
not discuss the Zoeppritz inversion scheme in detail. T refer to the cited references
for more details.

For three velocity profiles, one with a negative, onc with a positive and onc
with zero scaling exponent (hence a step function), Zoeppritz inversion has been
carried out. As a result, a relative contrast is found for the density and for the
compressional wave velocity. The shear wave velocity is assumed to be negligible.
The estimated density contrast is very small, which is in correspondence with the
constant density that has been used for the modeling. The estimated contrast of the
compressional wave velocity is shown in Figure 5.26. It is clear that the equivalent
Zocppritz boundary for transitions other than step functions, is smaller than the
peak distortion. It makes also manifest that a singular transition can not be distin-
guished from a step function if one observes it at a single scale or, more importantly,
if one neglects the phase information. This qualitative observation will be subject
of future quantitative research.

5.7 Singularity driven inversion

The results of sectious 5.5 and 5.6 suggest the following Singularity Driven Inversion
(sp1) scheme.

Procedure 5.4: Singularity Driven Inversion
A singularity driven inversion cousists of the following steps:

1. Carry out an angle-dependent imaging scheme. Keep the data in the time
dOLIAIN., A BUOU Caudidais (1l sucis au augio-uopeaacaie auaging schicme In the

bifocal imaging procedure described by Berkhout (1997b).

2. Extract the phases and the maxima of the envelope of all reflection events. A
reflection event is a point where the envelope rcaches a local maxinum. The
phase provides inforiation on the signature of the singularity.

3. Extract the local scaling exponent to estimate the local strength of the sin-
gularity. This is done with the help of a wavelet transform modulus maxima
analysis. Note that the extraction is done only for those modulus maxima lines
the location of which corresponds to the location of a local maxinnun of the
envelope.

1. Combine the phase and the local scaling exponent to estimate the type of
transition with the help of the (p — a)-diamond. For a stable extraction of the
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phase, one can combine the extracted phase for multiple angles of incidence as
long as Interference does not dominate.

5. Estimate the equivalent Zoeppritz boundary via the extracted multi-angle am-
plitudes.

6. Combine the results of (4) and (5) to obtain an estimate of the type and size
of the singular transition that has causcd the reflection.

Steps (2), (3) and (4) of procedure 5.4, which are regarded especially new, are
illustrated with two synthetic examples. In the examples, steps (1), (5) and (6) will
not be carried out.

Consider the velocity profile in the top picture of Figure 5.27. It consists of
a number of isolated one-sided algebraic singularities of the type given by equa-
tion (5.61). The normal-incidence response has been computed with a layercode
modeling scheme, and subsequently convolved with a Ricker wavelet with a central
frequency of 100 Hz, yielding the response in the middle picture of Figure 5.27. Ac-
cording to the procedure described in section 5.3.2, the induced phase change has
been determined. The stars in this picture denote the locations of the computed
phases. These are the locations where the envelope of the reflection trace reaches
a local maximum. According to the procedure described in section 5.4, the singu-
larity strength of the reflected wave at the location of the stars has been computed.
The phase and the singularity strength have been combined to determine in the
(¢ — «)-diamond of Figure 5.16 the most likcly singular structure that has induced
the phase change. The estimated structures of the interfaces have been put together
in the bottom picturc of Figure 5.27. Note that, without any prior knowledge, the
general structure of the subsurface singularities arc already very well recovered by
using only the normal-incidence reflection response.

A similar procedure has been carried out, but now for a less synthetic velocity
and density profile. In a part of well-log 6407/2 of the Midgard field around the
target zone at x3 = 2500m 34, the responsc for normal-incident waves has been
modeled. The acoustic impedance in that specific part is shown in the top picture
of Figure 5.28. The impulse response has been convolved with a Ricker wavelet
with a central frequency of 100 Hz. The convolved impulse response is shown in
the middle picture of Figure 5.28. The interface structures have been estimated
from the convolved impulse response, according to the procedure described in the
previous paragraph. The reconstructed interfaces have been put in a single trace as
a function of time in the bottom picture of Figure 5.28. Note that the reconstructed
interfaces have been plotted at a scale smaller than the scale of the seismic wavelet.
If one keeps that in mind one can find quite a fow striking similarities between the

34The well-log data have been provided by SAGA. See Ekern (1987) for an extensive description
of this region.
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Fig. 5.27 Top picture: synthetic velocity profile consisting of a set of one-sided singularities of different strength and signature.

Middle picture: acoustic pressure response for normal-incident waves. Bottorn picture: reconstructed interfaces (still in

the time domain).
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acoustic impedance profile and the reconstructed interfaces. Obscrve, for example,
how the first reflecting layers between z3 = 2425m and x3 = 2475 m, and the large
peak around z3 = 2575 m are reasonably well estimated via the singularity driven
inversion procedure.

5.8 Summary

In this chapter, I have discussed two tools that together can be utilized to charac-
terize singularities. The first tool is the wavelet transform modulus maxima analysis
to determine the strength of a singularity on the basis of the amplitude decay as a
function of the scale parameter. The second tool is a phase analysis to determine
the signature of the singularity. For algebraic singularities, the relation between the
strength and the signature of a singularity on the one hand and the induced phase
changc on the other hand has been made transparent with the help of a so-called
(¢ — @)-diamond.

A model of the subsurface is proposed consisting of a background velocity with
an algebraic singularity on top. Analytic derivations are presented which show how
the (algebraic) singularitics in the subsurface are inherited by a normal-incident
wave reflected at such a singularity. The ratio of the background velocity and the
distortion velocity is the ruling factor. If the background velocity is much smaller
than the distortion the reflectivity behaves as a d-distribution, independent of the
type of singularity. On the other hand, if the background velocity is larger than
the distortion velocity, the reflectivity has a scaling behavior equal to the scaling
behavior of the derivative of the velocity function. The analytic derivations are
confirmed by numerical layercode-expcriments.

The reflection at algebraic singularities for oblique-incident waves is carried out
on a phenomenological level. The important observation, here, is the fact that for
Adictartinne emallar than the hackeronnd velocity. the induced nhase change does not
depend on the angle of incidence (in the pre-critical area). A changing phase as a
function of the angle of incidence either refers to post-critical angles of incidence or
refers to interference. Another important observation is the fact that if the phase
information is neglected, it is a priori difficult to discriminate between the reflection
of a wave at a step function and the reflection at more general transitions. This ob-
servation induced me to introduce the concept of an equivalent Zoeppritz boundary.
An equivalent Zoeppritz boundary is a step function having the same AVP behavior
as the singular transition.

The tools presented in the first part of this chapter and the analytic and nu-
merical derivations of the reflectivity at algebraic singularities in the second part
motivated me to sketch a singularity driven inversion scheme, allowing for a re-
construction of the singularity type and the singularity strength of the subsurface
boundaries. This idea is illustrated with two examples.




Chapter 6

3-D multiscale image analysis of
migrated data

The present chapler is a result of o close cooperation with Edo Hoekstra. While
he was writing his M.Sc. thesis, Edo Hoekstra and the author implemented wavelet
transform based algorithms for 2-D image analysis of migrated data. The resulls of
this procedure have been shown in Hockstra (1996) and Dessing et al. (1996). For
the delineation of stratigraphic features and faults the 2-D algorithm turned out not
to be the appropriate tool. Triggered by olher successful 53-D algorithms, Hoekstra
and the euthor decided to develop 5-D wavelet transform based algorithims for the full
3-D analysis of migrated data. Those results are presented here and will be submitted

for publication.

6.1 Introduction

In the seismic processing sequence shown in Figure 1.3 and discussed in more detail
in section 2.6, I have now arrived at the last stage. In this stage the location and size
of potential reservoirs have to be estimated from the migrated data, i.e. from the
reflectivity R''. The very nature of the migration process implics that boundaries
with a significant amount of reflection energy are clearly visible in the migrated data.
The location of the reflectors is important, but from the point of view of a seisimic
interpreter it is even more important to locate stratigraphic features such as fluvial-
deltaic systems, tidal channels, beaches, but also to locate faults. These features
are essential in delineating the reservoirs. Unfortunately, they are not necessarily
present as strong reflectors, think of faults. An experienced interpreter. however, is
very well able to extract that “hidden™ information in & migrated seismic section.

INote that at this stage of the processing sequence one does not have to bother about wave
propagation anyimore. since the propagators WT have been removed.
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As soon as it comes to 3-D migrated data sets, the task an interpreter is faced with,
gets much more involved. Information from multiple slices or multiple sections has
to be combined. An automatic extraction procedure would significantly simplify and
accclerate the interpretation task. A 3-D image analysis tool is required to make an
automatic extraction feasible.

The search for useful 3-D seismic image analysis tools has boomed enormously
since the presentation of the results of the coherency cube analysis (Bahorich and
Farmer, 1995; Gersztenkorn and Marfurt, 1996; Gersztenkorn et al., 1996). All of a
sudden the seismic community realized that an advanced image analysis can reveal
significant amounts of “hidden™ information. From various points of departure, it
is tried to obtain similar or better results (Luo et al., 1996; Steeghs, 1997). Steeghs
(1997) shows how a local Radon-Wigner decomposition yiclds good results. Luo
et al. (1996) pursuc an edge detection approach, however without using the wavelet
transform. Their method has similarities to the wavelet transform approach de-
scribed in the present chapter. The common denominator of the different methods
is the search for local incoherences. The essence of the wavelet transform is its
sensitivity to changes or incoherences at multiple scales. The wavelet transform,
consequently, scems to be a natural tool to analyze migrated data for the extraction
of ~hidden” features.

For the analysis of a 3-D migrated volume a 1-I) or 2-D wavelet transform
does not suffice, although interesting information can be extracted (Hockstra, 1996;
Dessing et al., 1996). Both the 1-D and 2-D wavelet transform do not sufficiently
take advantage of the 3-D coherency and 3-D incoherence present in a migrated
volume. Hence, the use of the 3-D wavelet transform is essential. The extension of
the wavelet transform to more dimensions is mathematically not very difficultr (but
certainly not unique), especially if a separable wavelet is chosen?. Ignorance with
respect to the opportunities provided by the 3-D wavelet transform have prevented
noanle fram ngine the wavelet transform in three dimensions.

The utilization of thie wavelet transform for multiscale image analysis is from
a historical perspective a completely logical step. Mainly, because it has soon been
recognized that the wavelet transform is closely related to already existing multiscale
image recognition algorithms. For example, Rosenfeld and Thurston (1971). Marr
(1982). Witkin (1983), and Buwrt and Adelson (1983) explicitly used information
at multiple scales to analyze amongst others local intensity changes in an image.
The relationship between the “older™ multiscale iimage analysis techniques and the
wavelet {ransform has been made especially manifest by the work of Mallat (1989Db)
and Mallat and Zhong (1992). The mathematics underlying the wavelet transform
allow the formalization of a munber of existing analysis technigues.

2A separable function f(rp.ra.23) can be written as the multiplication of three functions,
for each coordinate one. i.e. flri ra.x3) = fUy ) f2(e2) f3 (). where the superseripts denote
functions for the -, 42- and é3-direction, respectively.
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The reason to take recourse to multiscale analysis techniques in image analysis
is twoflold. First, useful information in an image does not necessarily come to us at
one specific scale. In relation to the earth’s subsurface, one can think of a salt dome
and a tidal channel, which are objects clearly living on different scales. The second
rcason is originated in the way mammals, and hence the human kind, see. The
maniualian retina and visual cortex can be well modeled by a multiscale smoothing
function and a set of wavelets (ter Haar Romeny., 1994). Since maimmals are very well
able to extract features and structures at multiple scales, mimicking the manmnnal’s
visual system is not a bad idea.

Before the wavelet transform can be used for image analysis, a number of
choices has to be made. First, with respect to the type of transform. and then
with respect to the type of simoothing function and wavelet. Concerning the type of
wavelet transform I discriminate between the continnous wavelet trausform (see sec-
tions 2.3 and 2.4, in particular). and the discrete wavelet transform (sce section 2.5,
in particular). The discrete wavelet transform is very efficient and casily invertible.
However, the advantages of the discrete wavelet trausform do not weigh up against
its disadvantages. The discrete wavelet trausform is net translation invariant, and
the scale parameter is changing dyadically, i.e. in a rather coarse way. The first
disadvantage can be removed by introducing the so-called non-downsampled dis-
crete wavelet trausform (Mallat and Zhong. 1992: Saito, 1994) at the cost of some
cfficiency. In the latter form, the discrete wavelet transform can cowmpete with the
continuous wavelet transform. The possibility to continuously vary the scale param-
cter made me decide to use the continuous wavelet transform in the first stage,

The clhioice of a particular wavelet aud smoothing function paiv depends on the
type of data to be analyvzed, on the number and tvpe of features that have to be
extracted, and on the amount of a priori knowledge. Although quite some a priori
knowledge of migrated sections is present. the munber of different features (both in
type and in shape) that might be of interest, is so large, that I have decided to usc
the ideal pair for an uncommitted image analysis: a Gaussian smoothing function
and its first or higher order derivatives as wavelets®,

3The requirement of an uncommitted image analysis can be translated into requirements of
causality, homogeneity and isotropy. Causality in a multiscale image analysis means that new
details are not created at coarser scales (for 1-D functions). Homogeneity means that all scales
are treated in a similar manner, ie. there is not a preferred scale. Isotropy means of course that
there is not a preferred direction. If a multiscale image analysis scheme has to fulfill the three
requirenients, the multiscale image I(r, @), with I(0.x) the original image. is the solution of the
diffusion equation with the original image as initial condition, i.e.

Orl(r,2) = Vii(r.@) with 10, 2) = I(z). (6.1)

‘t'he Gaussian function is the Green's function of the diffusion equation. Hence the Gaussian and
its derivatives should be used for an uncommitted multiscale mage analysis (Koenderink, 1984:
ter Haar Romeny. 1994). Note that the relation between the ‘time’ parameter 7 and the scale
paramcter ¢ is explained in equations (2.88) and (2.89) on page 43.
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Fig. 6.1 The interpretation of the angles ® and ©. The first is referred to as the azimuth
and is given by equation (6.11). the second is referred to as the dip and is given
by equalion (6.12).

In the sequel T will first introduce the wavelet trausform for data depending on
three parameters in section 6.2. The introduced material is illustrated with the help
of a simple example: the analysis of a sphere in three dimensions. In section 6.3
the application of the algorithm to a 3-D migrated volume from the Gulf of NMexico
is shown. The results will be qualitatively compared with the results from other
methods in section 6.1.

6.2 Three-dimensional wavelet transform

Consider a 3-D mmage I(x), with & = (r1.r.23). An image analysis procedure is
aiming at particular features in the data. The main quest for the image analyzer
is to translate the search for a particular feature in a mathematical operation. In
the field of scale-space computer vision, this quest is very systematically dealt with
through a search for differential invariants (Florack et al., 1991). Here, [ will use one
of those invariauts, namely the amplitude of the gradient in the image I(x) at scale
o. where the 3-D scale parameter is given by o = (o, 0y, 03). ere, it is explicitly
allowed to make use of different scale parameters oy, oo and a3 for the .- .-
and az-axis. respectively. The amplitude of the gradient is denoted by A{/}(o. x).
Since the wavelet transform is sensitive to changes. the amplitude of the gradient
can be casily derived with the help of the wavelet transform.

In a 3-D space. the wavelet transform takes the form of an inner produet of
the original image and three wavelets. for cach direction one. Using the apparatus




6.2 Three-dimensional wavelet transform 207

developed in chapter 2 (in particular, section 2.4) I can introduce the L'-normalized
smoothing function ¢(o, @) and the first-order spatial derivatives of o(e,z) as
wavelets v, (o, &), n = 1,2, 3, according to

1 T, To I .
oo, 2) = —o<i,2,§), (6.2)

J10203
and
l ‘ Iy 2 I3 v
L"”(O',.’B) = | —- [ (()‘3)
TVT203 :

=0,0,¢(a,x), (6.4)

respectively. Remember that g, refers to a derivative with respect to the a,,-variable,
and note that the summation convention for Roman subscripts does not apply. By
introducing the wavelet vector ¥ (o, ) as

Plo.x) = (1. v, v’ (6.5)

the wavelel transform @{I} of the image I(x) with respect to the wavelet (o, x)
takes the form

| w {1}
Wiy~ (wa(1) | = (1= ) (o 2). (6.6)
ws{I}

where {7} is a shorthand notation for W{I.9}(a.x), which has beeu introduced
in equation (2.75) for a 1-D wavelet transform. Lach of the elements of the vector
W{I} can be written in an explicit form by (cf. equation 2.85)

1 ¥h—axy oah —re xh -
Ty AR T 5% Ia I T3
W, {1} = /1(1/11/21/;) W . .ﬁ duy dahy day.

J10203 T (o] (6 7)

Duc to relation (6.4). it is also possible to write the wavelet transform as the gradient
of a smoothed image, according to

WAl = —0,0,(I x0) = —0,0,1{c. x). (6.8)

The smoothed image I(e. @) is given by the iuner product of 7{x) with the smoothing
function ¢(o, x). according to (cf. equation 2.84)

1 o= = v —
(o x) = / 1) o (T L ) g g,
3

T10203 1 gy a2 (()' ())

The quantity ¥,, {7} expresses the amount of change in the 7,,-direction at the scale
o of the image I. The wavelet transform vector W{I} is also referred to as the
gradient vector.
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The amplitude of the gradient vector, M{I}(o, ), is now given by the norm
of the vector W{I}, i.e.

M{I}(o,x) = B{I}| = VB {1}2 + W,{1}2 + W, {I}2. (6.10)

Associated to the amplitude of the gradient is the direction of the gradient. In three
dimensions the direction is given by two angles. The angle ®{I} is referred to as
the azimuth, and is given by

®{I} = atan (g%-%) , (6.11)

and the angle @{/} is referred to as the dip, and is given by

W, {1}
VIR F 0, {1}

The meaning of the angles ®{I} and ©{I} is illustrated in Figure 6.1. In addition
to its importance in its own sake, the angle information can be used to extract the
modulus maximum points or edges. The edge detection can be seen as a more-
dimensional generalization of the wavelet transforin modulus maximum extraction
dealt with in the previous chapter. In two dimensions, edge detection has been
discussed by quite some authors (for example, Canny, 1986; Mallat and Zhong,
1992). In three or more dimensions the edge detection algorithms get more involved,
but are conceptually not different.

{1} = atan

(6.12)

The idea of a 3-D wavelet transform is illustrated with the help of a synthetic ex-
ample, namely a sphere as shown in Figure 6.2. The application of the wavelet traws-
form in the three directions according to equation (6.6) yields the amount of change
in the three directions. It is clear that the result is in accordance with the expecta-
tions (Figure 6.2, bottom row). By applying either of the operations (6.10), (6.11),
ar /\@ I‘)}) tha ')H\I\“fnr]u of tha gm.limlf in tha ul\]\nv‘n’ the azimnth and thao r“}\ nf

the changes can be extracted, respectively.

6.2.1 Implementation aspects

Although the computer memory size of a migrated cube is generally much smaller
than the corresponding surface seismic data sct, it can still easily occupy a GigaByte
or more of computer memory. An efficient algorithm which allows for a fast, almost
real time, feature extraction in a cube of that size can significantly coutribute to a
reduced interpretation time.

A first requirement for an cfficient algorithm is a separable smoothing func-
tion and wavelet. A separable function allows for a treatment of all coordinates
separately. A separable smoothing function takes the following form

O(O’. 513) = C)l (O’[ e )02(0'2. I )0:3(0'3. ,I';;). (()13)




6.2 Three-dimensional wavelet transform 209

w{r} w,{l} WL {I}

Fig. 6.2 A sphere I in three dimensions on top. The 3-1 wavelet transform of the sphere
n the bottom row. From left to right: W {1}, Wo{l}. and W3{I}. which are
the wavelet transform in lhe €1-. 13-, and ¥3-dircction respectively. It can be
concluded that the three transforms are sensitive to changes in the three different
directions.
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where the superscript n denotes the smoothing function for the axis z,,. The corre-
sponding separable wavelets v, ()}, n = 1,2, 3, take the following form

Oy (o, ) = v (o), 21)0% (02, 22)0% (03, 13) (6.14)
Un(o,z) = ¢' (o1, 21 (02, 22)0° (03, 73)
U3(o.x) = ¢ (01, 21)0% (00, 1) (03, 13), (6.16)

where " (o, x,) denotes the wavelet for the axis x,. The wavelet v, and the
smoothing function ¢ arc related accordiug to equation (6.4). Note the difference
between the superscripted and subscripted wavelets. In the introductory section
of the present chapter, it has been arguecd that an uncommitted image analysis
necessitates the use of the Gaussian as smoothing function, and, consequently, one of
its derivatives as wavelet. Hence, the L'-normalized smoothing function ¢™(a,,, ,,
is given by
1

On \/ﬁ

and the wavelet 3" (o, 1,,) is given by its first derivative with respect to x,,., accord-
ing to

O (o 10) = o/ G, (6.17)

'l‘»"”'(o-n ) l‘n) = On,an o" (O—n ) 17",)- (618>

A second requirement for an efficient algorithm is the limitation of the number
of scale values o ai which {{o. @) is compuied. A limitation is conputationally nec-
cssary, despite the fact that a thorough integration of information obtained at multi-
ple scales is expected to yield superior results (Koenderink, 1984; ter Haar Romeny,
1994). The type of data and the type of features of interest determine, probably via
a trial-and-crror cycle, the scale that reveals the information of interest?,

For a single scale and tor a Gaussian simoothing tunction and tor corresponding
wavelets, the computation of the wavelet transform and its derived quantities takes
roughly 2N log N operations, where N is the total number of data in the 3-D vol-
ume. Here, the wavelet transform is carried out with via the Fourier domain. The
efficiency of the algorithin can be improved by choosing at a particular scale spatial
filters that closely approximate the action of the Gaussian and its derivatives. The
biorthogonal cubic spline filters described by Mallat and Zhong (1992) seem to be
excellent candidates, which can be concluded from the results obtained on 2-D seis-
mic sections with those filters (Hoekstra, 1996). Such an implementation will lead
to a O(N)-algorithm. Let me summarize the algorithim.

*A refinement of the algorithm which is still computationally reasonably easy to accomplish.
can be obtained by combining information at two or three scales. For example. the global dip and
azimuth information on a coarse scale, combined with stratigraphic features and faults extracted
on a fine scale.
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Procedure 6.1: 3-D image analysis with the wavelet transform

1. Choose a smoothing function and three associated wavclets for each direction
one.

2. Choose an appropriate scale o = (01,02, 03).

3. Compute the wavelet transform in all directions for that particular scale, re-
sulting in W {I}, Wo{I}, and W3 {I}.

4. Compute a differential invariant and the associated quantities of interest. Here,
the amplitude of the gradient, together with the dip and the azimuth.

Combine the information from multiple slices to extract the faults and strati-

<

graphic features of interest.

6.3 Application to a real data set

The present section is devoted to the opportunities of the presented method for the
analysis of a real 3-D migrated volume. The migrated volume has been provided hy
Geco-Prakla®. It is a time migrated data set from the Gulf of Mexico. Tt is located
on the continental shelf, west and adjacent to the present-day Mississippi delta. The
data set has been used for the geological evaluation of the coherency cube analysis
(Bahorich and Farmer, 1995; Haskell et al., 1995; Nissen et al., 1995; Gersztenkorn
and Marfurt, 1996; Gersztenkorn ct al., 1996). The general structure of the volume is
shown in Figure 6.3. Due to the fact that a time migrated data set is dealt with, the
third coordinate w3 is replaced here by the time coordinate t. The fat lines denote
the vertical cross sections and the time slices that will be depicted in subsequent
figures. Figure 6.4 shows the vertical cross sections for constant zy, namely Y
and Y,. Figure 6.5 shows two vertical cross section for constant w;, namely X;
and X,. The structure is generally quite flat except for the salt dome region. The
whole volume is criss-crossed by faults. They arc cspecially clear in vertical cross
section Y. For example, at x; = 6km a normal fault is cutting through the entire
section. Above and below the layer of reworked material at 900 ms, i.e. a submarinc
canyon in-fill (Steeghs, 1997), lots of channels from the former Mississippi declta
are present®. These channels are, however, not clearly visible in the vertical cross
sections.

Procedure 6.1 has been carried out with the first derivative of a Gauss function
in all three directions at a single small scale, according to equations (6.6) and (6.7).
At a coarse scale the general structure in terms of the dip and the azimuth is high-
lighted better, but that information is not of interest to me in this chapter. The

5 Amoco Production Company is acknowledged for making the data available.
61r. W. Peet is acknowledged for interpreting a large portion of the 3-D volume and for pointing
out a number of interesting stratigraphic features.
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xre =0 — 14.5km

Fig. 6.3 The general structure of the analyzed 3-D migrated volume I(z,,x2,t). Note
that a time migraled data volume is dealt with, therefore the coordinate 3 is
replaced by t. In Figure 6.4, the vertical cross sections Yy at x2 = 1km and
Yz at x2 = 9km are shown. In Figure 6.5, the vertical cross sections X at
Ty = S5km and X2 at x1 = 14 km are shown. The resulls of the 3-D wavelel
transform analysis s specifically illustrated with the help of the four time slices
Ty, T2, Tz and T4 at t = 1284 ms, 1292 ms, 1316 ms and 1348 ms, respectively.

differential invariant computed here is the amplitude of the gradient for all points
in the volume. The weighted addition of multiple slices is the final step.

Figure 6.7 up to and including Figure 6.14 give the results of the method for
the four time slices T1, To, T3 and T4. For comparison the original time slices
arc given as well. A number of features that become clearly visible by applying the
3-D wavelet transform has been highlighted with arrows. Horizontal arrows denote
channels and vertical arrows denote faults. It is clear that the method significantly
helps in extracting stratigraphic features and faults. Especially the channels are very
well extracted. In the captions of the figures a number of interesting fecatures are
discussed in more detail. Note that the method can still be improved with respect
to the separation of dip information and stratigraphic information. This can be
concluded from the relatively high amplitudes in the processed time slices at the
flanks of the salt dome.
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z1 [km)]

sub-marine canyon in-fi

vertical cross section Y

X1 —WQL

vertical cross section Yo

Fig. 6.4 The two vertical cross sections Y1 at x2 = 1 km and Y2 at x2 = 9km. Y1 clearly shows a number of faults. and the reworked
material approzimately at t = 900 ms. Yz clearly shows the lifting influence of the salt dome. Data Courtesy Geco-Prakla.
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z3 [km)

vertical cross section X

z2 [km]

vertical cross section X2

Fig. 6.5 The two vertical cross sections X1 at z1 = Skm and Xo at 1 = 14km. X,
especially highlights the salt dome. X2 shows a slight syncline structure and the
reworked material.
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Fig. 6.6 The application of different differential operators allows for a flexible feature-
dependent processing of a migrated cube. The top picture shows in a 3-1) view
amplitude changes; the bottom picture shows local dips.
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29 [km]
0 4 8 12

slice T4

Fig. 6.7 Time slice att = 1284 ms from the unprocessed migrated volume. To be compared

)

with the same time slice from the processed volume in Figure 6.
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F)
=
)
slice T
Fig. 6.8 Time slice al t = 1281 ms from the processed migrated volume.  The arrows

denote interesting stratigraphic features and faults.  Vertical arrows point to
faults, horizontal arrows to channels. Whereas a number of features can be easily
identified with the benefit of the hindsight in the time slice from the unprocessed
volume. others scem to appear out of the blue. For example. the channel denoted

by @ is not visible in the original time slice.
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29 [km]
4 8

12

x7 [km)]

slice T

Fig. 6.9 Time slice att = 1292 ms from the unprocessed migrated volume. To be compared
with the same time slice from the processed volume in Figure 6.10.




6.4 Discussion 219

21 [km]

slice Ty

Fig. 6.10 Time slice at t = 1292 ms from the processed migrated volume. Note that the
channels and faults are at the same positions with respect to their positions in
time slice Ty, which is 8 ms above the present time slice. The two channels
with @ are part of one big channel crossing the volume. This can be concluded
by looking at slices T3 and Ty from the processed volume in consecutive figures.
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z [km]

xo [km]
8

12

slice Ty

Fig. 6.11

Time slice at t = 1316 ms from the unprocessed migrated volume. To be com-

pared with the same time slice from the processed volume in Figure 6.12.
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x7 [km)

slice Ty

Fig. 6.12

Time slice at t = 1316 1ms from the processed migrated volume. Besides the

faults, the large channel going from bollom middle to the top lefl is clearly

delineated with respect Lo its presence in the time slice from the unprocessed

volume. At the point denoted by @ the channel is “cut” away by two faults.
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x2 [km]
0 4 8 12

glice T4

Fig. 6.13 Time slice at t = 1348 ms from the unprocessed migrated volume. To be com-
pared with the same time slice from the processed volume in Figure 6.14.
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slice Ty

Fig. 6.14 Time slice at t = 1348 ms from processed migrated volume. Fspecially inler-
esting here are the channels. The channel in the middle completes the channel
observed in the previous time slices. Note also that even the tiny channels,

denoted by @, arc extracled.
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6.4 Discussion

Comparison —How docs the wavelet transform approach to 3-D image analysis
comipare to other methods? Due to the fact that the computational details of com-
peting methods are not known to the author, it is in general difficult to carry out
a comparison on a quantitative level. A qualitative comparison however is feasible,
because several publications deal with the same data set (Bahorich and Farmer,
1995; Gersztenkorn and Marfurt, 1996; Steeghs, 1997). The method presented in
the first reference will be referred to as the three-trace-coherency-algorithm. The
mcethod presented by Gersztenkorn and Marfurt (1996) will be referred to as the
eigenstructure-algorithm. The last method of Steeghs (1997) will be referred to
as the local-Radon-Wigner-algorithm. The algorithm presented in this chapter is
referred to as the wavelet-transform-algorithm”.

Bahorich and Farmer (1995) show the first results of the coherency cube analy-
sis. The algorithm measures the coherency of three traces in an appropriately chosen
time window. The left part of figure 6 of Bahorich and Farmer (1995) is roughly the
same slice as dealt with in Figurce 6.7 and 6.8. The three-trace-coherency-algorithm
shows good results for faults, however channels are relatively poorly extracted. The
wavelet-transform-algorithm does a better job with respect to the channels. Another
difference between the two algoritluns is the preseuce of the salt dome. In the salt
dome the coherency is clearly low and consequently it will be clearly visible in the co-
Lierency measure. The wavelet-transform-algorithm is more sensitive to amplitudes.
Within the salt the amplitudes are low.
sztenkorn and Marfurt (1996) compute the cigenstructure of the covariant
matrix of a nunber of subsequent traces. Their ecigenstructurc-algorithm is very
well able to delineate hoth stratigraphic features and faults on a very detailed level.
I consider their results slightly better than the results presented in this chapter,
especially with respect to the fault delineation. The wavelet-transforin algorithm
1b L Lllt‘ IO IL oL illbt‘llDiLi\U L'UUL(BII i\,‘ ‘Urtl‘l\gluluu‘( (lll}n. FHL (,lltfl JYLUIR O 1L ib
interesting to observe that the sensitivity of the cigenstructure-algorithm is the same
in the salt-dome region as the sensitivity of the wavelet-transform-algorithm.

Steeghs (1997) extracts the stratigraphic features and faults by determining
the dip via a local 3-D Radon transform. His local-Radon-Wigner-algorithm vields
equally good results with respect to delineating faults, however his results are slightly
less with respect to rendering channels. The high quality of the wavelet-transform-
algorithm with respect to extracting channels is especially due to its sensitivity to
amplitude changes. In the Mississippi delta, channels cut through clay layers having
clearly different impedance. This is the reason why an amplitude-sensitive algorithm

“Remember that a wavelet-transform-algorithm is not necessarily referring to a single unique

method. The features that will be extracted depend on the tyvpe of differential invariant computed.
Here. I used the amplitude of the gradient.
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vields good results for such features.

Computational aspects — Let me finalize with mentioning a number of important
computational advantages of the presented wavelet-transform-algorithm. First, it is
very efficient. It hias been pointed out in section 6.2.1 that it can be carried out as an
O(N)-algorithm in the case that a diserete spatial filter is used as an approximation
for a Gaussian function and its derivative. The efficiency allows for an almost real
time implementation. Furthermore, the algorithin is conceptually simple. It extracts
changes. The changes are combined to compute a differential invariant, such as the
amplitude. If a more detailed extraction of faults is required, angle information
in terms of the quantities ®{7} and ©{I'} can be incorporated without making
the algorithm more complicated. Oun the other hand, one can also compute other
differential invariants and associated attributes, which might be sensitive to other
stratigraphic features or structures. For example. Figure 6.6 shows some slices in a
3-D view for two different differential operators.

Future rescarch —The delineation of stratigraphic features and faults in an oth-
erwise strong-reflector-dominated migrated volume is the first step in facilitating
the work of a seismic interpreter.  Especially. if consceutive time slices from the
migrated volume are inspected, those features become even more manifest, as can
be concluded from the view provided by Figure 6.6. Despite the fact that the in-
terpretation simplifies with the help of the time slices from the processed migrated
volume, the proposed procedure is just the first step in facilitating the work of an
interpreter. The sccond step consists of the automatic extraction of the stratigraphic
features and faults. The result of the presented method might be used as input.

6.5 Summary

In this chapter I have presented a wavelet transform approach to 3-D limage analysis
of migrated data. The goal is to make stratigraphic features and faults manifest.
Since these features are not always present as strong reflection events, identifying
them is often a diflicult and time consuming task. Image analysis techniques facili-
tate this task.

The presented method is based upon the realization that useful information
does 1ot necessarily come to us at one specific seale. In the field of image analysis this
is a well-known fact. A wavelet transform carries out a decomposition in multiple
scales, and thus incorporates the multiscale nature of the carth’s subsurface in a
natural way. Nore specifically, the wavelet transform has been utilized to extract
a particular differential invariant. namely the amplitude of the 3-D gradient. The
choice of amplitude of the gradient is suggested by the fact that local incoherences are
characteristic of the features that are looked for. The first order spatial derivatives
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of the Gaussian function have been used as wavelets.

The method has been applied to a migrated volume of the Gulf of Mexico.
Faults and channels are very well delineated. Especially the channels are equally well
or even better extracted with the wavelet transform approach than with competing
methods. The efficiency of the presented algorithm is an additional advantage with
respect to competing methods.




Appendix A

Matrix notation for
transformations and
representations

The present appendix links up to chapter 2 and serves as a practical guide to chap-
ter 4. In the former, representations and transformations have heen introduced, in
the latter the transformations have been applied to the imaging problem. Just as I
have done in chapter 2, the terminology is engraved onto transformations from the
time domain to another domain, and vice versa. Note, however, that the equations
are certainly valid for other configurations as well. In chapter 4 the transformations
are applied, for example, to the lateral spatial coordinates of the monochromatic
representation of primary seismic reflection data. Of course, in such a situation the
interpretation has to be adjusted.

A.1 Transformation of vectors

In the realm of multiresolution approximations (sce scetion 2.5.4), regularly sampled
discrete data sets have gained a natural position. Discrete data sets can be seen as
the coefficients of a projection of a function f(#) in an approximation space Vy. The
coeflicients A f of equation (2.111) will be put in a vector and will be notified here
by f. Note again that this discretization is different from the discretization in the
coherent state parameters, yielding (rames. The time, frequency, Gabor and wavelet
transformations disenssed in chapter 2 now take the following form.

1. From time-to-time domain:

f = Urf, (A1)
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Matrix notation for transformations and representations

which can be scen as the discrete counterpart of the first of equations (2.37),
which I repeat here for convenience

f) = (UrH).

Of course, the unitary transformation matrix is equal to the identity matrix I,
because f is already in the time domain.

From time-to-frequency domain:
f = Uxf. (A.2)
which is the discrete counterpart of the second of equations (2.37), i.e.

Fw) = (Ugf)(w).

The unitary matrix Uz contains the discretized Fourier comiponents from
—WNyquist TO FWNyquist- It is a unitary matrix which can be efficiently im-
plemented via the Fast Fourier Transform (Bracewell, 1986). Its inverse is just
the Hermitiaun, i.e.

f = (Uy)HF. (A.3)

Note that the fast Fourier transform asswnes a definition of a function on the
torus.

From time-to-Gabor domuain:
In sect

function will never give rise to an orthogonal decomposition. The discrete
counterpart of equation (2.99), which is repeated here

a{f g}(???(l(), nbO) = <f .(]mn> = / -f.(]:m (t) dt,
reads
f - V,f. (A1)

where, in general. a matrix V denotes an invertible, but non-unitary matrix
and where the subscript g refers to the Gabor transform. The vector f denotes
the temporal Gabor domain data. It is generally not of the same length as f,
because V, is in general not a square matrix. The actual form of the Gabor
transforim matrix requires the specification of the temporal and frequency shift
parameters ag and by in equation (2.99) and the specification of the shape of
the Gaussian function via the parameter 5 in equation (2.65). The inverse

transform from the temporal Gabor domain to the temporal domain reads

f=(v,) 'f. (A.5)
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1. From lime-lo-wavelet domain:
The wavelet transform in matrix terms depends on the chosen type of wavelet
transform. A distinetion is made between a frame decomposition and a wnul-
tiresolution decomposition:

(a) The general wavelet frame decomposition. similar to the Gabor frame
decomposition. is given by (cf. equation 2.104)

WS ool nbaal)y = . o) = / S, (.
[ts discrete equivalent reads
f=V,f. (A.G)

where V. denotes the discrete fraue wavelet transformation matrix. Its
inverse reads

f=(V,)"'f. (A7)

(b) In the case that the wavelets are chosen as a part of a multiresolution
approximation. the matrix transformation becomes wnitary, according (o

f=U,f. (A.8)

where f is a vector containing the elements of {D{ .- DY, [. AL, [}
which is introduced in equation (2.132). A specific multiresolution ap-
proximation and a specific value Al are required to fix the actual wavelet
trausformn.  LEquation (A.8) is referred to as the discrete wavelet trans-
form. It can be implemented efficiently!. The inverse discrete wavelet
transform reads

f = (U,.)"f. (A.9)

(¢) A frequently encountered variation of the discrete wavelet transforms is
the biorthogonal wavelet transform. A slight increase in complexity of
the forward and inverse wavelet transform. especially due to the fact that
different filter pairs are used for the forward and inverse transform, is
rewarded by symmetric filters. and thus symmetric scaling functions and
(anti-)symnetric wavelets.

I'The diserete wavelet transform can be carried ont in roughly (N x L) operations, where N is
the number of samples in a vector, and L the length of the filter g or h, introduced in section 2.5.4.
With respect to efficiency. but also with respect to flexibility, the recently introduced LiftPack
scheme is very promising (Sweldens. 1996). It is more cflicient in terms ol (loating point operations
and memory usage.
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A.2 Matrix transformations

Equation (2.23) shows how the representation of a kernel in one domain can be
transformed to another domain. The discrete equivalent of this scheme can be
straightforwardly obtained. The discrete representation of a kernel can be seen as
the projection of the keruel in a specific multiresolution subspace, which is fixed here
at Vg, i.e.

Kok = (Kédon, dok) (A.10)

and consequently the matrix K consists of the matrix elements K,;. The matrix
element K, expresses the response of the physical system of a source at a time?
represented by k measured at a time represented by n. The transformation of
matrices to the domains discussed in the first part of this section reads (for morc
comments see the previous paragraph) for a unitary transformation matrix U

K = UKU®, (A.11)
and its inverse reads
K = UPKuU. (A.12)

Here, the matrix U can be any of the previously discussed transformation matrices,
and the breve ~ can represent any of the aforementioned domains, except the Ga-
bor domain. For the Gabor transform, which is invertible but which can never be
orthonormal, a slightly different form has to be used

K = VKV, (A.13)
and its inverse reads
K =V!KV. (A.14)

In chapter 4, the interpretation of the matrix representations in different domains is
discussed in more detail. For the wavelet transform, I have introduced also a slight
variation giving rise to the so-called non-standard wavelet representation (Beylkin
et al., 1991).

2Note that the actual physical interpretation depends on the functional parameters in the matrix,
but the basic structure of the matrix remains for any variable the same.




Appendix B

Homogeneous distributions

This appendix provides background material for chapter 5. It gives a nunber of prop-
erties of homogencous distributions. These propertics are extracted from Gel'fand
and Shilow (1960) and Hormander (1983). For proofs and derivations the reader is
referred to the cited references.

The one-sided distributions [¢t|} are given by

. [0 t<o ., () t<0
1S = , 11 = (B.1)
t >0 0 t>0.

They are locally integrable for Ra > —1. For R < —~1 and o # =1,-2,..., [t|¢
has to be interpreted in the distributional sense.

Let me first consider |t| in distributional sense. For a rcal function ¢ € C5°(R)
and any integer k > 0, the differential operators in an integral can be transferred
according to

(815, 6) = /f“(;)(z‘)dt (B.2)
0

(0t ]

—1)* g

= t o o) dt. B.3
((}+1)...((,1+A‘),/ colt) (B.3)

0
The integrand at the right-hand side of equation (13.3) is analytic for Ra > —k — 1,
except for a = —1,-2,..., where it has simple poles. The residue of J#¢ at those
Kkl .
poles is given by ((_k]_)])! SE=D(H) for o = —k.

In a similar way one can extend left-sided homogencous distributions |¢{[* to
aeR a#—1,-2,... by iuspecting
0
(|t|1¢,0) = /(—f)“o(f)df. (B.4)

—DG
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. . . th=1)
The residue of [t turns out to be given by 6(/\7)("2 for o = —k.

From the one-sided homogeneous distributions one can construct even and odd
combinations according to

s = 115+ 1112, (B.5)
and

Hlaie = 5 — 12, (B.6)
respectively. Since the poles of [t|% and [#* differ with a factor (—1)*, the distri-
butions [¢[8,, have only poles for a = —1. -3, -5,.... The residue at the poles is

S(2m)
given by 20 (2"1)(!{' ), where a and m are related by o« = —2m — 1. For a = —2m,
the distributions [¢]3,, exist. Analogous onc finds for the odd combination [t[54
(2m—L1)

of the one-sided distributions, poles for a — —2m with residues 72%7—1%}. For
a = —2m — 1, the distributions ||, exist.

Normalization of the distributions [t[{, |t]3,, and |t|;

The poles for negative integers a, can be removed by dividing the discussed distribu-
tions by regular functions of a, which have a pole at the point where the distributions
have a pole. Moreover, the pole should be of equal strength. A good candidate for
such a function is the Gamma function. This can be casily understood if we choose
o(t) = ¢! in equation (B.2), yielding

o

wm@>:/wwﬂn:ua+n. (B.7)

0

Therefore. the approvriate normalization fiunction for 1 is T + 1) The naor-
malization for 2|2 is T{a + 1), as well. Since (|2, and [t{Giy do not have poles
for all negative integers, here slightly different normalizations have to be chosen:
T (“—ZLI) and I’ (“b%?) respectively. The normalized distributions defined for o € R

conseql 1ently, are

It
Y= —"= B.8
G (1) Mo+ 1) (B.8)

1l
)= B.9
A=) I'a+1) (B.9)
\eusp(f) = Jf|+11 (B.10)

r ()

f (\‘ X

\dig(t) = M (B.11)
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For the values of o where the numerator has a pole, it is found for an integer k& > 0

X‘J‘r(f)|(‘;7k — 5(1\-—1)(1;)
VO], = CDE IS

o B (=D)kSCRI (R
\(‘ll.\])(f)l”:_zk_l = T

— )R SEE D () (e —
\Riii‘(t”(\f—‘zk:( i (2 _(1))1(

Differentiation of the distributions \4, |4

cusp

The derivatives of the normalized distributions are given by

O () =\ ()
I = 27N
(9/ \E"nsp(f) Q \-:lyxffl(t)

01\((;111"( ) Z\ZV\h}l)( )

which have been used in chapter 5.

and |t’31ff

(B.12)

(B.13)

(B.11)

(B.16)

(B.17)

(B.18)

(B.19)
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Samenvatting

Seismische-dataverwerking door
middel van de wavelet-
transformatie!

Een exploratie-geofysicus houdt zich bezig met het lokaliseren en karakteriseren van
fossicle-brandstofvoorraden in de ondergrond. Door een toenemende vraag naar
energie moet deze taak cfficiénter en nauwkeuriger volbracht worden. Iet onder-
havige procfschrift besclirij{t de rol van de wavelettransformatie hierin. De nadruk
wordt gelegd op de betekenis van de wavelettransformatie voor de bewerking en ana-
Jvse van seismische data. Bij deze verwerking wordt cen onderscheid gemaakt tussen
(1) de acquisitic van seismische data, (2) de voorbewerking van de seismische data.
(3) de seismische beeldvorming van de ondergrond. (4) de geologische karakterisatie
van de ondergrond en (5) de evaluatie van het potentiéle reservoir.

In hoofdstuk 2 worden algemene lineaire transformatics geitroduceerd. Deze
worden onderverdeeld in twee categoricén. De ecrste categorie wordt geassocicerd
met zelf-geadjungeerde operatoren. Deze operatoren leiden tot orthogonale en om-
keorbare transformatics. De tweede categorie wordt gerelateerd aan representaties
vau het wiskundige begrip groep. Een groep leidt tot een redundante famnilie van
colhierente toestanden. Onder deze categorie vallen de Gabor-transformatie en de wa-
velettransformatic. De wavelettransformatie is cen inwendig produkt van cen signaal
met cen set van analysefuncties die een constante vorm hebben. maar een variabele
breedte en cen variabele lokatie. Het gemiddelde van elk van deze analvsefuncties
is mul. De breedte wordt aangeduid door het begrip schaal. Na cen hehandeling
van de belangrijkste cigenschappen van de wavelettransformatie wordt hoofdstuk 2
besloten met ecn korte discussic over de toepassingen van de wavelettransformatic

fDutch summary of 4 warelet transform approach to seismic processing.
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op de seismische-dataverwerking. zoals in de eerste alinea besproken. Ilet nitgangs-
punt van de toepassingen is de eigenschap dat de wavelettransformatie “blind” is
voor cen signaal dat niet of langzaam verandert. en de eigenschap dat de wave-
lettransformatie op een natuurlijke wijze een signaal in details en benaderingen op
verschillende schalen ontbindt. De onderstaande figunr vat de toepassingen van de
wavelettransformatie samen.

In hoofdstuk 3 wordt de golfvergelijking voor één-weg golven afgeleid. Deze
dient als basis voor de afleiding van de één-weg representatic van seismische reflec-
tiedata. hetgeen het zogenaamde WRW-model oplevert. Dit is een model in ter-
men van propagatie-operatoren en een reflectic-operator. De propagatie-operatoren
zijn functies van de Helmholtz-operator. Aan functies van een operator wordt iu
hoofdstuk 3 een betekenis gegeven met bellp van een spectrale decompositie. Dit
is cen decompositic van het golfveld in eigenfunctics. Essentiecl hierbij is dat de
Helmholtz-operator een zelf-geadjungeerde operator is. Het gebruik van een spec-
trale decompositie heeft twee voordelen. Ten eerste geeft zij een nauwkeurige, maar
niet zeer efficiénte. representatic van de propagatie-operatoren, ook voor een sterk
lateraal variérende ondergrond. Een svnthetisch voorbeeld laat zien dat deze repre-
sentatie cen accurate beeldvorming van de ondergrond mogelijk maakt. Ten tweede
levert zij door middel van het spectrum cen beter begrip van golfpropagatic op.

De betekenis van de wavelettransformatie voor de in hoofdstuk 3 afgeleide
representatie van seismische reflectiedata wordt in hoofdstuk 4 geanalyscerd. De re-
presentatic van scismische reflectiedata kan gegeneraliscerd worden door gebruik te
maken van een operatornotatie. De transformaties die in hoofdstuk 2 geintroduceerd
zijn. kunnen nu gebruikt worden om seismische reflectiedata in andere domeinen te

representeren. Er wordt in detail cen datarepresentatie in termen van wavelets uit-

Data compressic LU LU e wpctar SUIEULALCILS- Beeldbowerkine
o pres: anaiyse representatie analyse T <
Acquisitie van Voorbewerking Scismische Geologische Evaluatic van
seismische data scismische data beeldvorming karakterisatic reservoir
Hoofdstuk 2 Hoofdstuk 2 Hoofdstuk 4 Hoofdstuk 5 Hoofdstuk 6
(kort) (kort) (uitgebreid) (uitgebreid) (uitgebreid)

Len overzicht van de toepassingsgebicden van de wavelettransformatic (bovenste rij). de
corresponderende stappen bij de analyse en bewerking van scismische data (middelste vij)

en de hoofdstukken waar de verschillende toepassingen worden besproken {onderste rij).
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gewerkt. Dit leidt tot een onderverdeling van de seismische data in een set van
multi-schaalexperimenten. De datarepresentatic in het wavelet domein wordt ge-
bruikt als uitgangspunt voor cen beeldvormingsschema met behulp van wavelets.
Een voordeel van de voorgestelde methode is het feit dat de seismische beeldvorming
op verschillende schalen kan worden uitgevoerd. Een duidelijk nadeel is het feit dat
de propagatic-operatoren geen ijle representatie in het wavelet domein hebben.

De betekenis van de wavelet transformatie voor het karakteriseren van reflectie-
cigenschappen van de ondergrond wordt in hoofdstuk 5 besproken. Iier worden
snelheidsproficlen beschouwd bestaande uit de som van cen constante achtergrond-
snelheid en cen functie met cen lokale geisoleerde singulariteit. De singulariteiten
zijn met name enkelzijdige homogene distributies.  Net hehulp van een wavelet-
transformatic-modulus-maxima-analyse (WTMM-analvse) en cen fasc-analyse is het
mogelijk enkelzijdige homogene distributies unick te karakteriseren in termen van
een singulariteitssterkte a en een geinduceerde fase . Dit leidt tot de zogenaamde
(p — a)-diamant. De reflectie aan dergelijke snelheidsproficlen voor loodrechte inval
is in sterke mate afhankelijk van de aclitergrondsnelhieid. Als de singuliere versto-
ring veel kleiner is dan de achtergrondsnelheid. dan is de soort van singulariteit uit
het karakter van de gereflecteerde respous af te leiden. Anderzijds. als de achter-
grondsnelheid veel kleiner is dan de singulicere verstoring. dan geeft het karakter van
de gereflecteerde golf geen uitsluitsel over de soort van singulariteit. Op basis van
akoestische impedanties. berekend uit snelheids- en dichtheidsmetingen in boorga-
ten, wordt geconcludeerd dat de singuliere verstoring in het algemeen kleiner is dan
de achtergrondsnelheid. De numerick gevalideerde analyse leidt tot de formulering
-an een equivalente Zoeppritz-grenslaag en van cen singulariteiten-gest uurde inversie
(sp1).

Ten slotte wordt in hoofdstuk 6 de rol van de wavelettransformatie bij de inter-
pretatie van 3-D gemigreerde seismische data heschreven. Hierbij is het essenticel dat
de wavelettransformatie “blind™ is voor iets wat langzaam verandert op de schaal
waarop het wavelet “kijkt”". Deze eigenschap helpt om uit een 3-D volume stra-
tigrafische gegevens en breuken in de geologische lagen te extraheren die normaal
gesproken slecht zichtbaar zijn. De wavelettransformatie wordt hicr tocgepast in drie
onafhankelijke vichtingen. Dit geeft de mate van verandering in de drie richtingen.
Een kwadratische optelling van de drie veranderingen geeft de totale verandering.
op cen specificke schaal en op cen specifieke lokatie. Uit het voorbeeld met cen ge-
migreerde dataset uit de Golf van Mexico blijkt dat breuken in de geologische Tagen
en met name rivierbeddingen uitstekend gelokaliseerd kunnen worden met deze ef-

ficiénte methode.
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