







































































































































































































































































































































































paths from 0 to 10 MPa, i.e. that compressional- and shear-waves are most
sensitive to those normal stresses that lie in the propagation or polarization
directions of the wave. The respective sensitivities can easily be deduced
from the orientations of the surfaces in the wave velocity versus longitudinal
stress versus transverse stress graphs.

The dynamic modulus, calculated from P- and S-wave velocities, assum-
ing isotropy under equally applied axial stresses, is an approximately 10 to 12
GPa larger as the quasi-static tangent compression modulus, obtained from
strain measurements, over the stress range of 0 to 80 MPa during uploading,.
Hence, the sample reacts stiffer when subject to higher (oscillatory) stress
rates. The approximate constant difference between the dynamic and quasi-
static moduli over the entire stress range suggests a relation between the
two which depends on the intrinsic properties of the Rotliegend. This would
enable to infer a change in a quasi-static modulus from a change in the wave
velocities given the knowledge of some intrinsic property of the sandstone.
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5.4 Experiments on the Niederhausen and Bad
Diirckheim sandstones

The third series of experiments, conducted on the Niederhausen and Bad
Diirckheim sandstones, are described in Swinnen (1997).

5.4.1 Introduction

The Flechtinger Rotliegend sandstone is, due to its deep burial history, and
consequent compaction, with the associated changes to its mineralogy (Sec-
tion 4.4), a so-called tight sandstone with a relative low porosity of approx-
imately 9 percent. The Rotliegend sandstone formations, forming gas reser-
voirs in the North of the Netherlands, show porosities of 20 percent and
higher, and are less compacted than the Flechtinger formation. Because
porosity and stress history are factors which influence the elasticity of a rock
the Niederhausen and Bad Diirckheim sandstone samples were acquired to
better match the reservoir sandstone. The sample descriptions and the lo-
cation of the quarries were provided by Schutjens (1996). The results on
the Flechtinger sandstone in the previous section were acquired after mul-
tiple loading such that anelastic effects are eliminated. In this section first
loading experiments are described which investigate hysteresis and anelastic
deformation.

5.4.2 Quasi-static experiments

In Fig. (5.33) the loading cycles of the experiments, on the Niederhausen
and Bad Diirckheim sandstone samples, described in this section are shown.
Two experiments are shown, which attempt to simulate possible in-situ con-
ditions, one, denoted by loading cycle ’a’, for which the horizontal axial
stresses are one-half of the vertical axial stress, i.e. 71 = Ty = %7‘33, and
another, denoted by loading cycle 'b’, for which the horizontal axial stresses
are one-third of the vertical axial stress, i.e. 717 = 7o = %733. Both cycles
('main loops’) contain during up loading a single loop ('lower loop’) at lower
stresses, a double loop at intermediate stresses (‘intermediate loops’), and
again a single loop at higher stresses (‘upper loop’). In Figs. (5.34) and
(5.35) the three axial strains, e;;, ey and e33 versus the axial stress 7y3 are
shown, for the Niederhausen and Bad Diirckheim sandstones, respectively.
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The top figures in Figs. (5.34) and (5.35) depict the results for loading cycle
'a’, whereas, the bottom figures show the loading cycle ’'b’ results.  We
observe in Figs. (5.34) and and (5.35) for loading cycle ’a’, in the top fig-
ures, a smaller deviation between the two horizontal strains and the vertical
strain, than for loading cycle ’b’, in the bottom figures, for which the de-
viatoric stress are higher. Also, for both cycles, in Figs. (5.34) and and
(5.35), the ey strain is smaller than the e;; strain, while 711 = 72, which
indicates a lower symmetry than the initially assumed layer-induced trans-
verse isotropic symmetry with respect to the vertical s-axis. The four inner
loops, superposed on the main loop, display smaller strain changes per unit
stress change than the main loop, showing that during the inner loops both
rocks react stiffer than during the main loop. After unloading both the
Niederhausen as well as the Bad Diirckheim sandstone show a substantial
permanent deformation. The strains and the permanent deformation asso-
ciated with the Niederhausen sandstone are approximately twice as large as
the one measured for the Bad Diirckheim sandstone, which is confirmed by
the core experiments described in Section 4.5, and explained on the basis of
the mineralogies of both sandstones.

By first smoothing the data of Figs. (5.34) and (5.35) with a Gaussian
function we can calculate the tangent modulus E* of Eq. (4.3) using finite
differences. This modulus, calculated in the zs-direction, is shown in Figs.
(5.36) and (5.37) as a function of the axial stress 733. From these figures we
discern, apart from an interrupted main up-loading curve and a main down-
loading curve, the x-shapes associated with the four inner loops, similar to
the ones observed for the core experiments of Section 4.5. The E° values
during the inner loops are, for a given axial stress 733, higher than at the
main loop, while the main down-loading E* values are higher than the main
up-loading ones. The largest values are reached at the onset of down-loading
of an inner loop.

The difference between the up- and down-loading main loop is also seen,
after multiple loading excluding anelastic effects, in Fig. (5.15), for the
Flechtinger sandstone, for which the loading path, 717 = T = 733/3, is
the same as in the bottom figures of Figs. (5.36) and (5.37). Comparing,
observe that the difference between up- and down-loading Young’s moduli is
largest in the bottom figure of Fig. (5.36), and smallest for Fig. (5.15). The
magnitude of this same difference in the bottom figure of Fig. (5.37) is in
between that of the former two figures. This may be explained by the softer
mineralogy of the Niederhausen with respect to the Bad Diirckheim, and the
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difference between first loading, in Figs. (5.36) and (5.37), and the result of
loading after multiple loading in Fig. (5.15).

The x-shapes of the inner loops reflect the hysteresis effect. Approxi-
mately half-way the stress interval of an inner loop, the down- and up-loading
moduli are the same. During the first half of an inner loop stress interval the
down-loading modulus is smaller than the up-loading modulus, whereas, dur-
ing the second half of the stress interval the down-loading modulus exceeds
the up-loading modulus, beyond the up-loading modulus maximum. This
small inner loop behaviour is different from the main loop, in Figs. (5.36)
and (5.37), with regard to the observation that during the main loop the
up-loading modulus never exceeds the down-loading modulus. However, in
Fig. (5.15) we do recognize a 'flattened’ x-shape with a point of intersection
between the up- and down-loading curves at approximately 15 MPa. This
similarity is possibly caused by the fact that both the loading cycle in Fig.
(5.15) and the inner loops in Figs. (5.36) and (5.37) are associated with
elastic deformation.

The tangent Young’s modulus is somewhat higher during loading cycle ’a’
than during loading cycle 'b’; other than that, there is not much difference
between these two loading cycles. Observe that the two intermediate loops in
Figs. (5.36) and (5.37), representing secondary and tertiary loading, almost
coincide, indicating that after first loading anelastic effects are, for the most
part, eliminated.

5.4.3 Dynamic experiments

Using the same experimental set-up and transducer arrangement, as de-
scribed in Section 5.2, and shown in Figs. (4.1) and (4.2), ultrasonic mea-
surements were conducted during loading paths ’a’ and ’'b’, depicted in Fig.
(5.33). In Figs. (5.38) and (5.39), P- and S-wave transmissions (top and
bottom figure, respectively) are shown, as function of experiment time and
wave travel time, during loading cycle 'b’ (711 = 7oy = 733/3), for the Nieder-
hausen and Bad Diirckheim, respectively. The geometry of the main loading
loop with its four inner loop, as displayed in Fig. (5.33) is easily recognizable
from these figures.

After picking the arrival times of the first arriving wave forms wave ve-
locities are calculated by dividing the distance between the transmitting and
receiving transducers by these travel times. The obtained velocities for the
P-waves travelling in the z;, z; and zs-directions, during loading cycle ’a’
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and ’'b’, are shown in Figs. (5.40) and (5.41), as a function of the experiment
time, for the Niederhausen and Bad Diirckheim sandstones, respectively. We
observe that in all four figures the P-wave velocities change per unit experi-
ment time is highest at low stress levels, i.e. at the beginning and end of the
loading cycles. The permanent deformation at the end of both loading cycles,
as is observed from Figs. (5.34) and (5.35), is apparent in Figs. (5.40) and
(5.41), from the higher velocity at the end of a particular cycle, compared
to the velocity at the beginning of a cycle. This effect is much larger for the
Niederhausen sandstone than for the Bad Diirckheim sandstone, confirming
the results from Figs. (5.34) and (5.35). The P-wave anisotropy between the
horizontal P-wave velocities v¥, v5 and the vertical P-wave velocity vf, in
all four figures, is larger for loading cycle 'b’ than for loading cycle ’a’, the
former having the largest deviatoric stresses. In Fig. (5.40) the anisotropy
between v and vi is quite small, as compared to Fig. (5.41), which shows a
large anisotropy between these two velocities. Because the horizontal axial
stresses are the same this horizontal P-wave anisotropy reflects an intrinsic
anisotropy, attributed to texture or layering of the Bad Diirckheim sand-
stone. In order to obtain the stress-induced anisotropy one has to discern
the intrinsic anisotropy from the total anisotropy, which in time-lapse mea-
surements is facilitated by the fact that the intrinsic anisotropy is constant
over time, excluding small stress effects.

In Figs. (5.42) and (5.43) the six shear-wave velocities, vy3, v5y, V33, V3,
v5,, and v§;, are shown, in which the first and second subscripts designate
propagation and polarization directions, respectively, using loading cycles
’a’ and ’'b’ on the Niederhausen and Bad Diirckheim sandstones. Consid-
ering all four figures we discern, roughly, three groups of two shear-waves,
{v35,05,}, {v5,,v5;} and {v$,,v5,}, in order of velocity magnitude. Hence,
the zs-direction has presidence over the z;- and z,-directions, reflecting
stress-induced effects, and the z;-direction causes larger velocities than the
zo-direction, explained by the intrinsic anisotropy, particularly for the Bad
Diirckheim sandstone. Analogously to the observations from the Colton and
Flechtinger sandstones in previous sections of this Chapter, the respective
shear-wave is sensitive to those axial stresses which lie in its polarization or
propagation direction.

In Figs. (5.44) and (5.45) the P-wave velocities in the three axis directions
are depicted as a function of the axial stress 733, during loading cycle "a’, top
figures, and loading cycle ’b’, bottom figures, for the Niederhausen and Bad
Diirckheim sandstones, respectively. As in Fig. (5.18) for the Flechtinger
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sandstone the stress-velocity curves show with increasing stress a decreasing
increment in the P-wave velocity per unit axial stress increase. The differ-
ence with Fig. (5.18) is that anelastic effects are included, especially during
first loading, and the unloading curve is also shown, together with the four
inner loops. In Fig. (5.44) the Niederhausen shows a larger difference in
P-wave velocity between the up-loading and the down-loading curves, com-
pared with the Bad Diirckheim of Fig. (5.45). This may be explained by the
mineralogy of both sandstones (the Niederhausen contains less quartz and
more weathered feldspar), causing anelastic effect to be more pronounced for
the Niederhausen. The inner loops in Fig. (5.44) show a smaller velocity
change per unit stress change than the main loops. In Fig. (5.45) their is
no discernible difference between the inner and main loop velocity change
per unit stress change. This latter observation may also be attributed to
the "harder’ mineralogy of the Bad Diirckheim causing smaller anelastic ef-
fect. The observed P-wave velocity anisotropy in Figs. (5.44) and (5.45) has
already been discussed with regard to Figs. (5.40) and (5.41).

Figs. (5.46) and (5.47) depict the axial stress versus the shear-wave ve-
locities v§, and v3; for the Niederhausen and Bad Diirckheim sandstones,
respectively. Qualitatively, the same observation can be made in these fig-
ures as in Figs. (5.44) and (5.45).

In Eq. (5.5) the dynamic compression modulus is calculated for the
Flechtinger sandstone, assuming isotropy during loading path ’a’ of Fig.
(5.10). The loading cycles of Fig. (5.33) induce a transverse isotropy, su-
perposed on the intrinsic anisotropy of the samples, hence isotropic dynamic
elasticity moduli can not be calculated. Therefore the following dynamic
elasticity modulus is introduced

M = p ()2, (56)

in which v} is the P-wave velocity in the z3-direction, and compared with the
static tangent Young’s modulus E* of Eq. (4.3), evaluated in the zs-direction.
In Figs. (5.48) and (5.49) the static tangent Young’s moduli, of Figs. (5.36)
and (5.37), are reproduced and superposed on the dynamic elastic moduli of
Eq. (5.6), for the Niederhausen and Bad Diirckheim sandstones, respectively.
Both E* and M%™® are calculated from stresses and strains in the zs-direction.
We observe in Figs. (5.48) and (5.49) that the dynamic modulus is larger than
the static modulus of the main loop, except for values just after the beginning
of down-loading. The dynamic modulus curves are more or less parallel to
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the main up-loading curve, which agrees with Fig. (5.22). Comparing the
dynamic modulus with the static values in the inner loops we can see that the
dynamic modulus is larger, or intersects, the up-loading inner loop curves,
and intersects the down-loading curve. Hence, the dynamic modulus equals
some small loop static modulus after some time instant after the onset of
down-loading.
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for cubes of Niederhausen and Bad Diirckheim sandstones: loading cycle 'a’, for

which the horizontal axial stresses are one-half of the vertical axial stress, i.e.
T = Tog = %7'33 (top figure), and loading cycle ’b’, for which the horizontal axial
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Figure 5.48: Axial stress 733 during loading cycles ’a’ (top figure) and ’b’ (bottom
figure) versus the static tangent Young’s moduli of Eq. (4.3), in Figs. (5.36) and
(5.37), reproduced and superposed on the dynamic elastic modulus M dyn of Eq.
(5.6), for the Niederhausen sandstone.
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Figure 5.49: Axial stress 733 during loading cycles ’a’ (top figure) and ’b’ (bottom
figure) versus the static tangent Young’s moduli of Eq. (4.3), in Figs. (5.36) and
(5.37), reproduced and superposed on the dynamic elastic modulus M® of Eq.
(5.6), for the Bad Diirckheim sandstone.
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5.4.4 Conclusions

The third series of experiments investigates additionally, as compared to
the second series, the phenomena associated with anelasticity, as these are
observed at first loading. Also, the elasticity and wave velocities during small
loading cycli superposed on the main up-loading path is investigated. The
conclusions that can be drawn are listed below.

e The strains and the permanent deformation associated with the Nieder-
hausen sandstone are approximately twice as large as the one measured
for the Bad Diirckheim sandstone, which is confirmed by the core ex-
periments described in Section 4.5, and explained on the basis of the
mineralogies of both sandstones.

e The tangent Young’s modulus E* in Figs. (5.36) and (5.37) is higher
during down-loading of the main loading cycle than during up-loading.

e The largest values for the tangent Young’s modulus E* are obtained at
the onset of down-loading of an inner loop, which is confirmed by the
core experiments described in Section 4.5.

e Approximately half-way the stress interval of an inner loop the down-
and up-loading moduli are the same. During the first half of a in-
ner loop stress interval, the down-loading modulus is smaller than the
up-loading modulus, whereas, during the second half of the stress inter-
val, the down-loading modulus exceeds the up-loading modulus. This
phenomenon is the hysteresis effect.

e The two intermediate loops representing secondary and tertiary load-
ing, almost coincide, indicating that after first loading anelastic effects
are apparently eliminated.

e The permanent deformation at the end of both loading cycles, as is
observed from Figs. (5.34) and (5.35), is apparent in Figs. (5.40)
and (5.41), from the higher velocity at the end of a particular cycle,
compared to the velocity at the beginning of a cycle. This effect is
larger for the Niederhausen sandstone than for the Bad Diirckheim
sandstone.
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e Analogously to the observations from the Colton and Flechtinger sand-
stones in previous sections of this Chapter, compressional- and shear-
waves are sensitive to those axial stresses which lie in the polarization
and/or propagation direction.

¢ Anisotropy between the horizontal P-wave velocities v} , v} and the ver-

tical P-wave velocity v!, is larger for loading cycle ’b’ than for loading
cycle ’a’, the former having the largest deviatoric stresses.

e The horizontal P-wave anisotropy of the Bad Diirckheim sandstone
reflects an intrinsic anisotropy, attributed to texture or layering,

e The Niederhausen shows a larger difference in P-wave velocity be-
tween the up-loading and the down-loading curves, compared with the
Bad Diirckheim. This may be explained by the mineralogy of both
sandstones (the Niederhausen contains less quartz and more weath-
ered feldspar), causing anelastic effect to be more pronounced for the
Niederhausen.

e The dynamic elastic modulus of Eq. (5.6), at a certain stress 733, equals
the static elastic modulus of Eq. (4.3), evaluated after some instant
after the onset of down-loading during some small loop cycle around
the stress 7s3.

5.5 Discussion

The determination of the applicability of the results in this section to seismic
experiments is not straightforward. It requires the translation of the wave
velocity dependence on stress from the ultrasonic scale (hundreds of kHz)
to the seismic scale (tens of Hz). The possibility of this transformation
is suggested by the self-similar or fractal nature of the dynamic scaling laws
observed in deformation (finite strain) and in wave propagation (infinitesimal
strain). This will be argued below.

The sensitivity of ultrasonic waves to stress can be explained by micro-
crack mechanisms as micro-crack closure, nucleation, and growth, and micro-
seismicity. According to Main (1996) these mechanical deformation phenom-
ena have spatio-temporal scaling properties. Following this argument one
can imagine that some spatio-tcmporal scaling law might explain a transfor-
mation of a small loop stress-strain curve to the main loop curve in Figs.
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(5.34) and (5.35). According to Plona and Cook (1995) the elastic modulus
determined from a small loop will approach the dynamic elastic modulus
as the size of the small loop is decreased. In Figs. (5.48) and (5.49) one
observes, in accordance with Plona and Cook (1995), that the small loop
moduli are closer to the dynamic moduli than the main loop moduli.

In the limit from quasi-static to dynamic strain inertial effects will become
significant enough to generate wave propagation. In the spatio-temporal
domain associated with wave propagation we also observe scaling laws. In
Fig. (5.50) the traces of Fig. (5.16) are superposed on one time axis. We
observe a clear scaling behaviour of the wavelet, with respect to time and
amplitude, as a function of the triaxial stress. The stress increases from
right to left in Fig. (5.50). The spatio-temporal scaling property of crack
deformation is visible as a scaling of the transmitted wave. The scaling
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Figure 5.50: Superposition on one time axis of compressional-wave transmissions
through the Flechtinger sandstone for stresses from 2 to 20 MPa. The stress
increases from right to left. All axial stresses are equal: T11 = To2 = T33.

operations, with respect to time and amplitude, is further detailed in Fig.
(5.51). In this figure the solid and the double dashed lines represent P-wave
recordings at 8.7 and 20 MPa, respectively. The dashed line is computed
from the 20 MPa recording by a scaling of the time and amplitude axis (den
Boer and Fokkema (1996)). Observe that the recorded and the computed
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lines are similar for the first cycle part, validating the existence of a dynamic
scaling law.

tracc recorded at 8.7 MPa
————— trace recorded at 20 MPa

N scaled trace from 20 to 8.7 MPa

Rel. Amplitude

=)

. . . s
0.05 0.06
Time (msce)

Figure 5.51: Detail of Fig. (5.50). The solid and the double dashed lines represent
P-wave transmissions through the Flechtinger sandstone at, respectively, 8.7 and
20 MPa. The dashed line is computed from the 20 MPa recording by a scaling of
the time axis and the amplitude axis.

Using the observed self-similar nature in well-log measurements of geo-
logical strata (Walden and Hosken (1985); Todoeschuck and Jensen (1989);
Saucier and Muller (1993); Herrmann (1997)), one can envisage some renor-
malization technique (Lesne (1998)), which transforms the ultrasonic results
to the seismic scale through a so-called coarse-graining procedure. Given
the above indication of scaling laws governing the medium and the dynamics
of deformation and wave propagation one could conceive that the transfor-
mation from the ultrasonic to the seismic scale involves a scaling law which
relates the two spatio-temporal observation domains in a correct way. Her-
rmann (1997) suggests that one has to include scale dynamics in wave the-
ory involving derivatives with respect to scale. Given the complexity of the
ultrasonic-seismic scale problem no attempt is made in this thesis to up-scale
the ultrasonic results to the seismic scale. Of course it is an intriguing prob-
lem that must be addressed when working with down-scaled experiments,
that are supposed to be relevant for the seismic scale.
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Experiments have shown that the wave-velocity dispersion (a measure for
the velocity change over a frequency band, e.g. from seismic to sonic) in case
of dry- or gas-saturated porous media is quite small (Spencer (1981); Win-
kler (1985)). The small dispersion can be explained according to Fermat's
shortest path principle, meaning that higher frequency waves show higher
velocities than low frequency waves, because on a small scale a wave is more
‘manoeuvrable’ to pass through the higher velocity parts. Moos and Zoback
(1983) and Murphy IIT (1984) argue that the observed velocity dispersion
is primarily due to the sample size rather than the frequency. Ultrasonic
measurements, as in this thesis, are conducted on intact samples, whereas
field measurements from the sonic to the seismic scale involve the in-situ rock
containing cracks and fractures on a range of scales. According to the simple
model of Walsh (1965a) in Eq. (3.2) the average crack length appears to
the third power. Hence, the compressibility and wave-velocity are strongly
affected by a few relatively long cracks making a comparison between labo-
ratory and in-situ measurements difficult.

The wave-velocity dispersion in fluid-saturated rock is known to be signif-
icantly larger than in dry rock (Winkler (1985)). Therefore, the translation
of the room-dry ultrasonic results reported in this thesis to the saturated
seismic scale must be done carefully. The reason for this is that additional
loss mechanisms come into play. Winkler (1985) and Wang and Nur (1990)
discuss dispersion mechanisms as the viscous interaction between fluid and
solid, described by Biot’s theory (Biot (1956a,b)). Further they identify lo-
cal flow mechanisms, which take into account that some parts of the pore
space are more compliant than others (e.g. squirt mechanisms in Mavko
and Nur (1975)). Winkler (1985) suggests that, assuming that velocities in
dry rock are independent of frequency, seismic velocities in fluid-saturated
rock can be computed from ultrasonic measurements on dry rock, using the
low-frequency limit of Biot’s theory (equivalent to the static limit theory of
Gassmann (1951)).

For stress inference wave-velocity anisotropy is important. In Mukerji
and Mavko (1994) a local-flow theory is derived which predicts the high- and
low-frequency saturated velocities in anisotropic rocks in terms of dry-rock
properties measured e.g. in the laboratory. At low frequencies the predicted
velocities are equivalent to the ones computed from the fluid substitution
theory of Brown and Korringa (1975), which is an anisotropic extension of
Gassmann (1951). The data displayed in Figs. (5.28) to (5.32) can be used
to compute the dry-rock elastic moduli assuming transverse isotropy (Cruts
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(1995); Cruts et al. (1995); den Boer (1996)). Using Mukerji and Mavko
(1994) one can compute from these ultrasonic measurements the seismic ve-
locities for a fluid saturated transversely isotropic rock.

The number of parameters involved in theories on wave propagation in
porous media is often quite large. These parameters must be specified in
order to compute wave velocities at one scale from those at another scale.
The scaling laws observed from experiments on porous media are, however,
simple relations.

My view is that we must adhere to this experimental simplicity and find
scaling laws involving a minimum number of parameters, corresponding to
good scientific practice. The derivation of a transformation law between the
ultrasonic and seismic scale is not pursuit in this thesis.

In Part IT of this thesis a processing scheme is derived which produces an
image of temporal contrasts in terms of the kernel of a difference reflection
operator. This reflection operator depends on the acoustic velocities and
densities of the reference and monitor media. To yield the change in the
stress state these velocities must be inverted using stress-velocity relations
obtained from ultrasonic laboratory or field experiments. This inversion has
not been implemented but appears high on the future research agenda.

139




140




Part 11

l Time-lapse seismic monitoring
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Chapter 6

Time-lapse contrast formalism

The following chapters are partly based on the work reported in the M.Sc.
theses van Spaendonck (1996), Beishuizen (1997), and de Brouwere (1998).
Chapter 6 is adapted after Dillen et al. (1999).

6.1 Introduction

By calculating a time-convolution type interaction integral, evaluated at a
certain depth, involving two sets of time-lapse acoustic wave fields, one ob-
tains a representation of a difference wave field at the recording level. This
difference wave field appears as difference reflections originating from tempo-
ral contrast sources located below the interaction depth. Temporal contrasts
above the interaction depth do not produce difference reflections in this dif-
ference wave field. The equivalence of the time-convolution type interaction
integral with a difference wave field is derived by introducing a temporal
contrast source formalism, similar to the spatial contrast source formalism in
scattering theory. In this respect the difference wave field takes the role of the
scattered wave field. Calculating the interaction integral progressively with
depth one obtains an elimination procedure of difference reflections above
the interaction depth, which is illustrated by some finite difference examples
in this chapter. These vanishing difference reflections can be used in a min-
imization scheme which attempts to infer the temporal contrast parameters
above the interaction depth. Numerical examples show that the arrival time
of the difference wave field, generated by the interaction integral, appears to
be governed by a medium which is some average of the two media, each rep-
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resentative for a time-lapse state. In Chapter 10 the difference reflections are
derived as functions of temporal contrasts in the admittance operator. By
applying a symplectic eigenvalue decomposition in Chapter 10 the interac-
tion integral is set in terms of a single eigenvalue operator for both time-lapse
states, which is a function of the two admittance operators, each representa-
tive for a time-lapse state above the interaction depth. Hence, the absence
of difference reflections in this domain. The arrival time is shown in to be
governed by an up-going and a down-going wave field extrapolation operator,
the former identified with the reference state, whereas the latter is identified
with the monitor state. Using the aforementioned extrapolation operators an
image of the temporal contrasts is obtained from the consecutive interaction
integrals.

In the following sections, first a temporal contrast source formalism is
derived in terms of the wave field equations of the difference wave field.
Subsequently, the difference wave field is decomposed, at a particular depth,
into a down-going and an up-going wave field. Application of the acoustic
reciprocity theorem yields a boundary integral representation involving the
reference and monitor wave fields. This interaction integral, evaluated at the
decomposition depth, is shown to be equivalent to the up-going component
of the difference wave field, which is causally related to the temporal contrast
sources below the decomposition (interaction) depth.

6.2 The acoustic wave field equations

We consider two sets of time-lapse acoustic wave fields. One set of wave fields
is denoted by the term reference wave fields, whereas the other set of wave
fields is identified as monitor wave fields. Reference and monitor wave fields
are denoted by the superscripts .() and .(?), respectively. The space and time
Cartesian reference frames used are introduced in Appendix A. We define a
global time scale #'. With respect to this time scale, and for a certain shot
position, the onset of a reference wave field is at the time instant ¢’ = ™),
whereas the onset of a monitor wave field is at the time instant ¢t = ) with
t® > () Local time scales are obtained as t' —t() and ¢ —#(?), and are both
denoted by the symbol t. Between the time instants ¢ = ¢! and ¢ = ¢(®),
changes in the medium parameters may have occurred. We assume that
the duration of the seismic experiments is much smaller than the time-lapse
interval t® — ¢ such that during either seismic experiment the medium
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parameters p and k may be approximated by constant functions of time. The
reference state is governed by the medium parameters {pV), k(V}, whereas
the medium of the monitor state is governed by the parameters {p® x(®}
(see Chapter 7 for an introduction of the acoustic wave field quantities and
equations). Consider the Laplace domain (see Appendix B) acoustic reference
wave field equations,

opV (m;ms,s) + sp) (z )@,E,l) (a:'ws s) = f,ﬁ”( )6 (z — %), (6.1)

Gk@,(cl) (z; x>, s) + ske® (a) pV) (z; =° ,8) = ¢V (s)é (z — :cs) , (6.2)
and the Laplace domain acoustic monitor wave field equations,

Orp? (; x5, s) + sp@ () 13,(92) (z; x5, s) = f]gz) (s)6 (x— ws) , (6.3)

8k@,(f) (z; 2%, s) + s6@ () p? (z;25,5) = ¢ (5) 6 (- ), (6.4)

in which z € R? and s is the Laplace transform parameter. The space R?

iy
D¢ :
S 12

Figure 6.1: Time-lapse configuration with source position.

is divided by the planar surface oD% = {(mT,az3)| xzr € R? z3 = zY} into
an upper half—%pace DY, for which 3 < 7%, and a lower half-space D', for
which z3 > 2§ (Fig. 6. 1) The transverse coordinate &1 equals (z1, ). For
this conﬁguratlon the longitudinal coordinate :1:3 is %)omting downwards. The
source distributions with source functions, {¢V), f;”'} and {¢®, ka)} in Egs.
(6.1) to (6.4), are located at =5 € Dv. Rewriting Eqs (6.3) and (6.4) yields

0p® + sp Vo) = —sA%p0D + f176 (x — 2%) (6.5)
Or0 ( ) + skWp@ = —gA¥kp® 4 35 ( — :BS) , (6.6)
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with temporal contrast functions given by
Alp=p® — p and Al = k@ — kD, (6.7)

By subtracting Eqs. (6.1) and (6.2) from Eqgs. (6.5) and (6.6) we construct
the following difference wave field equations

Op™t + sp(l)fu"hf ,fif, in R3 (6.8)

a dlf + SK,(l) ~dif (jdlf in R3,
in which the difference wave field quantities are given by
P =p@ — 50 and  off =5 — oY, (6.10)

The difference source quantities in Egs. (6.8) and (6.9) are obtained as

0~ _sAtpaf®) 4+ AU, (6.11)
G = —sAkp® 4 Allg, (6.12)
in which
AU = (ﬁz) _ A]gl)) § (x— %), (6.13)
At — (q(2) _ q(l)) § (z —ab). (6.14)

6.3 Wave field decomposition

Next, we assume the following decomposition of the difference wave field
quantities

pAif — pdifd 4 it in R (6.15)

N (difd | dif, .
e in R3. (6.16)

The wave field components {pdif:d, 13,‘:if’d} are governed by the wave field equa-
tions

apdlfd+8p(1) dif,d _ f;cilfd, in R?, (6.17)
i spDpdifd = gditd in R3 (6.18)
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with source quantities

[fURA gditd) _ g fdif g in DY (6.19)
{FULd gaitdy _ 60 0}, in D. (6.20)
The wave field equations of the wave field components {ﬁdif’“, @gif’u} are given
by
9 pdlf g Sp(l),v(hf R ";lif,u’ in R3, (621)
Bl | g plitn — gdifn in R?, (6.22)

with source quantities

{f-;lif,u, Adif,u} — {0 0} in ]D)u’ (623)
{f;chf u’ qulf u} { d1f7 ~dif in ]D)l_ (624)

Observe that in D!

it — s AH 552 in D, (6.25)
GH = —sA%kp®, in DL (6.26)

Hence the temporal contrast sources of {p4t2 o¢""} in Eq. (6.24) only de-
pend on the time-lapse differences of p and « in D!, and are independent
of the time-lapse changes in the source functions fk and ¢. The decomposi-
tion of Egs. (6.15) and (6.16) is invoked by choosing different supports for
the temporal contrast functions of Egs. (6.11) and (6.12). From the source
domains given in Egs. (6.19), (6.20), (6.23) and (6.24) one can show that
{pitd 309 s a down-going wave field at ODY, whereas {pit", i, pdbu s an
up-going wave field at ODY. Observe that the difference wave fields deﬁned by
Egs. (6.8), (6.9), (6.17), (6.18), (6.21) and (6.22) propagate in the reference

medium.

6.4 Reciprocity theorem

In this section the acoustic reciprocity theorem of the time-convolution type
is used (for a more elaborate discussion see Chapter 7). This theorem has
its roots in Green’s theorem for Laplace’s equation and Helmholtz’s exten-
sion to the wave equation. A reciprocity theorem interrelates the wave field
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quantities of two admissible states, A and B, that occur in one and the same
time-invariant domain D C R3 (de Hoop (1995)). In forward/inverse source
and scattering problems one state is identified with a physical wave field
while the other state is identified with a computational or so called Green’s
wave field. In time-lapse problems both states are identified with physical
wave fields. The respective wave field equations for State A and State B are
given by

Bp™E (x,5) + sp™P (x) 0278 (¢, 5) = f2F (2, ), (6.27)
Ao (x,8) + sk™E () A8 (z, 5) = ¢4F (2, 5) . (6.28)

The complex-frequency domain reciprocity theorem of the time-convolution
type (in the time-domain the multiplications represent convolutions) is ob-
tained as (Fokkema and van den Berg (1993); de Hoop (1995)),

/ (09" — p*0F) red A
€T oD
+/ s[ (0% = p*)ofof — (K% — k) p*p® | AV
reh

= [ (fFt - fok + %" - a#5) 4V, (029)

TeD
in which the normal v is pointing outward ). Using the reference and monitor
wave fields of (6.1) to (6.4) as State A and State B, respectively, taking the

source position of the reference wave field to be «® instead of 5, and using
only ¢ sources, application of the reciprocity theorem yields, omitting s,

[ [ @a")5® (@ie%) -5 (@) of? @i2) |
X ecob
+/ s [A“pv,(cl) (z; =) s (z;2%) — Akp (z; 2®) p@ (e S)] dv
TeD
= W@ (= 2%) - GApL ( z™) . (6.30)

Hence, the sum of a boundary integral and a volume integral containing
temporal contrast sources is equivalent to a difference measurement.
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6.5 Interaction integral

Taking the boundary integral of Eq. (6.30) we define the following interaction
integral (for a more elaborate analysis see Chapter 10),

feony (wgl’ o wS) def / [ﬁ:g]) (arp, 22 z¥) P (2, 2%, %)
T ecR?2

—p (o, 28 @ )v§2) (zr,28; S)] dzr. (6.31)

The integration is with respect to the transverse coordinate zr = (1, 2),
at a depth z. Consider the wave fields, {pV, v(l)}(mT, ¥ ®) and

{pM vkl)}(mrp,:pg},m ), which differ with respect to their source positions.
Applications of the reciprocity theorem of Eq. (6.29) to these wave fields,
with respect to the domain D', leads to

0= / [ﬁél) (wr, 285 %) pO (1, 2Y; 25)
Tt eR?
—p (:1: , 7Y ) pi! (wT,:cgl, S)] dzr. (6.32)

In the derivation we have taken into account that contributions at

(# 4+ 23) — oo and at T3 — oo vanish. Because there is no contrast in
the medium parameters between the two states, and inside the domain of
application D' both states have no sources, the two volume integrals of Eq.
(6.29) also vanish in Eq. (6.32). Subtracting Eq. (6.32) from Eq. (6.31),
using Eq. (6.10), yields

j—conv (CL‘;I,.’;UR w@) :/

[@él) (JZT, U mR) pAit (iBT 2l wS)

— M (e, 28 2®) o (or,z4;2°%) ] der. (6.33)

Next, consider the wave fields, {p(V), o, )}(a:T,a:3 ;zR) and

{pU0d, 5759} (@, 28 2°), the latter wave field being governed by Egs. (6.17)
and (6.18). Applications of the reciprocity theorem of Eq. (6.29) to these
wave fields, with respect to the domain D!, leads to

0= [ [ (i) 5904 (@, 509
T

— ph (a:T,wgl,wR) pgitd (@, z5; S)] der. (6.34)
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Subtracting Eq. (6.34) from Eq. (6.33), using Egs. (6.15) and (6.16), yields

foonv (:Eg’ R w%) _ / [ (1) (mT’ xgl, mR) it (iET, xgl, wS)
T €R?
— pW (zr, 23 ) o5 (@, 7 ) ] der. (6.35)

Taking the wave fields, {p, 9"} (@r, z4; ®) and {pU0¥, 085"} (@, 21l 29),
the latter wave field being governed by Egs. (6.21) and (6.22), and applying
Eq. (6.29) to these wave fields, with respect to the domain D", gives

q(l)ﬁdif,u (mR’ mS) _ / [@él) (iET, :L_:t)’l’ wR) ﬁdif,u (CBT w;l, mS)
IET c R2
- 3 (er,afsa") 6§ (wr,af;25) | der. (6.36)
Using Eqgs. (6.35) and (6.36) the interaction quantity is expressed as
j'conv (l‘gl, ﬂ'JR, :BS) — qA(l)pdif,u (mR, iBS) ) (637)

We arrived at a representation of Iem in terms of the difference wave field
p3bu - According to Eqs. (6.21) and (6.22), this wave field has sources de-
pending on the temporal contrasts inside D'. Temporal contrasts inside D"
do not generate difference reflections in the difference gather pUfuand hence
in [°" whereas these would occur in pdif, If Ienv g calculated incorrectly
residual difference reflection energy from temporal contrasts inside D" will
appear. Minimizing this energy could be the basis for an inference scheme
for the reference and monitor medium parameters inside D". The reference
and monitor two-way wave fields appearing in I can be calculated from
data by applying a wave field decomposition into down-going and up-going
one-way wave fields at the recording level (Fokkema et al. (1999)). In the
next section ¢ is calculated numerically, using Eq. (6.31), for several zY,
using wave field simulation with finite differences. Also, I g calculated in
case {pM, kW} = {p® k®} in D, using the right-hand side of the following
equation,

jconv

3,.’13 x® ‘{p (1)} _ {p(z),,i@)} in DY
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We consider two cases: one for which, inside D" the reference material state
is equalized to the monitor material state, and one, vice versa, for which
the monitor material state is equalized to the reference material state. Both
calculations of I, one using the boundary integral, and the other using
the difference wave field on the right-hand side of Eq. (6.38), are compared.

6.6 Numerical example

We consider the two-dimensional model shown in Fig. (6.2), with coordi-
nate vector * = (x1,x3), in which z; denotes the lateral position in terms
of source-receiver offset, and z3 denotes depth (no z; dependency). The
wave fields are calculated and displayed in the time domain. The refer-
ence and monitor velocities and densities are given in Table (6.1). With a

c® fm/s] p [kg/m’]

background 1800 1500
diamond-shaped object 2500 2000
lower layer 2700 2300
¢® [m/s] p® [kg/m’]
background 1800 1500
diamond-shaped object 2700 2200
lower layer 2900 2400

Table 6.1: Reference and monitor velocities and densities, c(l),p(l) and ¢ and
@)
p\.

two-dimensional finite difference code two acoustic time-lapse wave fields in
(z1, z3)-space are simulated. The reference and monitor sources are placed at
the top of the model at 0 m depth, at 0 m offset. Th e receivers for both ex-
periments are placed at 0 m depth, at offsets covering the entire model. Fig.
(6.2) shows a difference gather p4 (see Eqs. (6.8) and (6.9)), obtained by
subtracting a single reference shot-gather from a single monitor shot-gather.
The first reflection originates from the top sides of the diamond-shaped ob-
ject. The reflection from the bottom sides merges with the reflection from
the top side at larger offsets, and shows a triplication at small offsets. The
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Reference model

offset [m]

Figure 6.2: Model containing a diamond-shaped object, embedded in a back-
ground medium, and a lower layer. Temporal contrast in diamond-shaped object
and lower layer.

reflection from the lower layer starts, at zero offset, just after 0.700 s, its
complex shape determined by the diamond-shaped object.

The following finite difference modelling results were done to test the
equivalence of the interaction integral of Eq. (6.31) with an up-going dif-
ference wave field, governed by Egs. (6.21) and (6.22), as expressed by
Eq (6.37). First, we model the interaction integral at z§ = 400m and
373 = 650m, for (a:l,a:g) (0,0) m, zf ranging over the entire model and
2} = 0m. From Eq. (6.31) we see that (2%, z¥) is the source location of the
reference wave field, whereas (z$,z5) is the source location of the monitor
wave field. Hence, several reference shot-gathers are modelled for the afore-
mentioned (z}, a:3R) -range, with the wave field measured at x3 = zf. Also,
a single monitor shot-gather with source position, (z%,z3) = (0,0), and also
with receivers at zz3 = z¢, is modelled. Using these shot-gathers we calculate
the interaction integral of Eq. (6.31), in the time-domain, at 2§ = 400 m and
2l = 650 m. The resulting 1™ (zY; =%, 2, 27, 25) are shown in Figs. (6.4)
and (6.5), respectively.

To test if 1°™ is equivalent to an up-going difference measurement p

according to Eq. (6.37), evaluated in the time domain, we should model thls

~dif, u
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Difference data at 0 m depth
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Figure 6.3: Difference wave field evaluated at 3 = 0m depth for a range of offsets
covering the model.

Boundary integral at 400 m depth Boundary integral at 650 m depth
0.2 02+ R —
]
. ’ II I
0.3 03| W !
. ’,“ "I}
0.4 0.4 h N V'
i "» ,\'
05 Y 05 | :: .
Z . z | L "> ,“‘
006 0.6 T
E £ ! i
=07 ,D' <07 e
] ! M
os{™ iy 0.8 B iy
E-RNE r . 1 T
W .':”. ] | ”
0.9 »’ ;W’ P'”»n,’)
.»» m»»,,
14 ‘wb' ITTITIT . .
-800 -400 0 200 -800 -400 0 200
offset [m] offset [m]
Figure 6.4: interaction integral Figure 6.5: Interaction integral
at z§ = 400 m. at z¥ = 650 m.



Difference data at 0 m depth

-1500 -1000 -500 500 1000 1500

0
offset [m]

Figure 6.6: Difference wave field at 3 = 0m, no temporal contrasts for r3 <
400 m.

wave field using the wave field equations of Eqgs. (6.21) and (6.22). Given
the source distribution of this wave field this is quite difficult to accomplish.
Using the fact that pdif" originates from contrast sources at z3 < Tl we
apply the following simpler procedure given in Eq. (6.38). The monitor
model of Table (6.1) is changed such that it equals the reference model for
r3 < 400m (halfway the diamond-shaped object), thereby eliminating the
temporal contrasts for 3 < 400m and retaining the temporal contrasts for
25 > 400m. The resulting difference gather, using the same source/receiver
parameters with which Fig. (6.3) is obtained, is shown in Fig. (6.6). One
observes that Fig. (6.6) is very similar to Fig. (6.4), thereby indicating
that the interaction integral is equivalent to a difference wave field which
shows no temporal contrast above the interaction depth. We proceed by
further altering the monitor model such that there is no temporal contrast
in the diamond-shaped object. The only temporal contrast is in the lower
layer. In Fig. (6.7) the difference gather is shown. The difference reflections
associated with the temporal contrast in the diamond-shaped object, visible
in Fig. (6.3) have disappeared. Note the similarity of Fig. (6.7) with Fig.
(6.5).

In Fig. (6.7) the monitor model was changed such that it equalized the
reference model for z3 < 650 m. To examine the arrival times of the difference

154




Difference data at 0 m depth
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Figure 6.7: Difference wave field at x3 = O0m, no temporal contrasts for x3 <
650 m.

reflections for this configuration, Fig. (6.7) is reproduced in Fig. (6.8) at a
smaller scale. For comparison, in Fig. (6.9), a difference gather is shown
obtained by changing the reference model to the monitor model for z3 <
650m. We observe that the maximum of the first arrival, at zero offset,
in Fig. (6.8), is approximately at 0.73 s, whereas the same arrival, in Fig.
(6.9), measures 0.71 s. The first reflection in the latter figure arrives earlier
because, according to Table (6.1), the monitor velocity, c¢(?, is larger than
the reference velocity, c¢(). To examine the same arrival time in case of the
interaction integral, calculated at x3 = 650 m, as shown in Fig. (6.5), this
last figure is also shown on a larger scale in Fig. (6.10). The arrival time of
the maximum of the first reflection, at zero offset, is approximately 0.72 s, in
between the aforementioned arrival times in Figs. (6.8) and (6.9). Because
there are no apparent difference reflections present above the interaction
depth of z3 = 650m in Fig. (6.10), we expect to be able to identify with
the first reflection two media descriptions which do not generate difference
reflections, as is possible in the Figs. (6.8) and (6.9). Because the wave ficld
of Fig. (6.10) is constructed using the interaction integral of Eq. (6.31), these
media descriptions will be some integral average of both the reference and
monitor media, with respect to the lateral coordinates ;. This observation
is quantified in Chapter 10 in terms of the reference and monitor scalar
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density and admittance operators. The temporal contrast in the density
is maintained, but the contrast in the admittance operator is eliminated
through an eigenvalue decomposition (see Fig (10.1)). Because difference
reflections only depend on temporal contrasts in the admittance operator,
absence of this contrast eliminates these reflections.
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Difference data at 0 m depth

Difference data at 0 m depth
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model equalized to reference model equalized to monitor

model for z3 < 650m.

model for 3 < 650m.
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Figure 6.10: Interaction inte-
gral at x3 = 650 m.
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Chapter 7

Acoustic reciprocity theorems

7.1 Introduction

In this chapter the acoustic reciprocity theorems of the time-convolution and
the time-correlation types are derived. The theorems have their roots in
Green’s theorem for Laplace’s equation and Helmholtz’s extension to the
wave equation, the latter being introduced by Lord Rayleigh in his book The
theory of sound. The acoustic reciprocity theorem, or Rayleigh’s reciprocity
theorem, has numerous applications, such as in

e transmitting/receiving properties of acoustic transducers,
o direct(forward) and inverse source problems,

e forward and inverse scattering problems,

e time-lapse problems (this thesis).

It also leads, as will be shown later, to a mathematical formulation of Huy-
gens’ principle. A reciprocity theorem interrelates the wave field quantities of
two admissible states that occur in one and the same time-invariant domain
D C R® (de Hoop (1995)). In forward/inverse source and scattering prob-
lems one state is identified with a physical wave field while the other state is
identified with a computational or so called Green’s wave field. In time-lapse
problems both states are identified with physical wave fields. Application of
the time-domain reciprocity theorem to these problems leads to an integral
representation of the physical wave field in terms of its time-retarded state
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(forward problems) or in terms of its time-advanced state (inverse problems).
According to Brody (1993), Einstein already showed in 1909, with regard to
Maxwell’s equations, that as long as the domain of application is confined to
a finite region, the time-retarded and the time-advanced representations are
equivalent. Initial conditions in the form of the physical wave field’s initial
state are used in the time-retarded representation to calculate its final state.
The time-advanced representation uses the physical wave field’s final state as
final conditions to confirm the initial state. Mixed boundary conditions are
also possible as long as the domain is finite. Brody (1993) identifies this bi-
directional determinism with finite and limited systems on the one hand and
reversibility on the other. According to Brody (1993) infinite systems are as-
sociated with uni-directional determinism which can not be inverted. In this
thesis the domain of application for a reciprocity theorem comprises a finite
interval along the longitudinal coordinate and is infinite in the transverse di-
rections. Contributions for which the transverse coordinates tend to infinity
vanish (Fokkema and van den Berg (1993)). The time-retarded representa-
tion of a wave field in terms of contributions from two infinite surfaces can be
reduced to one, using Sommerfeld radiation conditions (causality conditions
in de Hoop’s terminology) at infinity, yielding the mathematical formulation
of Huygens’ principle. The time-advanced representation, in which the state
of the physical wave field depends on its future state, involves anti-causal
Green’s wave fields. These latter wave fields do not satisfy Sommerfeld ra-
diation conditions at infinity, which excludes the possibility of representing
the physical wave field in terms of contributions from a single infinite surface
(Bojarski (1983)). Hence, the incompatibility of the time-retarded and time-
advanced representations for a half-space configuration poses one example of
an infinite system which does not allow bi-directionality. The philosophical
implication of a system which is both infinite and bi-directional is that the
concept of causality becomes meaningless because no distinction can be made
between cause and effect (Brody (1993)).

7.2 The acoustic scalar wave field equations

The wave field equations of acoustics are given by the equation of motion,
oLp (.’L‘, t) + ‘i)k (ZB, t) = fr (:l?,t) , (71)
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and the deformation equation,

Ok, (mv t) —0 (m’ t) =4q ($,t) (72)

(Fokkema and van den Berg (1993); de Hoop (1995)). In Eq. (7.1) p consti-
tutes the pressure, ®; represents a component of the mass flow density rate
and fj signifies a component of the volume source density of volume force.
In Eq. (7.2) vy constitutes a component of the particle velocity, § represents
the cubic dilatation rate and g represents the volume source density of injec-
tion rate. For a fluid that is linear, time-invariant, instantaneously reacting,
locally reacting, isotropic and lossless in its acoustic behaviour we use the
following constitutive equations,

& (x,t) = p(x) Dy (1) (7.3)

and
0 (x,t) = —k (x) Dyp (x, 1), (7.4)

with the co-moving time derivative, D; = 0; 4+ vx0k, which produces the rate
of change with time that an observer registers when moving through the fluid
with the particle velocity v. We assume that inside the considered domain the
constitutive quantities, the volume density of mass p and the compressibility
Kk, in Egs. (7.3) and (7.4), are smooth, i.e. infinitely differentiable functions
of position. The acoustic quantities are summarized in Table (7.1). The

Symbol Name Unit

p pressure Pa

v particle velocity ms?

P mass flow density rate kgm=2s2
0 cubic dilatation rate s~1

p volume density of mass kgm™3

K compressibility Pa~!

f volume source density of volume force Nm™3

q volume source density of volume injection rate s!

Table 7.1: Acoustic quantities and their units

system of equations (7.1) to (7.4) is nonlinear in the particle velocity v due

161




to the occurrence of v in the co-moving time derivative D,. Assuming that the
dynamic pressure, associated with the acoustic wave motion, represents small
amplitude variations on a static equilibrium distribution of pressure (e.g.,
seismic waves in the Earth superposed on a hydrostatic gravity background
pressure), and assuming that the particle velocity is small with respect to the
stream velocity of the fluid (e.g., sound waves in a stream of the exhaust of
an internal combustion engine), the linearized acoustic wave field equations
can be derived as

Op (2,1) + p () Opvk (2, 1) = fi (, 1), (7.5)
and
Our (X, 1) + K6 (x) Op (x,1) = ¢ (x,1), (7.6)

(see de Hoop (1995)[p. 31-34]).
The causal wave field quantities, p and v are subject to the following
initial conditions

p(x,t) =0 for t<0, (7.7)
v(xz,t)=0 for t<0.

Application of the Laplace transform of Eq. (B.2), to the Eqgs. (7.5) and
(7.6) yields

O (¢, 8) + sp () O (2, 8) = p () v (2,0+) + fi (m,5),  (T.8)
and
Ay, (,8) + sk (x) P (x,5) = K (x) p (x,0+) + § (2, 5), (7.9)

where we used Eq. (B.21). Non-vanishing wave field quantities at ¢ = 0 are
handled by incorporating these in the source terms in the right-hand sides
of Eqs. (7.8) and (7.9). Assuming that f and § incorporate the extended
source definitions we can write

-~

Op (z,8) + sp(x) Ok (x, 8) = fr (x,5), (7.10)
and

Opp (x,8) + sk () p(x,s) =¢(x,s). (7.11)
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Any causal Laplace transformed function in Egs. (7.10) and (7.11), satisfying
the initial conditions of Eqs. (7.7), satisfies the condition Re(s) > 0, which
ensures regularity in the right half plane of the complex s-space. By reversing
the time-axis, according to {p*, vi}(zx,t) = {p,vs}(x, —t) (Eq. (B.14)), one
can also consider the following anti-causal wave field equations,

Okp” (x, 1) — p (@) O (, t) = fi (@, 1), (7.12)
and

Opvi (1) — K (2) Op” (1) = ¢* (w, 1), (7.13)
which are subject to the following final conditions

p*(x,t) =0 for t>0, (7.14)
v*(x,t) =0 for t>0.

Taking the Laplace transform of Egs. (7.12) and (7.13), using (B.10) and Eq
(B.16), and incorporating non-vanishing wave field quantities at £ = 0 in the
source terms on the right-hand sides of these equations, yields

O (z, —52) — 2p (@) O (, —s*) = fr (x, —5%), (7.15)
and
Oy (¢, —8*) — sk (z) p (@, —s*) = G (x, —s), (7.16)

in which the Laplace transform parameter s*, in Egs. (7.15) and (7.16),
satisfies the condition Re(s?) < 0. Hence, wave field equations which describe
anti-causal wave fields are obtained by time-reversal in the time domain and
taking —s® instead of s as the Laplace parameter in the transformed domain
(Fokkema and van den Berg (1993) and de Hoop (1995)).

7.3 The acoustic vectorial wave field equation

Employing a Cartesian reference frame we regard the wave field quantities as
a function of the transverse vector coordinate @ and the longitudinal scalar
coordinate 3. The orientation of the Cartesian reference frame is fixed by
choosing the longitudinal coordinate x3 to coincide with the general wave
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field direction. In surface seismic measurements the longitudinal direction is
chosen to be vertical and measures depth, whereas e.g. in cross-well seismic
measurements the longitudinal direction is horizontal, measuring inter-well
distance. To accommodate such a directional decomposition the transverse
particle velocity components ©; and v, are eliminated from the wave field
equations (7.10) and (7.11), obtaining a single differential vector equation in

terms of wave field vectors.

We separate from the wave field equations, Eqgs. (7.10) and (7.11),

b + spbr = fi,

Opr + sKp = 4,
the transverse and longitudinal spatial derivatives,

Oap + $pie = fu,
Osp + spbs = fs,

63{)3 + 60/004 + 8Kp = (j

Extraction of 9, from Eq. (7.19),

6(1 = - (sp)_l 8aﬁ + (Sp)_l fa}

and substitution of the result into Eq. (7.21) yields

83@3 + (5)0)_1 [’3’2 - paa (p_laa) ] ]5 = QA - 5_160 (p_lfa) 3

in which

N S
y=-

c
and the acoustic wave speed is given by

¢ = (pK)
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Combining Eq. (7.20) with Eq. (7.23) results in the following first-order
ordinary differential equation with respect to z3 (Wapenaar and Berkhout
(1989); de Hoop (1992)),

OsF + AF = N, (7.26)

with thg wave field vector f‘, the acoustic system operator A and the source
vector N given by

n_ (P A (0 sp o fs
F_<®3)’ A_<S’€ 0)’ N_(C}—S_lﬁa(p_lfa)>’ (7.27)

respectively. The operator Kf, given by
K=k—s20,(p"0a), (7.28)

contains only spatial derivatives with respect to the transverse coordinates.
Defining the so called Helmholtz operator as,

def .2

Hy = 4% — pOy (p 00 , (7.29)

we have

~

K =s72p 1, (7.30)

7.4 Acoustic states

We consider a time-invariant, open domain D in R®, bounded by the infinite
surfaces r3 = 73 and x3 = o} (the superscripts .* and .! stand for ‘upper’ and
‘lower’, respectively), with x5 > =¥ (geological configuration), in which two,
possibly non-identical acoustic states can occur. The two states are denoted
by the superscripts . and .Z. Both states are defined by:

e the wave field quantities {F4, F5},
e the material matrix operators {AA, AB},

e the source quantities {N4, N5},
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For both State A and State B, the relation between the wave field state,
the material state and the source state is governed by the wave field vector
equation (7.26). The two states are expressed as

A={F4 A4 N4} and B ={FP AP NP} (7.31)
The respective wave field vector equations are given by

BsFA + AYFA = N4, (7.32)
9FP + APFE = N5, (7.33)

The two states and the domain of application of the reciprocity theorem are
shown in Fig. (7.1). The wave field vector equations of Eqs. (7.32) and

T3 =2a§-r— i3
{FA A4 NA} {FB AB NB}
D
.’E3 - .’[,'3 """""""

Figure 7.1: The two states, State A = {FA A4 N4} and State B =
{FB, AB NB}, and the domain of application D of the reciprocity theorem.

(7.33) apply to those points in D where the medium parameters « and p are
smooth, i.e. infinitely differentiable with respect to the spatial coordinate
(xr,73). At interfaces z3 is constant, for which the medium parameters are
discontinuous with respect to the longitudinal coordinate 3, the wave field
vector equations of Eq. (7.32) must be supplemented with the following
boundary conditions,

{F4 F5} is continuous across interface. (7.34)
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In case of interfaces represented by hyper-surfaces, which coincide e.g. with
geological contrasts, a reference frame with curvilinear coordinates would be
more appropriate. In this thesis we confine ourselves to planar surfaces.

In de Hoop (1995) and Fokkema and van den Berg (1993) the wave field
equations (7.10) and (7.11) are used to derive the Laplace domain reciprocity
theorems. In this thesis we use instead the wave field vector equation (7.26)
to accommodate the preferential longitudinal propagation direction of the
wave fields.

7.5 Bilinear forms

Consider the following definition of a bilinear form f ,

f(F,G)Y / F'(z1)BG (zr) dzr, (7.35)

Tt eR?

which constitutes the mapping,
£ [ (R x [12 (RH])* — ¢, (7.36)

from the product of two Hilbert spaces into the complex plane C. A Hilbert
space [L? (R?)]? is a set of square-integrable (L?), vector-valued ([]?) func-
tions, F, G € [L?(R?)]?, defined on the transverse coordinate space R?. The
superscript .' denotes transposition of the vector F. The linear operator B
associated with f is given by the map,

B: [L2(RY)]* — [LA(R)]*. (7.37)

Bilinearity means that (Lang (1993)), VF,F1,F, G, G}, G, € [L*(R?)]? and
Ya,b € C, we have linearity in the first variable

fF1+F,G) = f(F,G) + f(F2,G), (7.38)
f (G’F7 G) = af (FvG)7

and linearity in the second variable

J(F,G1+Gy) = f(F,G1) + f(F,Gy), (7.39)
f(F,bG) =bf (F,G).
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We say that f is a symmetric bilinear form if
f(F,G)=f(G,F), VF,G e [l*R?)]". (7.40)
A bilinear form f is called an alternating form if
f(F,F)=0, VF e [L}RY]". (7.41)
An alternating form has the following property,
f(F,G)=—f(G,F), VF,G e [[*R%)], (7.42)
as one can see by substituting F + G in Eq. (7.41) and using the bilinearity

property of Egs. (7.38) and (7.39).
The bilinear form f associated with B is symbolized as

f(F,G)=(F,BG),. (7.43)

Given the linear operator B and its associated bilinear form f there exists a
unique linear map

B': [L*(R%)® — [LA(RY)]’, (7.44)
such that
(F,BG), = (B'F,G),, VF,G e [L*R?)]". (7.45)

We call B* the transpose of B with respect to f. For, a € C and B,C :
[L?(R?)]? — [L*(R?)]?, we deduce that (Lang (1993)),

(aB)' =aB', (B+C)'=B'+C!, (B) =B, and (BC)'=C'B"
(7.46)

In terms of scalar operators we have,

B B ¢ (B'ii 51
B = — B'= 7.47
(321 Bz2> LB, (7.47)

in which the operators B, constitute the maps Bag : [L2(R?)]' — [L2(R?)]",
with [L%(R?)]! being a Hilbert space of scalar-valued functions, and the

168




transposition operation is with respect to a bilinear form, f : [L? (R?)]!
[L? (R*)]! — C, of scalar-valued functions.
If f is symmetric then, using Eqgs. (7.35), (7.40) and (7.45),

(F,BG), = (G,BF), = (B'G,F), = (F,B'G), ,
VF,G € [L2(RY)]*. (7.48)
Hence,
B =B, (7.49)

The matrix operator B is said to be symmetric with respect to f. If f is
alternating then, using Eqs. (7.35), (7.42) and (7.45),

(F,BG), = - (G,BF), = — (B'G,F), = (F,-B'G),,
VF,G € [*RY)]*. (7.50)
Hence,
B = —Bt. (7.51)

The matrix operator B is said to be skew-symmetric or alternating with
respect to f.

7.6 Time-convolution type reciprocity theo-
rem

Consider the domain D = {(xr,z3)| xT € R? 2} < 23 < 23} shown in Fig.
(7.1). Following Wapenaar (1996b) and Haines and de Hoop (1996), in D, an
interaction quantity I hetween the two states, A and B, associated with
the wave field vector Egs. (7.32) and (7.33), is defined, according to,

[ (22 (R2)]) x [L2 (R?)]* — C. (7.52)
and

[Iconv (FA FB)] (3, 5)

def

o\t .
:’/ (FA) (z7, 23, 8) JFP (@1, 23,5) dXT. (7.53)
:I:Te]R2
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The interaction quantity [ constitutes a bilinear form with the variables
73 and s acting as parameters. The standard alternating matrix operator J,
associated with the bilinear form 7™, is given by

= (—Oz é) , (7.54)

with @ and Z representing the scalar null and scalar identity operators,
respectively. Using the notation of Eq. (7.43) the bilinear form I°" is
symbolized as

feonv (FA,FB) - <FA,JFB>b. (7.55)

In accordance with the skew-symmetry of J,
J=-J (7.56)

the interaction quantity I*™ ig an alternating form. Hence, according to Eq.
(7.41)

o (B,F) =0, VF e [L(RY)], (7.57)
and according to Eq. (7.42)
Jeonv (FA’:FB> — _Jeonv (ﬁ\B’FA) ’ VFA,FB e [LQ(RZ)]Z ) (758)

The multiplication of the Laplace transformed wave field quantities in Eq.
(7.53) is equivalent to a convolution in the time domain, hence the denotation

~

ICOI).V

Taking the derivative of Eq. (7.53) with respect to the longitudinal co-
ordinate x3, omitting the Laplace transform parameter s from the argument
lists, yields

85 <FA, JFB>b (5) = <63FA,JFB>b (3) + <FA,J83FB>b (z3). (7.59)

Substitution of the wave field vector Eqgs. (7.32) and (7.33) into the right-
hand side of Eq. (7.59) leads to the local form of the reciprocity theorem of
the time-convolution type,

o (4,067 (2;) = - <F [(AA)tJ+ JAB] FB> (23)

+ <NA,Jﬁ‘B>b (z3) + <13“A,bJNB>b (z3), (7.60)
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Eq. (7.60) is local with respect to the longitudinal coordinate z3. In this last
equation (AA)t denotes the transpose of the matrix operator A4, as defined
in Eq. (7.45). The contrast operator in the first integral on the right-hand
side of Eq. (7.60) is derived as

(AA)tJ +JAE = |7 [’CB B (’CA)t] © (7.61)
O —s(pP - p*) I ’ .

which constitutes a diagonal matrix operator. Taking identical states in Eq.
(7.31),

A=B={F,AN}, (7.62)

Eq. (7.60) becomes, using Eq. (7.41), the quadratic form

<F, (AU + JA) F)b (z3) = 0, (7.63)
with
A'J+ JA = <s (’C - ,@) O) . (7.64)
o o

Because Eq. (7.63) must hold for VF € [L(R?)]” we have that K of Eq.
(7.64) is symmetric with respect to its associated bilinear form,

~ ~

K =K" (7.65)
Hence, A is symplectic, i.e.
A'J = —JA. (7.66)
We can now write
(AA)tJ 1 IAE = JAA = (S%’C ~Sip1> , (7.67)
with
AA = AP — AA (7.68)
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and
AK=KP —K* and Ap=pf —p" (7.69)

Integration of Eq. (7.60) with respect to z3, from z3 = z% to x3 = i,
with z} > z3 (Fig. (7.1)), yields the global form of the reciprocity theorem
of the convolution type,

(c4) — (E4,JB%) (a})

_ / * <FA,JAAﬁ‘B>b(x3)dx3

—pu
3=Ig

<FA’ JFB>b

LN, G+ (BN (a)]an (70

—pu
3=23

In de Hoop (1995)[p. 164-166] and Fokkema and van den Berg (1993)[p. 95-
97, the reciprocity theorem of the convolution type is derived in terms of
the scalar wave field quantities p and . In case of equality of the material
parameters of State A and State B Eq. (7.70) reduces to

(#387) ) (#4387,

= [ L), o (008, (e G

Y—mu
3=T3

7.7 Sesquilinear forms

Consider the following definition of a sesquilinear form g,

def

g(F,G) = /a: o F' (1) BG (z7) dxr, (7.72)

which constitutes the mapping,
g: [2(RY]* x [I* (RY)]* = C, (7.73)

from the product of two Hilbert spaces into the complex plane C. The
superscript .| denotes the product operation of transposition, signified by .!,
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and complex conjugation, signified by .*. The linear operator B associated
with ¢ is given by the map,

B: [LA(R?)]" — [L3(RY)]". (7.74)

Sesquilinearity means that (Lang (1993)), VF,F,F2, G, G, G, € [L*(R?)]?
and Va, b € C, we have anti-linearity in the first variable

g(F1 +F2,G) =g(F1,G) +g(F2,G) , (775)
g (CI,F, G) - a*g (Fv G) 3

and linearity in the second variable

g (F, G+ Gg) =g (F, Gl) +g (F, GQ) s (776)
g (F,bG) =bg (F,QG).

A sesquilinear form g is called a hermitian form if
9(F,G)=g¢*(G,F), VF,Ge [*R)]". (7.77)
The sesquilinear form g associated with B is symbolized as
g(F,G) = (F,BG),, (7.78)

The subscript . is used to distinguish it from a bilinear form, for which in
Eq. (7.43) the subscript ., is employed. Observe that a sesquilinear form can
be expressed as a bilinear form according to

(F,BG), = (F*,BG), . (7.79)

Given the linear operator B and its associated sesquilinear form g there exists
a unique linear map

Bt : [L3(RY)]* - [L2(RY)]?, (7.80)
such that

(F,BG), = (B'F,G) , VF,G ¢ [L*(R?)]". (7.81)

s

We call B the adjoint of B with respect to g. For, a € C and B,C :
[L*(R?)]* — [L*(R?)]?, we deduce that (Lang (1993)),

(@B)' =a'Bf, (B+C)f=BI+C, (B")'=B, and (BC)'=C'Bf.
(7.82)
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In terms of scalar operators we have,

By, Blz) B}, B}
B= — Bi=(_1 "2}, 7.83
(le By B!, Bl (7.83)
in which the adjoint operation is with respect to a sesquilinear form, g :
[L% (R?)]* x [L? (R*)]' — C, of scalar-valued functions.

Consider the operator B and its associated sesquilinear form g of Eq.
(7.78). If ¢ is hermitian then, using Egs. (7.72), (7.77) and (7.81),

(F,BG), = (G,BF)! = (B'G,F) = (F,B'G)_,
VF,G e [LX(R?)])". (7.84)
Hence,
B =B (7.85)

The matrix operator B is said to be self-adjoint or hermitian with respect to
a sesquilinear form g. One can easily prove that (Lang (1993))

B=B' <« (F,BF), isreal, YF e [L}(R})]". (7.86)

7.8 Time-correlation type reciprocity theorem

Consider the limiting case in which the Laplace parameter s — jw via
Re(s) > 0, i.e. we consider the wave field quantities in the Fourier do-
main, and express this, according to Eq. (B.6), with the symbol . Follow-
ing Wapenaar (1996b) and Haines and de Hoop (1996), inside the domain
D = {(x1,zs)| &1 € R%, 2% < 23 < z}}, shown in Fig. (7.1), an interaction
quantity I between two states, A and B, associated with the wave field
vector Egs. (7.32) and (7.33), is defined, according to,

fom (22 (RY)]® < (L2 (R?)]* = C, (7.87)
and
[jcorr (FA’ FB) :l (.’,C3,CU)

déf / (FA)T (mT’ I3, U.)) KFB (wTa I3, UJ) dwT) (788)
Tt eR2
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The interaction quantity 7°" constitutes a sesquilinear form with the vari-
ables z3 and w acting as parameters. The matrix operator K, associated with
the sesquilinear form I, is given by

O I
K = (I (9) . (7.89)
Using the notation of Eq. (7.78) the sesquilinear form I°°™ is symbolized as
[°7 (F4 FP) = (F4 KFP)_. (7.90)

In accordance with the self-adjointness of K,
K =K, (7.91)

the interaction quantity ° is a hermitian form. Hence, according to Eq.
(7.77)

jcorr (FA’ FB) — [jcorr (FB7 FA)} * : VFA, FB c [LZ (R2)] 2 ) (792)

Multiplication in the Fourier domain of a function with an other complex
conjugate function, as in the interaction quantity of Eq. (7.88), is equivalent
to a correlation of the pertaining functions in the time-domain, hence the
denotation I®.

Taking the derivative of Eq. (7.88) with respect to the longitudinal coor-
dinate x3, omitting the Fourier parameter w from the argument lists, yields

85 (B4 KFP) (z5) = (05F*, KEP) (z3) + (F4 KO FP) (z3).  (7.93)

Substitution of the wave field vector Eqs. (7.32) and (7.33) into the right-
hand side of (7.93) leads to the local form of the reciprocity theorem of the
time-correlation type,

05 (FA,KE?), (z5) = — (B4, | (A%) K+ KAP | F?) (ay)
+ (N KF?)_(z3) + (F4, KN®)_(z3), (7.94)

In this last equation (A%)! denotes the adjoint of the matrix operator A4,
as defined in Eq. (7.81). The contrast operator in the first integral on the
right-hand side of Eq. (7.94) is derived as

iV was [ dw | K= (KA 0 ,
(A%) 'K+ KA ( [ o }jw(pB—pA)I>’ (7.95)
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which constitutes a diagonal matrix operator. Taking identical states in Eq.
(7.31),

A= B={F AN}, (7.96)

Eq. (7.94) becomes, using Eq. (7.86),

(F, (ATK + KA) F)_(z3) is real, (7.97)
with

Kt i (jw(K-K) O

AK+KA_< o o) (7.98)

From Eqs. (7.97) and (7.98) we obtain the scalar form
(p, jw (K = K1) p)_(z3) is real. (7.99)
We consider real frequencies, hence
(B, (K — K1) p), (ws) is purely imaginary. (7.100)

Because this last equation must hold for Vp € [L*(R?)]", we must have that,
using the fact that for lossless media K of Eq. (7.28) is a real operator, K is
self-adjoint with respect to its associated sesquilinear form, expressed as

K =K' (7.101)

In Wapenaar (1996b) it shown that K is a self-adjoint operator assuming
certain boundary conditions. We obtain the following property for A

ATK = —KA. (7.102)

We can now write

ANt AB __ A ]CUA’C O
(AY) K+ KA _KAA_< 0 ijpI)’ (7.103)

in which the difference quantities are given in Egs. (7.68) and (7.69). Inte-
gration of Eq. (7.94) with respect to 3, from z3 = z3 to 3 = z}, yields the
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global form of the reciprocity theorem of the correlation type,

(F4 KEP) (z}) — (F4, KE?) (%)

— / (F4 KAAF?) (x3) dz;

+/x3 [(NA,KE®)_(z3) + (F4, KNP) _(25)] das, (7.104)

—pu
3=T3

In de Hoop (1995)[p. 169-171] and Fokkema and van den Berg (1993)[p. 101-
102], the reciprocity theorem of the correlation type is derived in terms of the
scalar wave field quantities p and ©. Equality of the material states entails,

(B4 KE?), (ah) — (B4 KE?)(a5)

- / [(NAKEP)_(25) + (F4 KN®) (23)] des. (7.105)

P
3=Ig3

The reciprocity theorems of the time-convolution and time-correlation
types, derived in this chapter, are used in the subsequent chapters to derive
wave field representations, and symmetry and adjointness relations.
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Chapter 8

Wave field decomposition

8.1 Introduction

By defining a background medium and an associated laterally infinite scat-
tering surface, acting as a bounding surface of a scattering domain, a wave
field decomposition is introduced. The wave field components are the inci-
dent wave field, propagating with respect to the background medium and
originating from the actual source, and the scattered wave field, which also
propagates through the background medium, but originates from contrast
sources located inside the scattering domain. Both the incident and scattered
wave fields are, obeying down- and up-going wave field conditions, respec-
tively, with respect to the background medium, one-way wave fields, which
can be propagated into the medium using operators derived in the Chapter
9. This enables a recursive approach, where a sub-domain is progressively
enlarged, reflecting an increasing state of knowledge, until the entire domain
of application is covered. This approach is especially suited to time-lapse
states, in which the interactions (e.g. quantified by phase differences) are
cumulative in the main wave field directions.

Integral representations are derived for the first component of the wave
field vectors of the incident, scattered and total wave fields. Taking the
limit towards the scattering surface these representation are used to derive
Dirichlet-to-Neumann (D-t-N) operators, which transform, at the scattering
surface, the first component of the wave field vectors to the second com-
ponent. Decomposition, reflection and transmission operators are derived
and expresscd in terms of D-t-N operators. The aforementioned operators
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characterize the medium and will be used to quantify temporal changes that
might occur within two media realizations.

8.2 Wave field equations

Consider the surface 9D*, given by z3 = 75", which divides R* into two half
spaces: the open scattering domain, D**) and the open domain s’ which
is the complement of D** U D in R3 (Flg. (8.1)). Consider the acoustic
wave field vector F governed by the following wave field vector equation (see
Eq. (7.26)) inside R?,

NG (z; 2%, s) + AF (z;25,s) = N (z;25s), zeR%a’¢ D (8.1)

with source vector

N (z; 2%, s) = (q (5)6 (?U B ms)> : (8.2)

The source vector N has a zero first component, and a second component
given by the volume density of volume injection rate g, represented by a
Dirac distribution with support at @ = x5, indicated in the argument lists
of F and N. The medium system matrix operator A is determined by the
medium parameters {p, x}, from now on also called actual medium param-
eters, according to Eq. (7.27). In R3? the background medium parameters,
{p®, nb} characterizing the background medium and an associated back-
ground medium system matrix AP are defined, and set with respect to the
actual medium parameters according to

{p,x} = {*,K"}, in D, (8.3)
{p, 5} = {p" s"} + {Ap, AK}, in D**. (8-4)

Inside D*" the actual medium parameters equal the background medium
parameters, whereas inside D**, the actual medium parameters are the sum
of the background medium parameters and the perturbations {Ap, Ax} (Fig.
(8.1)). Accordingly, the actual wave field vector F, also denoted as the total
wave field vector, is decomposed into an incident wave field vector F'"°, and
a scattered wave field vector FSCt,

F=Fr 4 Fst in RS (8.5)
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{p,r} = {p" K"}
sct 8Dsct

553:£E3 """""""""

{p,s} = {p° K"} + {Ap, Ak}
]D)sct

Figure 8.1: Scattering configuration with actual medium parameters in terms of
background medium parameters and a perturbation. Actual source position x5
inside D5t

The incident wave field is governed by the background medium, expressed
by the incident wave field vector equation as

dy e (; 2 ) + Abfrinc (z; z° ,8) = N (z; z° ,8)
x € R® 25 e DY, (8.6)

with the same source vector N as with the total wave field, which is given in
Eq. (8.2). Inside D*°* the incident wave field has no sources expressed as

dsFmc 4 APFirC — Q) in DS, (8.7)

with O representing the null vector. Inside D** the total wave field vector
equation of Eq. (8.1) is rewritten to

8, F 4 APF — _ (A _ Ab) F, in D (8.8)
Subtracting Eq. (8.7) from Eq. (8.8), using the decomposition of Eq. (8.5),

we obtain the wave field vector equation of the scattered wave field in D5,
as

oFsct 4+ B = — (A= A")F, in D™ (8.9)
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Because the incident and total wave fields have identical source distributions
inside Dt it follows that the scattered wave field is source-free inside this
domain,

9 F5t 4 APt — O, in DY, (8.10)

Combining Eqs. (8.9) and (8.10) yields the wave field vector equation for the
scattered wave field in R3,

051 (x; 25, 5) + APF** (2525, 5) = N** (2%, 5)
z R 2® e D, (8.11)

with source vector

Nsct («’.U ;I:S 5) = 0 - ~ ~ ze DSCt/ (8 12)
& —(A-A")F (z;2%s), @ D™, ‘

(Fokkema and van den Berg (1993)[p. 140-144]).

8.3 Integral representations

8.3.1 Incident wave field

Following Fokkema and van den Berg (1993)[p. 129-131], we introduce the
volume-injection Green’s state vector

. 5,0
fob — (gq,b> , (8.13)

3

governed by
BFW (z; @', 5) + AR (@52, 5) = N (z;2',5), @2’ €R°, (8.14)

with source vector

N7 (z: 2, s) = (q 03 (Ow B m,)) . (8.15)

The wave field vector F¢® is governed by the background medium parameters
and is causally related to a Dirac distribution with support at @ = . The
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source position is indicated in the argument list of F2b. Observe that, using
Egs. (8.6) and (8.14),

Frine (z; xS s) = Fob (z; xS s). (8.16)

Because p?P and @g’b are linearly related to ¢, we may define the monopole
Green’s state G4

PP (z; 2, s) ¥ G (s) GO (', 8) (8.17)

and the dipole Green’s state fg’b

0g® (@;2,5) © —4(s) 18" (@52, 9) . (8.18)

The reciprocity theorem of the convolution type is applied to the domain
D = {(z1,z3)| zr € R?, 2} < 73 < 23}, with 2 > 25 (Fig. (8.2)). We take
for State A the volume-injection Green’s wave field of Eq. (8.14), with source
at ® € R3, and for State B the incident wave field of Eq. (8.6), with source
at 5 € D**. We have in D

A:{F%b,Ab,Nq} and B:{Fim,i\b,o}, in D. (8.19)

Because both these states are determined by the background medium we
apply the reciprocity theorem of the convolution type of Eq. (7.71), yielding

<Fq,b, JFinc>b (Ig, x, 338) _ <F‘Lb’ JFinC>b (l‘g, x, mS)

ﬂ}l
_ / ! (N7, 3B (ol 2,2%) daf. (8.20)

V1 ——
3=7T3

in which the sources of F#* and F™™ are indicated in the argument list of
the bilinear forms. Because the source of the incident wave field has no
support inside D, the second term in the integrand on the right-hand side of
Eq. (7.71) vanishes in Eq. (8.20). The first term in the integrand on the
left-hand of the representation of Eq. (8.20) vanishes because in the limit,
zy — 00, Sommerfeld radiation conditions are applicable. In terms of scalar
wave field values we can derive the following integral representation for the
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£C3:.273 """""""

Figure 8.2: The incident wave field representation: the two states and the domain
of application of the reciprocity theorem

incident wave field

xo (Tr, T3) 5™ (21, T35 2T, 73)
- / [ (., s s 00 (2, 2, 25)
T eR?
— 05 (wh, 2ty @, ) 57 (2, 0% 08, 75) | dah,

xr,x3) € R zf > x5, (8.21
3 3

(see Fokkema and van den Berg (1993)[p. 152]), in which the characteristic
function xp is given by

1, (xr,z3) €D
XD (iET, $3) = %, (mT, 1,'3) € dD (822)
0, ((IZT, 1’3) S ]D)l,

and D = {(@r,23)|@r € R% 23 > 24}. The open domain, D' = R*\ D,
is the complement of the closure of D, signified by D, with respect to R>.
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The integral in Eq. (8.21), at the limiting value D, is a Cauchy principal
value integral, in which the integration is over the pertaining boundary with
the symmetric exclusion of the singular point (Colton and Kress (1983)).
Implementing the Green’s states of Egs. (8.17) and (8.18) we arrive at

XD (.’BT, I3) ﬁinc (mT> T35 m%‘v .’L‘?)

~q,b o N pinC (A0 7S S
=/ [Gq (wT,lfmmTaxa)vS (mT>$3a$Ta$3)
T eR?

~inc

a,b oo 1ol S 8 /
+ 137 (@, 23, 271, 25) P (wTaxE)?mTaxS)]mea

(xr,23) € R 25 > 25. (8.23)

In terms of a bilinear form of scalar-valued functions we can express this last
equation more compactly as

xo () 5™ (= wS) _ <éq,b,ﬁ;’nc>b (z}; w7wS) 4 <fg,b’ﬁinc>b (w4 z,z%) |

x € R zh > a5, (8.24)

8.3.2 Scattered wave field

In order to derive an integral representation for the scattered wave field
we take for the domain of application of the reciprocity theorem, D =
{(zr,23)| 21 € R?, 2§ < @3 < 24}, with 25 < 25 (Fig. (8.3)). We take for
State A the volume-injection Green’s wave field of Eq. (8.14), with source
at & € R?, and for State B the scattered wave field of Eq. (8.11), associated

with the actual source at ° € D5, We have
A= {F%b,Ab,NQ} and B = {ﬁsct,Ab,o} in D. (8.25)

Because both thesc states are determined by the background medium we
apply the reciprocity theorem of the convolution type of Eq. (7.71) yielding,

<]§‘q’b,JFSCt>b (@, @) — <Fq’b, J]?‘S“>b (% x, 2%)

:/3 <NQ,JFSCt>b (5 @, %) daff.  (8.26)

"__,u
3=%3
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u

I3 — 563
T3 = Ty
T3 = $§Ct

contrast sources

Figure 8.3: The scattered wave field representation: the two states and the domain
of application of the reciprocity theorem

Because the contrast sources of the scattered wave field have no support
inside D, the second term in the integrand on the right-hand side of Eq.
(7.71) vanishes in Eq. (8.26). The second term in the integrand on the
left-hand of the representation of Eq. (8.26) vanishes because in the limit,
x} — —oo, Sommerfeld radiation conditions are applicable. In terms of
scalar wave field values we can derive the following integral representation
for the scattered wave field

xp (1, 3) G7°* (@1, T3; T, 25)

N / ! 2 [_ﬁq’b (:B{T,Ig; wT’$3) i};(:t (CE&\,CI,‘%,Q)%,CL‘%)
I eR

~q,b I /. ~sCt ! NS .- !
+ 097 (@h, o4; Tr, T3) P (mT,z3,wT,x3)]dwT,

(r,z3) € R oy < z¥*, (8.27)
3S T3
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in which the characteristic function xp is given by

1, (@r,z3) €Y
xv (@7, 23) =< 3, (Tr,23) € E)ID) (8.28)
O) (wTu:EB)

and D = {(@r,x3)| T € R?* 23 < z4}. The integral in Eq. (8.27) is, when
evaluated at 0D, a Cauchy principal value integral, in which the integration
is over the pertaining boundary with the symmetric exclusion of the singular
point. Implementing the Green’s states of Eqgs. (8.17) and (8.18) we arrive
at

xv (@, 23) P (@71, 23, 2%, 25

= '/ [Gq’ (7, T3; T, 25) 05 (@, ol; @, 25)
T ER?
+ 9P (@, w3; 2k, ) 7°° (xf, 25; m%,zg)] dz’,
(wT7 1'3) S RS 1:3 < QSSCt (829)

(see Fokkema and van den Berg (1993)[p. 151]). In terms of a bilinear form
of scalar-valued functions we can express this last equation more compactly
as

xo (@) 7 (2; )
<qu Asct>b (wg;w’wS) _ <fg, 7ﬁ:ct> (;pé;a},ms) ’

x e R xy <. (8.30)

8.3.3 Total wave field

Following Fokkema and van den Berg (1993)[p. 129-131], we introduce the
volume-injection Green’s state vector

A nd
F7 = (ﬁ’q) : (8.31)
U3

governed by

0sF (m; @', 5) + AR (z; 2/, 5) = N (a2, 5), @, @' € R, (8.32)
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with source vector

N9 (- ! <) — 0
N (x;x',s) = ((j(s) 5 (@ — a:’)) . (8.33)

The wave field vector F? is governed by the actual medium parameters,
whereas F#° of Eq. (8.14) is determined by the background medium param-
eters. 7 is causally related to a Dirac distribution with support at © = .
Because p? and 04 are linearly related to ¢, we may define the monopole
Green’s state (7

P (z 2, s) Y G(s) G (' m, ), (8.34)

and the dipole Green’s state '
o (@', s) & —g (s) T (s 2, 5) . (8.35)

The reciprocity theorem of the convolution type is applied to the domain
D = {(ay,z3)| xr € R2, 24 < z3 < 24}, with 2§ > z§ (Fig. (8.4)). We take
for State A the volume-injection Green'’s wave field of Eq. (8.32), with source
at € R3, and for State B the transmitted wave field governed by the total
wave field vector equation of Eq. (8.1), with source at 5 € D**'. We have

A={FQ,A,N"} and B={F,A,o}, in D. (8.36)

Because both these states are determined by the actual medium we apply
the reciprocity theorem of the convolution type of Eq. (7.71), yielding

<]§“?, Jﬁ‘>b (zh; 2, 2°) — <ﬁ‘q,JF>b (2f; z°)

:/3 <N4,JF>b (zf; @, 2%) dzj. (8.37)

Y/ ——
3= T3

Because the source of the total wave field has no support inside D, the second
term in the integrand on the right-hand side of Eq. (7.71) vanishes in Eq.
(8.37). The first term in the integrand on the left-hand of the representation
of Eq. (8.37) vanishes because in the limit, 2§ — co, Sommerfeld radiation
conditions are applicable. In terms of scalar wave field values we can derive
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Figure 8.4: The total wave field representation: the two states and the domain of
application of the reciprocity theorem

the following integral representation for the total wave field

Xo (T1, 23) 4P (2T, T35 27, 25)
=/ [ﬁq (h, o4 @7, T3) U3 (m&,x%,msr,rg)
T eR?

— 03 (@, o3; @1, 73) P (TN, 7855 Y, 75) | daty,
(7, 23) € R? 2f >z} (8.38)

(sec Fokkema and van den Berg (1993)[p. 153]), in which the characteristic
function xp is given by Eq. (8.22). The integral in Eq. (8.38) is, when
evaluated at dD), a Cauchy principal value integral, in which the integration
is over the pertaining boundary with the symmetric exclusion of the singular
point. Implementing the Green’s states of Egs. (8.34) and (8.35) we arrive

189




at

xo (o, 23) b (@1, T35 x5, T3)

A e NS R N - B
= /’ ) I:Gq (wT,:Eg,:BT,.’L'3) ’l)3 (wT,$3,$T,$3)
T eR

+ fg (e, 23; %7, T5) P (CL‘T, T'y; :I:rsr, a:g)] de’,

(xp,z3) € R 2} > x5, (8.39)

In terms of a bilinear form of scalar-valued functions we can express this last
equation more compactly as

xo (@) (2:2%) = (G1,3) (a32,0%) + ([%,5) (ahiw.a®),

xecR® x> a5 (8.40)

8.4 Dirichlet-to-Neumann operators

We proceed by defining, inside D, the following single-layer potential bound-
ary integral operator

Sbf (xT,73) def 2][ ] Gab (x, T3; T, T3) f (X7, T3) deX'y, (8.41)
TieR

and the double-layer potential boundary integral operator

’[)bg (mT7 333) dﬁf 2][ ) fg’b (wT’ Z3; wfl‘? 373) g (mi[‘) I3) dm{I" (842)
ILeR

(Colton and Kress (1983); Sabatier (1990)), in which f,g € [L*(R?)]". The
integral symbol in these last two definitions signifies that the integrals are
Cauchy principal value integrals. Consider the incident wave field repre-
sentation of Eq. (8.23) for xi > x5. Evaluating this representation at
(z7,23) = (27,24), Vo > x5, using the singular boundary integral operators
yields the down-going wave field condition for {p™, 90} (xr, z3; €7, 3),

Z—DP)p™ —SPolrc =0, at a3 > 15, (8.43)
3
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with respect to the background medium. One should keep in mind that the
directionality is relative with respect to the choice of a medium. For exam-
ple, the incident wave field in Eq. (8.43) is not necessarily down-going in
the usual sense, i.e. with respect to a homogeneous medium. Next, con-
sider the scattered wave field representation of Eq. (8.29) for zf < z¥*
Evaluating this representation at (zT,23) = (zr,2%), Vo < 25%, using the
singular boundary integral operators, yields the up-going wave field condition
for {p*t, 05} (x7, 23; H, T3),

(I n ﬁb) 8Pt =0, at oy < 23, (8.44)
with respect to the background medium (Weston (1988)). Assuming the

existence of the inverse of &P, we arrive at the following operators, at any
level surface in D, for the incident and scattered wave fields,

g — P ot o> g, (8.45)
B PuEE at g < g, (8.46)
with
4 — ( S-b)_l (I _ f)b) , (8.47)
= gb)_l (z+2). (8.48)

The operators V4 and YU are Dirichlet-to-Neumann operators which map
the first component of ¢ and Fct to the second component of these wave
field vectors, respectively. I.e., these operators map the pressure functions
P and p** to the longitudinal component of the particle velocity vector

functions, 9™ and 05, respectively.

8.5 Decomposition operator

We designate the domain D = {(z,23)|zr € R* 2§ < z3 < z§*}. Eqgs.
(8.5), (8.45) and (8.46) yield the following wave field composition operation

F=TP° in D, (8.49)
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with the wave field components vector,

]'Sb - (Zp;sct) ’ (850)

and with the wave field composition matrix of operators,

- I T
TP = (2 ). 8.51
(3¢ ) 851
The inverse operation, wave field decomposition, is given by
o Lay (=Y T .
Lk = 5S ( i —I) , n D, (8.52)
in which we used
. . oy =1
yi-yr=2 (Sb) : (8.53)

In Haines and de Hoop (1996) a similar decomposition is implemented, in
terms of curvilinear coordinates, for the case of internal wave fields, i.e. wave
fields that are represented by two bounding surfaces, and originating outside
the enclosed domain. Eq. (8.52) can also be written as

[b_ % Gtgz j;’b> , (8.54)

(see Weston (1988)). Hence, we obtain the converse of Egs. (8.43) and (8.44)
(z — bb) p—8Po =0 — p=pm (8.55)

(I + ﬁb) PSP =0 = p=p, (8.56)

respectively.

8.6 Reflection and transmission operators

We define the following single-layer potential boundary integral operator

SF (wrr2s) 2 ][ G (wr, w93 @y, 73) f (2, 23) daclp, (8.57)
T eR?
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and the double-layer potential boundary integral operator

Dy (wr,13) = 2][ T (xr, T3; Ty, 23) g (@hp, 23) daly, (8.58)
T cR?

(Colton and Kress (1983); Sabatier (1990)), in which f,g € [L2(R?)]'. These
last singular integral operators are defined with respect to the actual medium
in contradistinction to the operators of Eqs. (8.41) and (8.42), which are
defined with respect to the background medium. Consider the total wave field
representation of Eq. (8.39) for z} > z3. Evaluating this representation at
(zr,73) = (21,25), Vi > 25, using the integral operators of Egs. (8.57) and
(8.58), yields the down-going wave field condition for {p, 03T, T3; 5, 23),

(I—ﬁ)p—&gzm at @3> o, (8.59)

with respect to the actual medium. Assuming the existence of the inverse of
S, we obtain

by = Vp, at x3> 23, (8.60)
with

y=§4@fﬁ) (8.61)

The operator ) constitutes the Dirichlet-to-Neumann map of the total wave
field. Consider the domain D = {(z1,z3)| 1 € R? 2§ < 23 < 25*}. Com-
bining the down-going wave field condition of the incident wave field in Eq.
(8.43), with the up-going wave field condition of the scattered wave field of
Eq. (8.44), together with the wave field composition of Eq. (8.5), yields

(I+ﬁﬂp+$%y:%m,in D. (8.62)

Using this last equation and Eq. (8.59), and using the boundary condition
of Eq. (7.34), we obtain

LF = P in D, (8.63)

with
Hinc pinc
pinc — ( 0 ) , (8.64)
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and

- 1 (T+D> &
L=2 R . .
2 <I—D —S)’ (8.69)

(see Weston (1988) and compare with Eq. (8.54)). The inverse operation is
given by

F=TP"™, in D, (8.66)
with
. 7"’d 'f'u
T=1 .. NP I 8.67
(de yuTu) ( )
(compare with Eq. (8.51)), in which the transmission operators are given by
. N R |
Ti=2(¥-3) (&) (8.68)
A A A\ L L
Fu_o (y _ yU) s (8.69)

From Eq. (8.66) we obtain
p=T%", in D. (8.70)
The reflection operator R is defined by
7 RIp in D, (8.71)
From the wave field composition of Eq. (8.5) we obtain
RI=T4-T (8.72)

Hence,
R = (Y-9) - (3-9). (8.73)

The reflection operator R4 quantifies the spatial contrasts between the back-
ground medium and the actual medium, in terms of the D-t-N operators of
the incident, scattered and total wave fields. Therefore, it is a global operator

encompassing all contrasts for z3 > z§*.
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8.7 Symmetry of the D-t-N operators

8.7.1 Symmetry of }¢

Consider the application of the reciprocity theorem of the time-convolution

type. We take for State A the incident wave field of Eq. (8.6), denoted by

o4 - A '
Fined — (pineA 504Nt with source vector,

N4 (x, s) = (ti (5)6 ((; B mR)> , xR e DY, (8.74)

For State B we also take the incident wave field of Eq. (8.6), and denote it

A, " ~inc,B .
by FireB — (pineB 57Vt with source vector,

NZ (x,5) = (q (5)6 (?E B a::S)) AR (8.75)

(see Fig. (8.1)). Thus, the two states differ in the positioning of their sources.
The reciprocity theorem is applied to the domain D = {(zr,z3)|xT €
R?, z < 23 < 23}, with 2} > z& = 2§ (Fig. (8.5)). We have in D

A= {Finc’A,Ab, 0} and B = {FimvB,Ab,o}. (8.76)

Because both states are governed by the same material state we apply the
reciprocity theorem of Eq. (7.71). Taking into account that both states are
source-free inside D we obtain

<Finc,A,JFinc,B>b (a}; 2, 25) — <Finc,A’JFinc,B>b (2%, 2%) = 0. (8.77)

Taking the limit z}, — oo and applying Sommerfeld’s radiation conditions,
this last equation is expressed, in terms of a bilinear form of scalar-valued
functions, as

~inc,A ninc,B 1. R .S\ _ /ainc,A ainc,B r..R .S
<p » Ug >b($37:c ,:l})—<’l)3 P >b(x3’m ax)a
! S
xy > 3. (8.78)

Substitution of the Dirichlet-to-Neumann operator of the incident wave field
of Eq. (8.45), and using the property that Y¢ is independent of the source
position of the wave field function it operates on, yields

<pinc,A, j)dﬁinc,B>b — <3>dﬁinc,A,ﬁinc,B>b ] (879)

195




$3:£3 ...........

D

Figure 8.5: The interaction of two incident wave fields with different source posi-
tions: the two states and the domain of application of the reciprocity theorem.

Hence, the D-t-N operator Y9 is, analogous to Eq. (7.48), a symmetric
operator with respect to a bilinear form, expressed as

cd (vd)’ ) S
Ye=(Y") , atall surfaces xz3 =z, > z5. 8.80
3 3

8.7.2 Symmetry of yu

Consider the application of the reciprocity theorem of the convolution type
to the domain D = {(xr,z;3)|xr € R* 2} < z3 < 24}, with 2 < x5
Take for State A the scattered wave field of Eq. (8.11), denoted by Fs4 =

(ﬁsctaA, @g‘:t’A)t, with source vector,
A o T c ]D)sct’,
Nsct,A . R = ~ ~ o 81
(:c,:c ,5) —(A—Ab) FA(w;wR7S)’ o c Dt (8.81)
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For State B we also take the scattered wave field of Eq. (8.11), denoted by

2 . N N
FoctB = (petB 537t with source vector,

Nsct,B (m'ms S) _ O ) ) A x € Dt ) (8 82)
;L _(A_Ab) FB (a:;ws,s), z € Dt )

(Fig. (8.6)). The wave field vectors F4 and FB, which appear in the source
descriptions of the scattered wave fields of Eqs. (8.81) and (8.82), are gov-
erned by Eq. (8.1), and have respective source vectors given by Eqs. (8.74)
and (8.75). Thus, the two states differ in the positioning of their actual
sources. We have in D

R 25
° X e
T3 =a3--rrirm—— ..
D
A= {4 Av 0} B = {Fm A, 0]
T3 =oy-rrr— ..
By = e

contrast sources of F5t4 and Fsct-B

Figure 8.6: The interaction of two scattered wave fields with different source
positions: the two states and the domain of application of the reciprocity theorem.

A={F=4 A" 0} and B-{F# A0}, (8.83)

Because both states are governed by the same material state we apply the
reciprocity theorem of Eq. (7.71). Taking into account that both states are
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source-free inside D we obtain
<ﬁ1set,A, Jﬁsct,B>b (.7}%, :BR, :ES) _ <Fsct,A, JFsct,B>b (IE;, wR’ mS) = 0. (884)

Taking the limit 2§ — —oo and applying Sommerfeld’s radiation conditions,
this last equation is expressed, in terms of a bilinear form of scalar-valued
functions, as

~sct,A nsct,B /.. R .S\ _ /asct,A ~sct,B r..R .S
<p » U3 >b(x371: ,w)—<v3 P >b($3,m ,:I)),

Ty < 2t (8.85)

Using the D-t-N operator of the scattered wave field of Eq. (8.46) yields

<}55Ct’A, j‘;uﬁsct,B>b — <J>Uﬁsct,A,ﬁsct,B>b _ (886)

Hence, the D-t-N operator in this last equation is a symmetric operator with
respect to a bilinear form, expressed as

A

P\
Y= (y“) , at all surfaces x5 =z} < 25" (8.87)

The symmetries of ‘)Afd and 3}“ are a direct consequence of the validity of
Sommerfeld radiation conditions towards infinity. Because of the latter two
symmetries we have, using Eq. (8.53), and the fact that inverse and symme-
try are interchangeable,

~ ~ t
SP = (Sb) , at all surfaces x5 = x5, 75 < o} < 25 (8.88)

8.7.3 Symmetry of y

Consider the application of the reciprocity theorem of the convolution type.
We take for State A the total wave field of Eq. (8.1), denoted by FA =
(p*,84)¢, with source vector N given in Eq. (8.74). For State B we also
take the total wave field of Eq. (8.1), and denote it by FZ = (p%,9F)t,
with source vector NB given in Eq. (8.75). Thus, the two states differ in
the positioning of their sources. The reciprocity is applied to the domain
D = {(zr,x3)| er € R%, 2% < 73 < 74}, with z} > 2§ = 2§ (Fig. (8.7)). We
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Figure 8.7: The interaction of two total wave fields with different source positions:
the two states and the domain of application of the reciprocity theorem.

have in D
A= {FA,A,O} and B — {FB,A,O}. (8.89)

Because both states are governed by the same material state we apply the
reciprocity theorem of Eq. (7.71). Taking into account that both states are
source-free inside D we obtain

<FA, JIAi‘B>b (zh; 2™, 2%) — <FA, JFB>b (zf; 2™, 2%) = 0. (8.90)

Taking the limit z§ — oo and applying Sommerfeld’s radiation conditions,
this last equation is expressed, in terms of a bilinear form of scalar-valued
functions, as

<ﬁA,ﬁf>b (zfy; ™, @%) = <®§4,ﬁ3>b (z5; 2™, %), =) > 2f. (8.91)

Substitution of the Dirichlet-to-Neumann operator of the total wave field
of Eq. (8.60), and using the property that ) is independent of the source
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position of the wave field function it operates on, yields
<ﬁ“,5/ﬁ3>b = <3>13A, zﬁB)b. (8.92)

Hence, the Dirichlet-to-Neumann operator Y is a symmetric operator with
respect to a bilinear form, expressed as

Y=Y atall surfaces z3 =z} > 5. (8.93)

The symmetries of the D-t-N operators for the incident and scattered wave
fields are used in the subsequent chapters to derive extrapolation operators
which propagate a pressure wave field from one level surface to another.
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Chapter 9

Wave field extrapolation

9.1 Introduction

In Chapter 6 the interaction integral of Eq. (6.31) is introduced, which in-
tegrand contains total wave fields. Using the decomposition introduced in
the previous chapter one can construct these total wave fields from measurc-
ments, the latter being represented by the scattered wave fields. Because the
wave fields in the interaction quantity are evaluated at a certain depth, one
needs to express these in terms of wave fields at the recording level. To this
end, cxtrapolation operators are derived, in this chapter, which exploit the
fact that at the decomposition level the incident and the scattered wave fields
obey down- and up-going wave field conditions, respectively. For the inverse
formalism an inverse extrapolation operator is derived for the scattered wave
field. Enforcing radiation conditions, equivalent to certain conditions on the
D-t-N operators, one derives the necessary up-going wave field condition for
a time-correlation type scattered wave field representation, analogous to the
Sommerfeld radiation condition in case of the time-convolution type rep-
resentation. The inverse extrapolation operation produces an approximate
result for wave fields travelling in the transverse directions, e.g. refracted
waves.

9.2 Incident wave field

The reciprocity theorem of the convolution type is applied to the domain
D = {(zr,z3)|xr € R*, 2§ < 23 < 2%}, with 2§ < 23 and 2} > 23 (Fig.
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(9.1)). We take for State A the volume-injection Green’s wave field of Eq.
(8.14), with source position « € D and for State B the incident wave field of
Eq. (8.6), with source position, as stated above, x5 € D. We have in D

—0o0

D

Figure 9.1: The incident wave field: the two states and the domain of application
of the reciprocity theorem
A= {ﬁq’b,/&b, NQ} and B = {Fim}Ab, N} Cin D (9.1)

Application of the reciprocity theorem of the convolution type of Eq. (7.71)
yields

<FA‘Q,b)JFA\inC>b (wg’ x, wS) _ <]§‘q»b, Jﬁ‘inc>b (:Eg;m, a:s)

(), () (B R, ()] a0

[} §
3=T3

By extending the domain D to R3, and applying Sommerfeld radiation con-
ditions towards plus and minus infinity, the bilinear forms on the left-hand
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side of this last equation vanish. Substituting the source distributions of
both states into the integral of the right-hand side of Eq. (9.2) gives

+o0

P (anasiat,af) = [ del (s =)

[
Ly=—00

X / p*° (@, o T, 73) 6 (' — @) oy (9.3)
Tl eR?

Integration with respect to the longitudinal coordinate, and using the monopole
Green’s state of Eq. (8.17), leads to

X/ cR?
' (9.4)

Taking the limit z3 | x3, using the single-layer potential of Eq. (8.41), we
obtain the following initial condition,

77 on.afi o ad) = 10 (or - o), ®9
with

8% (@r — @) = 2 ][ G (e, o ah, 25) 6 (2l — o3) dazp.  (9.6)
T eR?

Substituting Eq. (9.5) into Eq. (9.4) gives

~inc

p (-TT, I3; w’?ﬁ :L.g)
~ ~a\—1 .
= 2/ Gab (wT, Z3; m'T,asg) (Sb) pme (a:'T, x5 x5, mg) dar,
Tl eR?
zs > 5. (9.7)
We define the following two-parameter extrapolation operator Wq’b,

WP (23, 25) f (e, 75)

def

~ N 1
S eeneand) () f @) der 08
T/ eR?
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In terms of a bilinear form we can write compactly,
. . Ay -1
Wi (o, 28) f (@, 2%) =2 (G, () £) @ie)  (©9)
b

with f € [L2(R?)]!. Using Eq. (9.8), Eq. (9.7) is written as
ﬁinc ($Ta Ty; w%’ 55'3) Wq ,b (SEJ, ) sinc (wT7 xg; w'SI‘, J;g) , X3 2> :L'g, (910)

in which (2, 25; 25, 25) is given in Eq. (9.5).

Taking z3 > z4 in Eq. (8.23) yields

ﬁinc (mTaxISQm%‘)Ig)
:/ [G’q’ (@, z3; 27, T5) 0y pine (mT,:cd,mrSF,a:g)
Il eR2

+ fg’b (wT,x3;mir,:):g)}5i“° (mT,xg, m%,xg)] dzr, :vg < 7y < x3. (9.11)

Using the similarity between the Green’s state vector 2" and the incident
wave field vector Fi"® expressed by Eq. (§.16), and using Egs. (8.17), (8.18)
and (8.45), one can show that for {G%® T¥°} (&, z3; T, 74),

Ieb = —YiGob, a5 < af, (9.12)
and

[9> = —)uGeP, w3 >} (9.13)
These last two equations express that the Green’s state is an up-going or
down-going wave field, respectively, depending on the source-receiver config-

uration. Implementing Egs. (8.45) and (9.12), into Eq. (9.11), and using
Egs. (8.53) and (9.7), yields

~inc eSS
p (wT7$3)wT7z3)
-1
_ ~g,b o ! 5b ~inc / r...S .S '
_2/ G* (z, T3; T, T3) (S ) e (@, o @y, 25) dee',
. eR?

15 < 1y < 73, (9.14)
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This last equation and Eq. (9.8) yield
i)inc (wTv L33 513§r, »Ug) = Wq,b (.1'3, ‘Lg) ﬁinc (mTv 33;,) mbl7 372) ’
75 < o < x3. (9.15)
Taking the limit 23 | 2% in Eq. (9.8) we obtain for the extrapolation operator

Wq,b (.1'3, 1'3) f (wTa IS)

~

. -1
= 2][ G® (xp, 23; Ty, T3) (Sb) f(xp, x3) defp. (9.16)
T cR?

Hence, using the single-layer potential of Eq. (8.41), it follows that the
extrapolation operator becomes the identity operator

WP (25, 25) = T. (9.17)
Using Eq. (9.15) we can write
N s .S

ﬁinc (mT, x3’ mrsr, CE3) Wq b (x?,) )p (mrr, xg; wT7 J’.3) y Zlfg S l‘g (918)

Substituting Eq. (9.18) into Eq. (9.15), yields the following transitivity
property for Web,

W (a5, 25) = W (23, 25) WP (a5, 25) , @ < oy < a3, (9.19)
Consider the two-parameter family of operators {We® (x3,2%) | x3, 2% € R}.

Because any operator W4 satifies Eqs. (9.19) and (9.17) this family of linear
operators constitutes a semigroup (Pazy (1983); Goldstein (1985)).

9.3 Scattered wave field

Using Eq (8.29), the scattered wave field representation at (xr,zs3), with
T3 < zh < 25, is given by

~sct oS S
D (wTal37mT7I3)
S S

_ vg, asct (0 . R
- _/ |:Gq (wT,x37wT7$3) Ug(‘ (iUT,l?3,:lZT,l3)
T eR?

ra,b ~sC
+ I3 (o, 23 xh, 23) P (@p, 2y; @}, 23) ] da?, =z <y <z’ (9.20)
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Substituting the D-t-N operations of Egs. (8.46) and (9.12) into Eq. (9.20),
yields

p\sct (mT7 L33 .’B%\, xg)

-1

_ ~g,b ol 5b ~sct (o 1.8 .S !

—2/ G (@, z3; 277, T4) (8 ) P (o', o oy, 23) daty,
T cR?

T3 < 17’3 < a:?ft. (921)

in which we used Eq. (8.53). Implementing the extrapolation operator of
Eq. (9.8), and the identity property of Eq. (9.17), yields

~sct S 8\ yAigb 1\ ~sct r..S S ! sct
p (wT,ﬂ'Jg, mT7I3) =W (.’1;3,.'173)]) (CBT,$3, mT71"3) y I3 < T3 < I3 .

(9.22)

Using the reflection operator of Eq. (8.71), and using Egs. (9.15), Eq. (9.22)
can be expressed, in terms of the "'WRW-model’ of Berkhout (1985), as

Asct

p (wT7x3;m'sl‘)l.§)
= Web (z3,13) RIWP (x5, 75) p™ (:cT, T3; iL‘rS[\, :cg) ,
x3, 25 < x5, (9.23)
except for the difference that the operator R4 is a global operator with respect

to the z3 coordinate, whereas the reflection operator in the WRW model is
local.

9.4 Reflection operatoi'

In the following analysis I follow Fokkema (1993), except that I implement
a scalar reflection operator with respect to a x3 is constant surface, whereas
Fokkema (1993) employs a matrix reflection operator for a curved surface.
The results below can also be generalised to a curved surface, in terms of a
scalar reflection coefficient, using curvilinear coordinates. Taking the limit
T3 1 x4 in Eq. (9.21), the scattered wave field representation is given by the
following Cauchy principal value integral,

~sct R
D (IBT,$3,$T,$3)
-1
o ~g,b T Q) ~sct ’ .5 S !
- 2][ G1 (:I!T,.'Eg,ﬂ:T,.’Eg) (8 ) p (mT’$3amTax3) dwT’
T eR?

z3 <z (9.24)
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(Colton and Kress (1983)). According to Eq. (8.41) this last equation con-
stitutes the identity operation. Using source-receiver reciprocity

P (@, vy @y, 25) = P (h, 25; @1, 23), (9:25)

we obtain

P (@, 35 @5, 73)

R -1
= 2][ G2® (7, z3; Th, T3) (8b> P (xly, T35 T, T3) daelp. (9.26)
Tl eR?

Defining the monopole scattered state éq’“t,

R def A
P (e, 235 20, 1) = GGT5 (2, Th; T, T3) (9.27)

using Eqs. (8.17) and (8.16), yields

P (o7, 37 25, 75)

-1
Sb ~vg,sct Lt ~inc ’ .S 8 ’
= 2][ (8 ) G (@, x3; T, T3) P (wT,xg,a:T,x3) dzr,
T eR2
sct

Implementing the definition of the reflection operator of Eq. (8.71) yields for
the reflection operator,

~d ~inc S S
Rp ($T,$3,$Taa’3)
Hd N ~inc ! S S !
:][ R (7, z3; @', T3) P (mT,x3,wT,x3) dzr,
T eR?
sct
r3 <zi", (9.29)

in which the kernel of R is given by

~

-1
d el _ Sb ~g,sct L
R (wT’ L35 &, $3) =2 (S ) G1 (mT7 T3; L, 1'3) . (930)
In imaging one inverts for R at 23 = 75,
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9.5 Inverse extrapolation

In the thissection the wave field quantities are considered in the Fourier
domain and annotated according to Eq. (B.6). Application of the reciprocity
theorem of the time-cmrelation type of Eq. (7.105) to the domain D =
{(zr,z3)| @ € R? 2} < 23 < 74}, o < 5, with the states of Eq. (8.25),
yields

<Fq’b, K]?‘S“>S (5; , ms) — <Fq’b, K]?‘s“t>S (:E3R; x, ms)
= / ’ (N®,KF*) (a;@,2°) daff, 2§ <@g <af. (9.31)
.’173—1'3

In terms of scalar wave field values we can derive the following integral rep-
resentation for the scattered wave field

~* ~sct R T
qp (ZI)T,.’B?,, ﬂZT,.’L'3)

= [ [P @i o (e tiahad
+ 907 (@, 2h; mr, T3) P (mT,a:?,,w%,x«s)}me

_/a:”eJR? [ﬁq’b (;cT,:v3R, @, T3) UV (w%,x?;w%,x?)

+ 2P (a:if,a:g‘; o, T3) P (zff, 25 =5, 75) ] dzl. (9.32)

Invoking a wave field decomposition and implementing the Green’s states of
Eqgs. (8.17) and (8.18) we obtain

ﬁsct :;bsct,d +psct,u in ]D), (933)
with
psct,d (iUT, Ty a:rsf,xg)
~sct S S

:// 2 [Gq’b (@, T3; T, 5) U (w'T,:cg;wT,a:3)
T R

- f‘g’b* (xr, T3; T, T3 ) P°° (a:T, Th; T3, azg)] dzfp, (9.34)
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and

~sct,u IR
b (mva&mTax?,)

_ _ gb* !l RY ysct n R...S .S
_/ [ G (@7, z3; 27, z3) U5 (2], 28 @, 235)
:BIIERE

+ 19" (w2 @, a) 5 (@, o8 2%, 05) | et (9.35)

The symmetry of the D-t-N operators with respect to a bilinear form is de-
rived in Section (8.7) using Sommerfeld radiation condition. Because Som-
merfeld radiation condition does not apply to anti-causal wave fields we nced
other means to establish symmetry properties for the D-t-N operators with
respect to a sesquilinear form. The following radiation condition is used as
an ansatz,

P4 =0, in D. (9.36)

In terms of sesquilinear forms, [L? (R?)]! x [L? (R?)]! — C, of scalar-valued
functions Eq. (9.34) is rewritten as

Z55(:t,d (IL‘ T ) _ <Gq,b §CL>S (x:I37 x, .’L'S) _ <F§,b,ﬁsct>' (-Ti",; w7mS) ,
T3 < xg <yt (9.37)

Invoking the radiation condition of Eq. (9.36), using Eqs. (8.46) and (9.12),
yields

<C¥q’b, j)u?sct>s (xg, x, mS) _ <_j)déq,b’ vsct>s (lé’ T wS)
zy < xy < x5t (9.38)

One can show that starting from either Eq. (9.36) or Eq. (9.38) we have

F=0 in D

= Y= P4 at all surfaces zy € (3,257 ). (9.39)
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In order to find this last relation at z3 = =& we substitute Eqgs. (8.46) and
(9.13) into Eq. (9.35), yielding

~sct,u

P (@, 73 25, 75)

*q,b * .1 _R)~ugssct (/ R..S _S
:/m, Rz[_Gq (mTvx%mT’-’ES)yupsc (”’T’wav“’T’xs)
T€
vou* Avg,b* - R\ sct R. .5 ,.S
— Y G (zp, w3y w0y, 7 ) B (w’T,zc3,wT,x3)]dm’T
Ty < 3. (9.40)

Assuming for the moment that the condition of Eq. (9.39) can be extended
to

ﬁsct,d —0 in D <— j}“T = —j}d, at the surface xz3 = x3R. (9.41)

Then, using 7*4 = 0 implies p**" = p**, Eq. (9.40) becomes

T eR?
y o\ —1 o
G*" (wr, a3 @, 25) (8°) P (w2 2h,73) o <@s. (942)

Taking the limit z3 | & in Eq. (9.42) yields (Colton and Kress (1983)),

7 (e, T XD, 15) = 2][ da’
Tl eR?
v - 71 -
G*" (zy, z3; 20, 75) (S°) 7™ (zh, 25 @5, 73) ,  (9.43)

which, using Eq. (8.41), proves the consistency of Eq. (9.41). Combining
Egs. (9.39) and (9.41) gives, with D = {(x1,z3)| &1 € R%, 2} < @3 < 257},
and its closure D = {(xr, 73)| 21 € R% 2§ < z3 < 25},

psct,d:() in D = j}“T_—:—j)d in ]D (944)

Implementing equivalence (9.44) in Eq. (9.33) it follows that the cor-
relation type representation of the scattered wave field is given by a single
integral, enforcing uni-directionality with respect to the background medium.
In general, the two contributions of Eq. (9.33) make it meaningless to as-
sign a direction to the scattered wave field in D, in case of correlation type
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representations, due to the incompatibility of Sommerfeld radiation condi-
tions to anti-causal wave fields (Bojarski (1983)). This means that Huygens’
principle, which states that an infinitesimal change in a wave field can be
constructed from infinitesimal contributions from secondary sources along a
single surface, is not valid for these representations. The adjointness relation
in (9.44) enables to use Huygens’ principle such that extrapolation operators
can be deviced that, when regarded in the time domain, can propagate a wave
field back in time. Wapenaar (1992) derives the same radiation condition of
Eq. (9.36) for a homogeneous medium.
We have, using the adjoint relations in (9.44),

Q(Sb)—l:j)d_j}u:_J}uT+J}dT:2[(5b)—1]T7 (9.45)

ie., (S8?)7!, and consequently SP, is self-adjoint. Using Eqs. (7.81), (9.8)
and (9.45), Eq. (9.42) is written as

o bt .
pSCt (wTaxi’);w%‘?x;) = Wb (x37$é)pSCt (mTaxghm’?‘axg) y T3> xi",,

it Yt = —yd (9.46)

In Berkhout (1985) this last equation is called the matched filter approach.
Using a Laplace domain analysis Fokkema and van den Berg (1993) derive
that inverse extrapolation is an exact operation without any additional sym-
metry requirement. Using Eqs. (9.22) and (9.46) we obtain

Wq’bT (1’3,333) = [Wq’b (:Eé, 373) ] - ) T3 > 3313, lf j;UT = —jjd- (947)

9.6 Fundamental solutions
Substituting the D-t-N operators in Eqgs. (8.45) and (8.46) into Egs. (8.6)
and (8.11), see Eq. (7.20), yields the following evolution equations for p»¢ =
Pz, T35 25, 25) and Pt = P (@, 35 2], 73),
Oup™ + spY P =0, for s € (a8, 25", (9.48)
APt + spVUp*t =0, for x4 € [z5,25Y), (9.49)
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with initial conditions (see Egs. (9.5))

ﬁinc _ Z5inc (wT, CL‘g; wrSF’ l'g) , (950)
ﬁsct — ﬁsct (mT7 I.ECt, w%, xg) (951)

One can show (Haines and de Hoop (1996)), by substitution in Eq. (7.20),
that the D-t-N operators 4 and Y" in Egs. (9.48) and (9.49), are solutions
of the nonlinear Ricatti equation,

“ N ~ 1 -~
83)} — yspy + 57‘[2 = O, (952)
with initial conditions,
yi=y : (9.53)
w:}:wgct
Y= : (9.54)
3=ad

and with 74, given in Eq. (7.29). To solve Eqs. (9.48) to (9.51) we follow
the fundamental solution approach (Pazy (1983); Krueger and Ochs (1989);
Haines and de Hoop (1996); Wapenaar (1996a); Grimbergen et al. (1998)).
In order to calculate p™ = p™(@r, z3; €, 23), using Eq. (9.10), we need to
obtain the kernel of WP(z3,25) which, from Eq. (9.7), is given in terms of
GO (@, x3; lp, 25). Using the similarity between the Green’s state vector
Fob of Eq. (8.14) and the incident wave field vector F¢ of Eq. (8.6),
expressed by Eq. (8.16), and using Eq. (9.13), yields the evolution equation
for G4P (@, xs; hp, 25),

B,GT® — spI"CHb = 0, for g € (a8, (9.55)

with initial condition, using Eq. (9.5),
G (zy, 25; T, 5) = = Sb6 (xp — 7). (9.56)

The D-t-N operator V" in Eq. (9.55) is obtair}ed by solving Eq. (9.52) with
the intitial condition of Eq. (9.54). Hence, G?°(xr, z3; x4, x5) and Y* are
solved downward from z3. In order to calculate p° = p**(xy, z3; 25, 25),

using Eq. (9.22), we need to obtain the kernel of W (z3, 25*) which, from Eq.
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(9:21), is given in terms of GO (e, zg; 2, 23%). Using (9.12) the evolution
equation for GO (&, z3; 2y, 15) is given by,

9GP — spVIGIP =0, for a3 € [2F, 25), (9.57)

with initial condition, using Eq. (9.5),

1 .
G (o, 25 ahp, o) = 3 S8 (e — ). (9.58)

The D-t-N operator V¢ in Eq. (9.57) is obtained by solving Eq. (9.52) with
the intitial condition of Eq. (9.53). Hence, G*®(xy, x3; xl, 25°) and Y9 are

sct

solved upward from z3™.

9.7 Longitudinal invariance

Consider the subdomain D* C D, with D = {(z, z3)| @1 € R, 25 < x3 <

¥} and D* = {(zT,23)| 2T € R 7t < 13 < 57}, In D' the medium
parameters are assumed to be invariant with respect to the longitudinal
z3-coordinate. Then, implementing longitudinal-invariance into the Ricatti
equation (9.52) yields

A - 1 - )
Vsp)Y — ;7—[2 =0, in D" (9.59)

From this last equation we take the following solutions

yi =yt in D (9.60)
Y= Y in D (9.61)

with
V= (sp)” ' Hy, (9.62)

in which the symmetric pseudo-differential operator #; (J)Z is symmetric) is
given by

Hy = HaHiy, with Re(A) >0, VA€o (7:[1) , (9.63)
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in which o(H;) designates the spectrum of H,. It follows from Egs. (8.47)
and (8.48) that longitudinal-invariance implies Db = O, and therefore

v =(8) o (9.64)

Implementing longitudinal-invariance the evolution equation (9.55) for
GP = G (z7, z3; &l 74) becomes,

3G + H,GW* =0, for z3 € (w37$z3+1]7 (9-65)

whereas, the evolution equation (9.57) for G%P = Gab (1, 23; mT,x?l) be-

comes,
8G9 — H, G =0, for x5 € [z8, 25, (9.66)
The respective initial conditions, using Eq. (9.16), are given by
G (zr, 2% iy, 78) = (2))’) § (xy — xh), (9.67)
G (zr, 25 2k, 25H) = (25)")7 §(zr — xh). (9.68)

For a zs-invariant medium the nth derivative of G¥® of Eq. (9.65) with
respect to the zz-coordinate is given by

amGad = (—1)" (ﬂl)n Gab, (9.69)
A Taylor expansion gives
Go® (@1, z3; 27, T5)
= k (T3 —xg)k 7\ (o) ! '
=S (- B () (2) d(er— k), (9.70)
k=0
which yields the following solution
A . AN A\ —1
G*®(zr, z3; T, ) = exp [— (z3 — z5) ’Hl] (237’) §(xy — ). (9.71)

Analogously, one can show that

A

Gob (e i1y [ i+l y o) 7! .
Ty L3; T, Ty ) = €XP ( Ty a:3) Hi| (2Y § (e — ).
(9.72)
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Substitution of Eq. (9.71) into Eq. (9.14), using Eq. (9.64), yields
WP (74 23) = exp [— (z3 — %) ’}21} , xh <xg < abth (9.73)

Substitution of Eq. (9.72) into Eq. (9.21), using Eq. (9.64), gives
WP (13, 25™) = exp [— (25! — z3) ’}:[1} ooab < xg < ot (9.74)

Eq. (7.29) shows that, by taking the limit Re(s) | 0, the partial dif-
ferential operator H, is a real operator. Hence, the square-root operator
H, is, evaluated in the real-frequency domain, either real or purely imag-
inary. Eqs. (9.73) and (9.74) show that with imaginary H; one asso-
ciates propagating waves, whereas real H; describes exponentially decaying
waves, or so-called evanescent waves. The exponential decrease is ensured
by Re(A) > 0, VA € o(H,). From Eqgs. (9.74) it follows that the adjoint
extrapolation operator is a stable operator, whereas the inverse extrapola-
tion operator increases exponentially in the extrapolation direction, in the
evanescent region. Hence, for z3-invariant media, the adjoint operator equals
the inverse operator for the propagating wave field, whereas, as an inverse
extrapolator its erroneous for the evanescent wave field. Substituting the D-
t-N operators of Eqgs. (9.60) and (9.61) for longitudinal invariant media, into
the transmission and reflection operators of Egs. (8.68) and (8.73), yields

T4 =9 (52 + y) Ty, (9.75)
and
R = (437) (¥ -9), (9:76)

which represent the transmission and reflection operators, respectively, for
depth-invariant media at either side of the scattering surface. .
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Chapter 10

Acoustic time-lapse interaction

In this chapter the interaction integral of the convolution type I of Eq.
(6.31) is investigated. Regarding it as a bilinear form, its associated ma-
trix operator, in terms of D-t-N operators with respect to the reference and
monitor background media, is first normalised to a symplectic operator. As-
suming identical D-t-N operators for the two time-lapse cases, one obtains
an alternating form for I, associated with a skew-symmetric or alternat-
ing operator. For a general time-lapse configuration, i.e. for contrasting
D-t-N operators with respect to the background media, the symplectic ma-
trix operator can be transformed to an alternating form, using a symplectic
eigenvalue decomposition, yielding a symplectic eigenvalue operator, which
parameterises both the reference and monitor background media. The re-
sulting cancellation of the temporal contrast in D-t-N operators explains the
absence of difference reflections in I°™ of Figs. (6.4) and (6.5), above the
interaction depth, as compared to the difference wave field of Fig. (6.3).
The alternating form of I after the transformation, obtained from the
symplectic eigenvalue decomposition of its operator, enables to introduce a
difference reflection operator, which is used in an imaging scheme.

10.1 Interaction operator
Taking the same time-lapse configuration as described in Fig. (6.1) we con-
sider the domains D" and D!, divided by the the surface dD'. In the follow-

ing analysis, instead of the scalar wave field equations (6.1) to (6.4) used in
Chapter 6, the wave field vector equation (see Eq. (7.26)) is used. The wave
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field which acts as a reference wave field is governed by the wave field vector
equation,

Oy F) (w xt ) + AWRa (w;wR,s) =N® (w;a:R, S) , (10.1)
with source vector

0 u
NO (z; 28, 5) = (cj(l) (5)6 (@ — :I:R)) , zcRxNeD" (10.2)

The wave field of the monitor state is governed by the wave field vector
equation

HEO (25 5) + ADF® (2;25 5) = N® (z;25,5) (10.3)
with source vector
. 0 u
N(2) (m, ms, S) = (qA(2) (5) 5 (m . ms)) 5 xTr & Rg,ws & D . (104)

Both the reference as well as the monitor source are located inside D" In
the further analysis, see Figs. (6.1) and (8.1), we take z5* = z§, and hence
D** = D" and D*** = D. Consider the domain D = {(wT, z3)| 1 € R, 2§ =
15 < z3 < zl'}. We introduce, in D, according to Eq. (8.49), the following
decomposition operations,

FO Z RO gy D, (10.5)
FO — To@pb@ iy (10.6)

with the wave field composition matrices of operators given by

. YA . I I
Fh0) _ (j;d,u) yu,u)) and Tb,(2)=(‘)}dv(2) yu,<2)>> (10.7)

in which the D-t-N operators are given, according to Egs. (8.47) and (8.48),
in terms of single- and double-layer potential operators. Implementing the
wave field decompositions, the interaction quantity of the convolution type
I which at OD! is given by Eq. (6.31), in D, expressed as a bilinear form
according to Eq. (7.53), yields

[fconv (];1(1),]}(2))] (wgl’wR - ) _ <15b,(1)’?b,(1,2)15b,(2)> (mB;wR’mS),
b
in D (10.8)
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with the interaction matrix of operators yb(1.2) given by

t Ad»(2) — Adv(l) A117(2) _ Ad,(l)
(1,2) _ (b b2 (Y Y Y Yy
YR — (To0) e <)}d,(2) "3 e _Jew ) (109)

In this last equation we used the symmetries of the pertaining Dirichlet-to-
Neumann operators derived in Section 8.7. Next, consider the case

{j}d,(l)’ yu,a)} _ {yd,@), j;u,m} _ {j;d, j)u} in D. (10.10)
If there is absence of temporal contrasts in D we obtain the stronger condition

{p(l)’ﬁ(l)} _ {p(z),,i@)} in D, (10.11)

which implies the condition of Eq. (10.10). The weaker condition of Eq.
(10.10) is exploited in the further analysis. Implementing the latter condition,
using Eq. (8.53), Y»(12) of Eq. (10.9) becomes

vb,(1,2) _yb
Y {)}d,(l)’5;11,(1)}:{3}(1,(2)75}",(2)} Y

-1
ANb @) —2 (Sb)
- (Tb) = . (10.12)
2(8) 0
in which we introduced the operator Y?, and T® is given in Eq. (8.51). We
have according to Egs. (6.7) and (6.30),

reonv (1(1) 1 (2)
[f (F ,F ) ] (T3a y & ‘{p(l) k0 }={ o2 )
= VPP (@®; %) — ¢PpV (% 25) . (10.13)

Hence, given the strong condition of Eq. (10.11), which states that there are
no temporal contrasts in the density and the compressibility above the inter-
action depth D", I°°™ becomes, because Eq. (10.11) implies Eq. (10.10), an
alternating form (Eq. (10.12)), equivalent to a difference wave field evaluated
at the recording depth (Eq. (10.13)). In Chapter 6 we derived, according
to Eq. (6.37), that, in general, Jeonv g equivalent to an up-going differ-
ence wave field which has no temporal contrast sources above the interaction
depth (Eqgs. (6.21) to (6.24)). However, according to Eq. (10.9), Y>(1? s in
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general, not alternating. The appearance of I in Fig. (6.10), as compared
to the difference wave fields in Figs. (6.8) and (6.9), suggests that Y»(1:2)
can be expressed in alternating form, exploiting the weak condition of Eq.
(10.10), using an symplectic eigenvalue decomposition (Abraham and Mars-
den (1978)). This decomposition requires that Y>1:? is symplectic, which it
is not, 1.e.
. t .

(va<1»2>) J4 YR £ Q. (10.14)

In order to have Y»(1?2) in symplectic form we use the ansatz

~ L NN ~
(Db> YoDb = P, (10.15)

This last equation represents a similarity transformation to Y of Eq. (10.12),
with DP given later. This transformation yields the following normalisation

. S\t . A
Yh = (Tg) JT° and TP =TPDV. (10.16)
To obtain the normalised operators we write the wave field composition ma-

trix operator T® of Eq. (8.51), using Eqs. (8.47) and (8.48), in terms of the
single- and double-layer potential operators of Eqgs. (8.41) and (8.42), as

o)) @) o

Taking for the transformation matrix operator

b

b ) , (10.18)
2

the normalised composition operator is given by

) T T
T, = ((Sb)*l ~ (s”b)_l) . (10.19)

Due to the symmetries of Y4 and j/“, Eqgs. (8.80) and (8.87), respectively,
the difference of these operators, (S®)™1, is symmetric (Eq. (8.88)). Hence,
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according to Egs. (8.47) and (8.48), (SP)~1DP, is also symmetric, which result
is necessary for the transformation of Eq. (10.15) to be valid. Observe that

Tﬁ does not contain the double-layer potential boundary integral operator
DP of Eq. (8.42), whereas, TP of Eq. (10.17) does. In fact,

TP =T" when D*=0. (10.20)

Observe that for longitudinal-invariance, for which Eqgs. (9.60) and (9.61) are
valid, we also have D® = . Hence, the normalisation induces a symmectry
with respect to the longitudinal direction. Defining,

yr & (Sb)_l , (10.21)

the interaction operator of Eq. (10.12), for which the background reference
and monitor D-t-N operators are equal, is written as

Yb = (2(39% _éy b> : (10.22)
The normalised composition operator of Eq. (10.19) is written as
T = (;, _§b> : (10.23)
Likewise, we define
= (Sb’(”)l, (10.24)
o) & (Sb’@))_l . (10.25)

Using the normalisation of Eq. (10.16), we obtain the following normalised
wave field composition matrices

- I z
Tg’(l) = (J}b,(l) _J}b,(l)) (10.26)

and

o T 1
T}Z’(”:(J;b,@) _yb,m)- (10.27)



In terms of these latter two matrices the wave field composition operations
of Egs. (10.5) and (10.6) transform to

FO = T2OPAO) - gt oDY, (10.28)
FO =T>Op>@ 4t oDY, (10.29)

in which P2 and P2® are the reference and monitor normalised wave
fields components vectors. Implementation of the wave field composition
matrices of Egs. (10.26) and (10.27) into the interaction quantity of the
time-convolution type I°™ of Eq. (10.8), in I, yields

feonv (];,(1)71,;(2)) - <pg,<1>,\?g»<1:2>f>g’<2>> in D, (10.30)
b

72)

with the normalised interaction matrix of operators yoa given by

Po@ _ PhO ) _ Phi)

t
ybi(1,2) _ (Th(D) jTh(2) — y
Y = (Tn ) JT = (j}b,(z) 4+ Ph() _Ph(2) 4 Ph()

) . (10.31)

In contradistinction to Y»(12 of Eq. (10.9) the normalised operator Yo 2

has the desired symplectic property, i.e.

N t ~
(yg,(1,2)> J4 Iy — 0. (10.32)

10.2 Symplectic eigenvalue decomposition

We investigate the eigenvalue decomposition of Y2 of Eq. (10.31). we
consider the following eigenvector equations,

YRUAQ = 2jQi)", (10.33)
Yo00Q, = —2jQu01, (10.34)

with eigenvalue operators +2 jji“, and with eigenvectors

A o A O1s
= ~ ( ! = ~ . 10
Q (Qm) and 2 (Q22> (10.35)
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Using Eq. (10.31), Eq. (10.33) is written as
(350 = 350 0y — (3704 320) 0y =20, 3%, (1036)
(750 4 I00) 0y — (358 - F00) 4y = 203" (1037
Adding the last two equations gives
NS (Qn - Q21) =] (Qu + Qzl) v, (10.38)
Taking the normalisation
On+9n =1, (10.39)

we obtain for the first eigenvector

.1 [T+ (ﬁb’@’)_l)?“
Q=5 ) : (10.40)

2 T (j;b,(Q) 71j;t1

Alternatively, subtracting Eq. (10.37) from Eq. (10.36) and applying the
normalisation of Eq. (10.39) yields

1 (24590 (3) B

Q-3 Lo (5/“) 1 (10.41)
Hence, we obtain
(32) 9t =3 (30) (10.42)
This last result is needed later. This last equation also yields
Yyl = yh@ybm, (10.43)
Hence, we obtain a square-root operator written as
Y= (;)?b@))?b’(l))%. (10.44)
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Following the same procedure for Eq. (10.34), and taking the normalisation
Oz + Qn =1, (10.45)

yields for the second eigenvector
. -1,
. 1 T — ] (yb,(?)) ytl
QQ == 5 R -1 . . (1046)
T +j (yb,(Z)) ytl
If, instead of the eigenvector Eq. (10.33) we use the following equation,
Yo t?Q = 29" Q;. (10.47)
Then, we obtain instead of Eq. (10.36) and (10.37),
(370 - 30 &, — (304 30) &y 2570, (1049
(3@ 4 320) @, — (P4 - P0) Oy =291, (10.49)
Adding the last two equations gives
PO (G = Q) =" (D + Do) (10.50)
Application of the normalisation @}, + @}, = Z, similar to Eq. (10.39), yields
. -1,
3 A 1 (Z+] (yb’@)) i
Q- () -3 aRaet (10.51)
21 Z—j (yb,(Z)) yil
Hence, Q) equals Q; of Eq. (10.40), yielding the commutation relation

i (yb,(z))"l _ (J}b,@))_l Y, (10.52)

Also, subtracting Eq. (10.49) from Eq. (10.48), using the normalisation
Q' + Q4 =Z, and using the fact that Q} equals Q, yields

(j)ﬂ)_l P = Pi() (3")'51)_1 ' (10.53)

224




Using Egs. (10.33), (10.34), (10.40) and (10.46) we obtain the following

. s Ob,(1,2
eigenvalue decomposition of n( ),

Y2LAQ = Qv. (10.54)

The eigenvalue matrix Y is given by

o (20 O

Y = ( O o) (10.55)
with the operator Y given in (10.44). The eigenvector matrix Q is given by

1 (T ()T 2 (gre) T g
=3 - (j}b,(Q))_l P T4 (J}b,(?})l yu ) (10.56)

We have from Eq. (10.52) symmetry for the eigenvector matrix, expressed
as

Q=Q" (10.57)

In order to change the eigenvalue decomposition of Eq. (10.54) into a sym-
plectic one we proceed, using a similar approach as in Abraham and Marsden
(1978), as follows. The linear combinations of the eigenvectors Q; and Q,
of Egs. (10.40) and (10.46), respectively,

R . 1 T+ (V) Y
Qi +jQ =5 (14) () ) (10.58)

T — (yb,(2)) ytl

N -1 .

. A 1 T — (yb,(z)) ytl
JQ1+ Q2 = 5 (L+7) R 1) (10.59)

I+ (yb,(Z)) ytl

transform the eigenvector equations (10.33) and (10.34) to,

Yo (Ql +]Q2> =2 (JQ1 + Qz) v, (10.60)
v (le + Qz) = -2 (Ql + jQ2) . (10.61)
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Using the last two equation the eigenvalue decomposition of Eq. (10.54) is
transformed to a symplectic eigenvalue decomposition, written as

Yb (1, Z)Qtl QtlYtl (1062)

with the alternating matrix of symplectic eigenvalue operators,

o O _25}“
Y — (237“ s , (10.63)

and with the symplectic eigenvector matrix given by

z+ (9 b’m)_lj} tI-(y b’(z))_lyﬂ (10.64)
7

_ (3}b,(2))_1 P T4 (j}b,(2))_1:)>tl

From the commutation relation of Eq. (10.52) it follows that, using the
symmetry of Y>® and YU, this last matrix is symmetric,

N N t
Q' = (Q“) . (10.65)

Using the transformation , see Eq. (10.62),
yh(12) _ Quy (Qtl)—l | (10.66)

we obtain an alternating interaction operator Yt which has the same form
as Y® of Egs. (10.12) and (10.22). The interaction operator Y® is valid if
the background reference and monitor D-t-N operators, Y>® and Y™, are

equal, i.e. when the condition Eq. (10.10) is satisfied. The operator Ytl
valid for any temporal contrast configuration. Substituting Eq. (10.66) into
Eq. (10.30), using the symmetry of QY yields

foonv (13‘(1),]?‘(2)) _ <15t1,(1),\?t113t1»(2)> in D, (10.67)
b
in which
PO _ QUpbO), (10.68)
P _ (Qu)‘l P, (10.69)
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with

(Qﬂ)“ _ L[ (5’ “)_l T (5’ ﬂ)-l e (10.70)

2 \7_ (3)u>_13}b,(2) T4 (J}tl) ! Po(2)

From Egs. (10.26), (10.27), (10.28) and (10.29) we obtain the following wave
field decomposition operations

Eg,(l)ﬁ(l) _ 153,(1), (10.71)
(bR — pb@) (10.72)
with
. -1
) L (T (yb,u))
(b = 2 A 1, (10.73)
2 \7 _ (yb,(l))
and

-1
\)b,(2)
w1 (T (y )
n 2 (Ab(Z))_l
r —{y>

Substituting Eqgs. (10.71) and (10.72) into Egs. (10.68) and (10.69), respec-
tively, yields

(10.74)

QILEMEFM = pila) (10.75)
(@1) - (PO _ P, (10.76)

Using Eqs. (10.42) and (10.64) for Q" and Eq. (10.70) for (Q")~, one can
show that the last two wave field decomposition operators are identical, i.e.

QUb) — (Qﬂ) - [b@, (10.77)

Defining,
[ 4 pem) (10.78)
[H@) 4 pel2) (10.79)



then Egs. (10.75) and (10.76) and Eq. (10.77) yield

~ -1
-l i—(z);t)l)_l : (10.80)

The composition operations are given by

FO = THpO), (10.81)
F& = TUpLO), (10.82)
with
- I I
Tt = (aﬁ)ﬂ _)}ﬂ) : (10.83)

The symplectic eigenvalue decomposition of Eq. (10.66) yields one symplectic
eigenoperator V! of Eq. (10.44), which is a square root function of the ref-
erence and monitor normalised background D-t-N operators of Egs. (10.24)

and (10.25). Defining the components of P*»® and P%® of Eqs. (10.68)
and (10.69), respectively, as

A Adv(]-) ~ "d,(2)
def (P (2) def (P
ptL@) de (ﬁu,(l)) and P & (ﬁ“’(2)> : (10.84)
Eq. (6.31) is, using Eq. (7.53), and Eqgs. (10.81) and (10.82), written as

fconv (iEgl, mR’ ZBS) _ 2/ [ﬁd,(l) (wT, :L.t:‘;)l, (ER) j}tlﬁu,(Z) (wT, l'gl, iBS)
It cR?
— p»® (zr, z4; =) Yypd@ (zr, zd; ws)] dzy. (10.85)

The analogy of Egs. (10.22) and (10.23) with Egs. (10.63) and (10.83) sug-
gests that the interaction quantity of Eq. (10.67) should produce a difference
wave field, as is found in Eq. (10.13). Indeed, this difference wave field is
derived in Chapter 6 and given in Eq. (6.37).

10.3 Time-lapse imaging

Consider the domain D = {(@r,7z3)| 1 € R?, 2§ = 2§ < 23 < z}. In this
section the interaction integral, as expressed by Eq. (10.85), is set in terms
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of a time-lapse difference reflection operator. To enable this we introduce,
according to Eq. (8.71), the following reflection operators, which transform
the down-going wave field constituents to the up-going ones,

ﬁu(l def ']%tl (1) ~d,( )7 in ]D’ (1086)
@ L R0@pd@ 4y P, (10.87)

Following a similar procedure which yields Eq. (8.73), using the wave field
composition of Egs. (10.81), (10.82), (10.83) and (10.84), and the boundary
conditions of Eq. (7.34), yields

B0 (3}(1) + j;tl) - (j;tl _ j/(U) , (10.88)
R1® = (3@ ytl)‘l (3 -9®). (10.89)

Analogously to Eq. (8.17) we define the reference and monitor monopole
Green’s states as,

pd(1) a:T,x:s;mR,wR def A(l)@q’“’(l) SBR,&"R; LT, T3), 10.90
p Ty L3 Ts 43
e (wT,fE?,;iU'Srax?S;) = G (m’sf’37§5wT’x3) . (10.91)

Eq. (10.85) becomes, after substitution of Egs. (10.86), (10.87), (10.90) and
(10.91), and subsequently, using the symmetry of V!,

jconv (.’13;1; (BR, .’BS)
:2(2(1)@(2)/ [éq,tl,(l (2%, 2l 2, o) PURIL) Ga:t1(2) (m 25z, )
:BTER'~
— PIRIOGILD) (R GR. g o8) GO (g5, 05 w3 )] der. (10.92)

Assuming that there are no temporal contrasts inside the entire R3, i.e. we
have,

jconv —0 and ﬁtl,(l) — 7%,“’(2) — rfztl' (1093)

In terms of bilineair forms of scalar-valued functions (Section 7.5) Eq. (10.92)
then yields,

< Gat (V) gl Grq,tl,(2)> (:Cgl; z®, wS)
b

<yththq 1) ot (2) >b («f; z® 2%) . (10.94)
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Hence, we obtain the following symmetry relation
A A NS t
ythtl _ (ythtl) ) (1095)

Because this last relation must hold for arbritrary VIR we can apply this
latter symmetry to Eq. (10.92),

fconv (iﬂgl,mR T ) — 2@(1)(}(2)/ dxr
L1 eR?
Gaib) (R oR: g 28) PIARIGIN® (25, 25 @r,2Y),  (10.96)
with
ARY = RO _ RO (10.97)

and with R%® and R™® given in Egs. (10.88) and (10.89), respectively.
Defining the following extrapolation operator, similar to Eq. (9.8), as

W (g, 24) f (2, 23)

o 2/ G (xp, g @y, 2h) VU f (xh, o5) daly,  (10.98)
& eR?

Eq. (10.96) becomes

jconv (CBgl, mR .’BS)
GO GgAWM (z¥,2¥) ARNGIH?) (mT,x§,w%,x§1) (10.99)
Likewise, defining,
WL (5, 24) g (2, 75)

def 2/ GO (g, za; @y, 24) YW (zh, 24) dal,  (10.100)
TheR?

and following Eqs. (9.5) and (9.10), Eq. (10.99) is written as
iconv (:cgl,:cR - ) _ d(l)q(Z)th,(l) (a; x3) ARthtl ( 3,m§)
X (25)“)' 5 (2% —a%), (10.101)

230




in which (2)")~16(xk — a3) represents a dipole source. Eq. (10.101) ex-
presses the interaction integral of Eq. (6.31) in terms of the "WRW-model’
of Berkhout (1985), except for the difference that the operator ARY is a
global operator with respect to the x5 coordinate, whereas the reflection
operator in the WRW model is local.

Using Eq. (6.37) we can express the difference reflection operator in terms
of a difference wave field, by deconvolving ™ with §(!), obtaining

P (2 2®) = Wt (R 2) AR (z,23)
~(2) (257“) 15(33% —z3). (10.102)

In this last equation, the difference wave field p%" is governed by Egs. (6.21)

0 (6.24). The source function §®) appears in the right-hand side of Eq.
(10.102) because of the source functions in Egs. (6.25) and (6.26). Eq.
(10.102) can be rewritten, in the real-frequency or Fourier domain, employing
the symbol “of Eq. (B.6), to

P (o, 2t @, a5) = ARYFMD (2B, 2% 2 1) (10.103)
relating an up-going difference wave field with a down-going wave field com-
ponent through a difference reflection operator. In this last equation we

applied, analogously to Eqgs. (9.5) and (9.7), using Eq. (10.91), the forward
extrapolation,

5O (@, a8 2, 75) = W (et 23) g (29%) 716 (o — o),

and, analogously to Eq. (9.46), the inverse extrapolation,
P (@, 2l 2%, 25) = Web T (o8 o) it (o 2 25 25) . (10.105)
Taking the kernel of ARY after Eq. (9.29), Eq. (10.103) is written as

~dif,u R _.tl S S
p ($T7$37mT7 5)

:]{B X ARY (a:T,:cgl,wT,x?,)ﬁd () (', 2 cc;,xJ) der. (10.106)
' eR?
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This last equation is inverted to obtain an image of the kernel ARY. When
the condition of Eq. (10.11) holds, and also ¢V = §® = §, we have according
to Eqgs. (6.37) and (6.38)

p\dif,u (:I:R; wS) _ Aﬁsct (mR;wS) , (10107)
with
AP = pb@) et (), (10.108)
Using Eq. (9.23) we then have

At (xF, 25) = gV (2F, 28) ARW (x3,x3) Sb6 (2} — }).

(10.109)
with
AR =R —RW, (10.110)
and, using Eq. (8.73), with
b= (30 - 3) - (34— ), (10.111)
R = (3O 5;1:)‘1 (3¢ -99). (10.112)

We can also write, in the Fourier domain, using the forward extrapolation of
Eq. (9.7), and the inverse extrapolation of Eq. (9.46),

Ap*t (wT, a;gl, x5, x3) ARp™ (:BT, :cg, x5, :cg) (10.113)

The representation of Eq. (10.109), and Eq. (10.113), for which the time-
lapse contrast in the density and the compressibility vanishes for z3 < zy
and for which the source functions are equal, is generalised by the represen-
tation of Eq. (10.102), and Eq. (10.103), respectively, which is valid for an
arbritrary time-lapse contrast configuration.

10.4 Fundamental solutions

In the following analysis we apply the fundamental solution approach, ac-
cording to Pazy (1983); Krueger and Ochs (1989); Wapenaar (1996a); Grim-
bergen et al. (1998), and in particular we follow Haines and de Hoop (1996).
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Taking the reference and monitor versions of Eqs. (9.48) to (9.51), and
substitute these into Egs. (10 1) and (10.3), we obtain the D-t-N operators
(Y20 Y} and {P4@, Y@} in accordance with Eq. (9.52), as solutions
of the nonlinear Ricatti equations,

03y — VspbVy + — 31> — 0, (10.114)

b(l

BsY — Vsp 2>y+ ’H2 =0, (10.115)

respectively (Haines and de Hoop (1996)). The initial conditions are given

Y= and =0 (10.116)
zz=x} zz=xy
y — j\]d7(2) and j} = j)u’(2) . (10117)
1-3:m§1 :1:3:3:3
b,(1)

IeSpectlvely The densities p™!) and p™? | and the Helmholtz operators
H @ and ’Hb @ of Eq. (7.29), are background medium parameters given
accordmg to Egs. (8.3) and (8.4) and Fig. (8.1), taking 5 = 2Y. The ref-
erence and monitor normalised D-t-N operators, of Egs. (10 24) and (10.25),
are obtained, using Eqs. (8.47) and (8.48), as

o) = % (3200 — ) (10.118)
Ph2) _ % (32— 32} (10.119)

Subsequently, the symplectic eigen D-t-N operator P! is calculated using Eq.
(10.44), repeated here as,

P — (ybmz)yb,(l)) 7 (10.120)

Using Eqgs. (10.1) and (10.3) we have in D" (Fig. (6.1)),

Il

. (10.121)

8;17( ) ($T7£d, w}%,m) + 507 P (z, T?)@:gl) (wT’xl“; m%,z?) 0
0. (10.122)

Il

83]7 (mlyl?any =C3) + 5[7 (wTaxﬁ) é ) (iBT,Z'?,;CU%,.Tg)
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According to Egs. (10.81) to (10.84) we have, in D", the following wave field
compositions

13(1) = 5@ 4 D), (10.123)
— ytlﬁd, 1) _ j\}tlﬁu’(l)’ (10124)
and
p\(?) — I’jd7(2) + ﬁuv(Q)’ (10125)
52 — Prlpd2) _ Prlgm2) (10.126)

Substitution into Eqs. (10.121) and (10.122) yields

s (ﬁd’(l) +Z3u’(1)) + Spb,(l) (j;tlﬁd,(l) _ )}tlﬁu,(l)) =0, (10_127)

B, (ﬁd,(2) +ﬁu,(2)) + 5p@ ()}tlﬁd,@) _ j)tlﬁu,(Z)) 0. (10.128)

In accordance with Egs. (9.48) and (9.49) we take, in order to satisfy
Eqs (10.127) and (10.128), the followmg evolution equations for 41 =
p (1) (mT’ L3, m%? [E?) and p p ) = (1)(113']:‘, T3, :13%, .’1713{),
9spP W 4 spPWPpdM) = in D, (10.129)
Osp™ V) — gp> WP — 0, in D, (10.130)

with initial conditions

1311,(1) =p% (1) (a:T,a:;l, m%,x?) (10.132)

For p% (2) = pd(2) (zT, 3; ar;rsf, :1;3) and p"™ 2 = o (2)(mT, T3; m%, :vg), we have
o ﬁd’(2) + Spbv(2)j;t1ﬁdv(2) =0, in D, (10.133)
Bp™ @ — b:@)j)tlﬁ“’(z) =0, in D (10.134)

with initial conditions

70 = 550 (@, 5; 25, 25) (10.135)
PO = 5o (g ot 2S 1) (10.136)
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Eqgs. (10.129) and (10.130), and Eqs. (10.133) and (10.134), show that
we have obtained a parametrisation of the background medium in terms
of {p>M Y} and {p>@ P} for the reference and monitor case, respec-
tively. Because there is no time-lapse contrast in the admittance operator
no difference reflections are generated in D", ie. for z3 < z§. This new
parametrisation, associated with the interaction integral Joonv of Eq. (6.31),
and the difference wave field p8** (Eq. (6.37)), is illustrated in Fig. (10.1).
Also shown is the parametrisation of the background medium in terms of
densities, and admittance operators for the down- and up-going wave field
constituents, p>M and { PN, Y=} and p>@ and {P4@ Yu@} for the
reference and monitor case, respectively, in case we evaluate the difference
wave field Ap™ of Eq. (10.108).

AﬁSCt
Dv
b,(1) £yd,(1) pu,(1) b,(2) (Vd.(2) YPu,(2)
P ’ {y ’y } p ) {y 7y }
8]D)t1
P P P2, P2
Dl
jconv’ ﬁdif,u
Du
pb,(l)’ j}tl pb,(2), J}tl
aDtl
P P) p2) P2
]D)l

Figure 10.1: Parametrisation of Ap**, in terms of p>(1) and {YM) YuM  and
p>@) and {Y4@) Y121 (top), and parametrisation of I° and pUfu in terms
of p»() and Y%, and p»? and P! (bottom).
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Tn order to calculate the extrapolation operators, WM (z&, 28} and
Weib@ (g8 2%) in Eq. (10.102), we need to obtain, according to Eqs. (10.98)
and (10.100) the kernels or fundamental solutions,

G (zp, 2R 2y, 23) and GYMO(zp, 23 @l 25), Tespectively. Following
Egs. (9.57) and (9.55), the evolution equations for the latter two funda-
mental solutions are given by

respectively. Analogously to Eqs. (9.58) and (9.56), the initial condition are,
-1
GO (g, ol 2y, 2Y) = (237“) § (xr — xlp) , (10.139)
-1
G (g, 23 xp, 23) = ( yﬂ) §(xr — 27, (10.140)
respectively. The fundamental solution G%*() is parameterised with pP(1)

and Y%, and solved upwards whereas the fundamental solution G is
parameterised with o> /(2 and yﬂ, and solved downwards.

10.5 Numerical examples of the interaction
integral

Consider the model of Fig. (10.2) which consists of 6 layers. Using this
configuration reference and monitor wave speeds, ¢ and ¢®, and densities,
oM and p?, are assigned according to Table (10.1). Time-lapse changes are
modelled in layer 1, in which the source and receivers are placed, such that
nonrepeatibility of the time-lapse experiments is modelled, and in layer 3
and 5. In order to calculate the interaction integral of Eq. (6.31) we use
a software code which simulates the pressure and vertical component of the
particle velocity, response, p and vs, using finite differences in Egs. (7.5) and
(7.6). The compressibilities are calculated from Eq. (7.25). Equal monopole
sources ¢! = ¢@ are employed. In Fig. (10.3) the difference wave field
Ap* is shown, which is the time domain version of Eq. (10.108), obtained
by placing the source and receiver array at 0 m depth. In this figure a dif-
ference direct wave, associated with the time-lapse changes in layer 1, and
several difference reflections, associated with the time-lapse changes in layer
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Reference model

-1500 -1000 -500 0 500 1000 1500
offset [m]

Figure 10.2: Model for time-lapse finite difference simulations.

1, 3 and 5, are observable. The difference wave field Ap** can be parame-
terised by the densities, and the down- and up-going admittance operators
of the reference and monitor media, p>® and {Y&O), YW} and p»? and
(V3@ Y@ respectively (Fig. (10.1) top). The parametrisation of the
latter admittance or D-t-N operators, at a level surface x5 = i, in terms
of {p>®, k>W} and {p>@, k>P} for 23 < 25, is accomplished using Eqgs.
(7.26) to (7.28), Egs. (8.3) and (8.4) and Fig. (8.1), Egs. (8.14), (8.15),
(8.17) and (8.18), and Eqs. (8.41), (8.42), (8.47) and (8.48). The expression
for the reflection operator in Eq. (8.73) shows that a time-lapse contrast in
{)A?d’(l) ,j}u’“)} and {yd’@),)}“’(z)} yields nonvanishing difference reflections
for z3 < z5%, examplified by Fig. (10.3). Calculating 1% of Eq. (6.31)
at z§ = 80 m depth, i.e. halfway layer 1, using the finite difference code,
we obtain Fig. (10.4). It appears that the difference direct wave associated
with time-lapse contrasts for x3 < 80 m has dissapeared, as compared to
Fig. (10.3). Hence, differences in the medium parameters in the source and
receiver domains are cancelled in the /°™-gather of Fig. (10.4), thus solving
the nonrepeatility problem associated with these time-lapse differences. For
23 < 80 m we obtain a parametrisation in terms of p>() and Y, and pb®
and V' (Fig. (10.1) bottom). Therefore, a difference reflection is introduced
at the interaction depth #§ = 80 m through I°™ of Fig. (10.4), as compared
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layer | & [m/s] ) [ke/m?] | ¢® [m/s] p® [ke/m’]
1 1800 1500 2000 1600
2 2100 1700 2100 1700
3 2200 1800 2400 1900
4 2500 2000 2500 2000
) 3000 2400 3200 2500
6 2700 2300 2700 2300

Table 10.1: Reference and monitor velocities and densities, ¢),p") and ¢(?) and
(2)
P2,

to Fig. (10.3) in which this difference reflection does not appear. The differ-
ence reflections in Fig. (10.4) are assciated with the operator ARY of Egs.
(10.88), (10.89) and (10.97) (Fig. (10.1) bottom), whereas the difference
reflections in Fig. (10.3) are associated with the difference of the reference
and monitor versions of the reflection operator of Eq. (8.73) (Fig. (10.1)
top). The time shifts of the difference reflections in Fig. (10.3) depend on
the time-lapse contrasts for x3 < 80 m. In Fig. (10.4) the time-shifts of the
difference reflections induced by the time-lapse contrasts for z3 < 80 m have
dissapeared. Also the amplitudes of the difference reflections in Fig. (10.4)
are corrected, as compared to Fig. (10.3), such that their dependencies on
the temporal contrasts for z3 < 80 m are cancelled. Hence, the corrective
action of the interaction integral is both kinematically as well as dynamically
valid.

In Figs. (10.5) to (10.7) the interaction integral ™ is calculated at
zy = 164, 264 and 404 m depths, i.e. just below the bottoms of layer 1,
2 and 3, respectively (Fig. (10.2)). One observes that in Fig. (10.5) the
time-shifts and amplitudes of the difference reflections are such that these
appear to be independent of the temporal contrasts in layer 1. Fig. (10.6)
is the same as Fig. (10.5), confirming that 7°°® is an invariant in a domain
(for e.g. layer 2) in which no time-lapse changes have occured. In Fig. (10.7)
the difference reflections are associated with the time-lapse contrast in layer
3, and are independent of the time-lapse contrasts in layer 1 and layer 2.
Observe that the first difference reflection, associated with the top of layer 3,
is a pure amplitude difference, involving no time-shift, in contradistinction to
the same difference reflection in Figs. (10.4) and (10.5), the former containing
the sum of the time-shifts induced by the temporal contrasts in layer 1 and
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Difference data at 0 m
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Figure 10.3: Difference wave field Ap™* at r3 = 0m

2, the latter containing the time-shift induced by the temporal contrast in
layer 2.

10.6 Longitudinal invariance

Consider the subdomain D' = {(zr,z3)| 2zt € R%, 25 < 25 ' < 23 < 2} <

z4}, in which the medium parameters are assumed to be invariant with

respect to the xs-coordinate. Then, implementing longitudinal-invariance in
Egs. (10.114) and (10.115), similarly to Eq. (9.59), yields

VspP DY — (sppO) IV — 0, i D, (10.141)
VspP@YP — (spbN T HED — 0, i D', (10.142)

From this last equation we take, analogously to Eqs. (9.60) and (9.61), the
following solutions,

(YW pry = () _pe) in D, (10.143)
(PO Pu@y = (i@ i)y in D, (10.144)
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Boundary integral at 80 m
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Figure 10.4: interaction integral I at z% = 80m.

with
P — (Spb,a))—l >0, (10.145)

A

PO = (5p02) ), (10.146)

The symmetric pseudo-differential square-root operators ’Hb M and 7:1?’(2) are
given by

Hy W =AY, with Re(AV) >0, VAW e o (Fp®

(10 147)
Hy® =ApPAPP ) with  Re(A®) >0, vA® ¢ 0(7:[1 2>)
(

10.148)

in which o(7>™") and o(H>®) designate the spectra of #>M and H@
respectively. The reference and monitor Helmholtz operators are, according
to Eqgs. (7.24) and (7.29), given by,

A~ 2 _
700 — (cbs(l)) — b, [(pb,(l)) 13a.] | (10.149)
@) _ (S N b(2)) -1

Hy' " = (Cb,(2)> — p>3g, [(p (2)) 6a,] , (10.150)




Boundary integral at 164 m
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Figure 10.5: interaction integral I°™ at z§ = 164 m.

respectively. Because, according to Eq. (10.20), the admittance operators
of Egs. (10.145) and (10.146) are in normalised form, we have, using Eq.
(10.120), for the symplectic eigenvalue operator,

P (J}i,(z)yi,(l))% . (10.151)
Defining,
TR PVLIOR R T ) ) (10.152)
HD L b @8 iy D (10.153)
we obtain, according to Egs. (10.137) and (10.138),
B Gt W) — M Geth (D) — 0 for 25 € [af, M), (10.154)
Byt 7.2;17(2)@«1#61,(2) =0, for z3¢ (af, 25 (10.155)

The extrapolation operators of Egs. (10.98) and (10.100) are, for a longitudinal-
invariant medium, given by, according to Eqs. (9.73) and (9.74),

W) (7, 25+ = exp { (254 — z3) 7:[;1,(1)} gk <y <ot
(10.156)
W@ (21 25) = exp {— (23 — b) ?%'f"z)} .2k <oy < ait (10.157)
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Boundary integral at 264 m
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Figure 10.6: interaction integral I°™ at z§ = 260 m.

Using a recursive scheme, assuming that the medium is piece-wise invariant
with respect to the longitudinal x3-coordinate, one can construct, using the
semi-group property of Eq. (9.19), using these last two equations, extrapo-
lation operators for an inhomogeneous medium. Some examples are shown
in the next section.

10.7 Proposed processing scheme

The objective of this thesis is to infer from time-lapse changes in the seismic
velocities, and associated dynamic elasticity parameters, the change in the
in-situ stress during two measurements. For acoustic waves we would try
to estimate changes in the compressional-wave velocity and the dynamic
compressibility. To do so I propose a recursive top-down approach which
first solves the nonrepeatibility problem and subsequently estimates the time-
lapse changes, with respect to the reference measurement, as these occur,
with increasing depth. The estimated time-lapse changes are then used to
obtain a temporal contrast reflectivity image. Below I give an outline of
the proposed processing steps. Consider an interaction depth zY, below
expected nonrepeatibilty changes and above the expected time-lapse changes
associated with e.g. reservoir activities.
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Boundary integral at 404 m
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Figure 10.7: interaction integral I°°™ at z§ = 404m.

. Transform the reference and monitor pressure data to the Fourier do-
main.

. Equalise the reference and monitor source signatures (Egs. (10.2) and
(10.4)) such that ¢V = ¢@ = q.

. If necessary calculate 3"\ (25, 23; 2%, 28) from pt @) (&, 2f; &f, 23),
using source-receiver reciprocity.

. Calculate the reference incident wave field p>® (5., z4; 2%, z5 ) at ¥
using the reference forward extrapolation operator WP M) (g4l &) of
Eq. (9.15), applied to the reference dipole source 3 §S>Wé(xh — )
of Eq. (9.5).

. Calculate the reference scattered wave field p>%(\ (23, 2%, wT,mg) at

T
2Y, using the reference inverse extrapolation operator Wb (g8 2%)

of Eq. (9.46), applied to the reference measurement p*t( (., z5; =&, 2}

. Calculate the monitor incident wave field po® (! 2t x5 25), at
3751, using an estimate of the monitor forward extrapolation operator
Wab@ (28 25) of Eq. (9.15), applied to an estimate of the monitor

dipole source 1 ¢S*Pé(zr — @) of Eq. (9.5).
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7. Calculate the monitor scattered wave field p*t@ (2% 2% 25, 23), at

z¥, using an estimate of the monitor inverse extrapolation operator

Wab, (2§, z8) of Eq. (9.46), applied to the monitor measurement
psct (2)( R R S S)

8. Calculate the interaction integral 7°°™ (zf; xR, %) of Eq. (6.31), at 2%,
using Eq. (10.8).

A deviation of the true monitor model from the estimated monitor model
leads to, using steps (6) and (7), an incorrect estimation of the monitor
incident and scattered wave fields. This causes residual difference reflection
energy, associated with the time—lapse contrasts in the medium parameters
above the interaction depth z§. By updating the estimated monitor model, in
steps (6) and (7), towards the true monitor model, we minimize the difference
reflection energy. Application of the correct monitor model yields vanishing
difference reflection energy, associated with the time-lapse contrasts in the
medium parameters above the interaction depth z¥, as is exemplified by Figs.
(10.4) to (10.7).

9. Minimize difference reflection energy, associated with the time-lapse
contrasts in the medium parameters above the interaction depth zf,
by repeating steps (6), (7) and (8), using updating of the monitor model
estimate towards the true monitor model.

10. Repeat steps (4) to (9) for subsequent depth levels, until below deepest
time-lapse contrast, using the semi-group property of the extrapolation
operator (9.19), resulting in a top-down recursive approach.

The previous steps yield an estimate of the unknown monitor model. The
scheme depends on a sufficient accurate knowledge of the reference model.
Depending on the uncertainty in the reference model, it might also be neces-
sary to update the reference model. The estimated model(s) are used in the
following steps to image the difference reflectivity.

11. Calculate the symplectic eigenvalue operator Y using Egs. (10.118),
(10.119) and (10.120).

12. Deconvolve I with the source signature §, according to Eqs. (6.37)
and (10.102), to obtain pUite (xR 8 x5 13).
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13. Calculate the down-going wave field component p(2 )(mlfw,ac?) s, 1),

according to Eq. (10 104), by downward extrapolation of g(Y*)~!§ (ZBTA
x3), using Woth@) (28 28), through a medium parameterised by p™®
and Y%

14. Calculate the up-going difference wave field piifu(zR 2t 23, z3), ac-

cording to Eq. (10.105), by downward extrapolation of
P (2, 25 2%, 25), using Wath (z%, %), through a medium pa-
rameterised by p>®) and Y.

15. Estimate the kernel ARY(z%, z%: x5, 21!) by inverting Eq. (10.106),
using the results of steps (13) and (14).

16. Obtain angle-dependent difference reflectivity by applying a double
Radon transform to ARtl(mT,xgl,w%,xg), with respect to the trans-
verse receiver and source coordinates, % and x3., respectively, and by
subsequently applying the imaging condition, which amounts to an in-
tegration with respect to the frequency cooordinate (see e.g. de Bruin

et al. (1990)).

In Fig. (10.8) a numerical imaging example is shown, using steps (1) to (8),
and steps (11) to (16), for a range of depth levels, using the model of Fig.
(10.2), and the reference and monitor parameters of Table (10.1). Because
the reference and monitor parameters are known the inversion update steps
(9) and (10) are excluded. The forward and inverse extrapolation operators
are calculated, using Eqgs. (10.156) and (10.157), recursively, valid for a
piece-wise depth-invariant medium. Fig. (10.8) shows the kernel AR" as a
function of horizontal ray parameter (Radon transform parameter dual to the
horizontal receiver coordinate) and depth. Clearly, the temporal contrasts
in layers 1, 3, and 5 are imaged as a function of horizontal ray parameter.
In Fig. (10.9) the difference reflectivity at zero horizontal ray parameter
(normal incidence) is shown. In Fig. (10.10) the difference reflectivity as a
function of horizontal ray parameter, at a depth of 100 m, is depicted. The
high values beyond £1 x 107 are associated with evanescent waves.
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Figure 10.8: Imaged kernel of the difference reflection operator ARY as a function
of horizontal ray parameter and depth.
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Figure 10.9: Difference reflectivity at zero horizontal ray parameter (normal in-
cidence).
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Figure 10.10: The difference reflectivity as a function of horizontal ray parameter,
at a depth of 100 m depth.

247




10.8 Discussion

A recursive pre-stack processing scheme has been proposed, based on the
full acoustic wave equation, for time-lapse datasets, involving reference wave
fields, travelling through a reference medium, and monitor wave fields, which
propagate through a monitor medium. To this end a boundary integral of the
time-convolution type is employed which represents an up-going difference
wave field, originating from temporal contrast sources below the boundary,
at which this integral is evaluated. The up-going difference wave field is the
temporal analogue of the up-going scattered wave field, which originates from
spatial contrast sources.

The reflection operator is derived which, quantifying the scattering pro-
cess, relates an up-going scattered wave field to a down-going incident wave
field. This spatial scattering formalism is set in terms of spatial contrasts
between a computational background medium and the actual medium. By
comparison, the time-lapse scattering formalism, in terms of a difference re-
flection operator, uses temporal contrasts between the two actual reference
and monitor media.

The reference and monitor wave fields, in the integrand of the boundary
integral of the time-convolution type, are determined using computational
background media, based on partial and insufficient knowledge of the ac-
tual media. The interaction of two actual wave fields is considered. This in
contradistinction to spatial scattering formalisms, in which an actual mea-
surement wave field interacts with a smooth computational wave field. For
this reason may expect that with time-lapse seismic measurements a higher
resolution can be attained than in single seismic measurements.

From the difference reflection operator, changes in the compressional-
wave velocity or compressibility, and the density can be inferred. Using
a suitable parametrization one could linearize this inversion, e.g. for small
temporal contrasts, and carry out an AVO-type analysis. For stress inference
one ideally needs a scheme based on elastodynamic waves in an anisotropic
medium. The wave-vector formalism can be generalized, see e.g. de Hoop
and de Hoop (1994), in terms of elastodynamic wave field quantities and
anisotropic elastic moduli. The compressional- and shear-wave velocities
inferred from such a scheme can be input to a stress-inversion scheme. For
this we can use results from ultrasonic experiments, as are shown in the first
part of this thesis. All under the assumption that we are able to translate
the scaled experiments to the in-situ stress conditions.
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Appendix A

Notations and conventions

In this thesis we consider the three-dimensional space R? equiped with an
Euclidean metric. Within this space a standard measuring rod is defined
with respect to a Cartesian reference frame, consisting of three mutually
perpendicular base vectors, {%,,%2,%3}, which form a right-handed system.
A position in space, denoted by the vector x, is specified by the Cartesian
coordinates {x, z2, x5}, written as @ = (x1, 7o, 23), and given by

r = .’Elil + .1,'27:2 + l’gig. (Al)

To discriminate between the transverse direction, specified by the coordi-
nates {z1,2,}, and the longitudinal direction, specified by the coordinate
x3, the position vector is also denoted by @ = (2T, z3), with the transverse
coordinate given by

T = xlil + 932?:2. (AZ)
We make use of Einstein summation convention and write
TT = Tat, and T = x4, (A.3)

in which a repeated lower-case Greek subscript takes the values {1,2}, and a
repeated lower-case Latin subscript takes the values {1,2,3}. Time is given
in the one-dimensional space R, specified by the coordinate {t} with respect
to a standard clock, and denoted by ¢.
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Appendix B

Integral transformations

In this appendix the one-sided Laplace transform pair with respect to time,
of functions which represent causal or anti-causal wave fields, is introduced.
Additionally, the Laplace-Fourier transform pair with respect to the time
and transverse coordinates is given.

B.1 Laplace transform with respect to time

B.1.1 Causal wave fields

Consider a space-time wave field, p(x,t), originating from a source which
excites at time ¢ = 0. Because the wave field is causally related to the action
of the source, we have the following causality condition

p(x,t)=0, t<O0. (B.1)

The one-sided Laplace transform with respect to time of a causal space-time
wave field p(x, t) is defined by

ple,s) = /000 exp (—st)p(x,t)dt, Re(s) >0, (B.2)

with the Laplace transform parameter s € C. The function p(x, s) is regular
in the right half-plane Re(s) > 0. The condition Re(s) > 0, together with
the boundedness of the wave field p(a, t), ensures that the Laplace transform
is a converging integral, which, when regarded as an integral equation, for a
given p(x, s), produces as a solution an unique space-time function p(z, ),
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which vanishes for ¢ < 0. Due to the analyticity of the Laplace transform
kernel exp(—st), p(x, s) is an analytic function in the region of convergence
Re(s) > 0, see Widder (1946) and de Hoop (1995)[p. 1050]. Using the causal-
ity condition of Eq. (B.1) the Laplace transform integral is extended over
the entire real line, according to

plx,s) = /tERexp(—-st)p(w,t) dt, Re(s)>0. (B.3)

To be able to express the Laplace transform in terms of a Fourier transform
s is separated into its real and imaginary parts,

s=jwte w,eeR, €>0. (B.4)

Substituting this last definition for s into the Laplace transform of Eq. (B.3),
we obtain

plx,s)= /t Rexp(—jwt) [exp (—et) p(x,t)]dt, €>0, (B.5)

which constitutes a Fourier transform of the function exp(—et)p(x,t). Taking
the limit € — 0, we obtain

lim p (2, 5) = (2, jw) = B (@,0), (B.6)

in which p(x,w) is introduced for symbolic convenience and represents the
Fourier transform of p(z, t).
The inverse Laplace transform is given by
€+joo
pla,t) = 5 / exp (st)p(x,s)ds, €>0. (B.7)
s

€—joo

Again, separating the real and imaginary parts of the Laplace parameter s,
we can rewrite the inverse Laplace transform as

p(x,t) = exp (et) % / exp (jwt) p(x, s) dw, (B.8)

weR

which constitutes an inverse Fourier transform of p(x, s), multiplied by the
real exponential function exp(et).
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B.1.2 Anti-causal wave fields

Consider an anti-causal space-time wave field p*(z,t), anti-causally related
to a source which excites at ¢ = 0, which satisfies the following anti-causality
condition

p*(x,t) =0, t>0. (B.9)

The one-sided Laplace transform with respect to time of p?(a,t) is given by

P (x,s*) = / exp (—s%) p* (z,t)dt, Re(s*) <0, (B.10)

—o0

in which s* is the Laplace transform parameter and the function p*(x, s*) is
regular for the left half-plane Re(s*) < 0. The Laplace transform parameter
s* is taken as

s =jw—¢€, w,eeR, >0 (B.11)
Substituting this last definition for s* into the Laplace transform of Eq.

(B.10), and using the anti-causality condition of Eq. (B.9), such that the
integration is extended over the entire real line, we obtain

P (x,s*) = /LERexp (—jwt) [exp (€*t) p* (x,t) | dt, €* >0, (B.12)

which constitutes a Fourier transformation of the function exp(e*t)p*(x,t).
Using Eq. (B.5) we have

b (@, —s™) = /t exp (o) [exp () p(@ )t >0, (B3

Suppose that an anti-causal wave field can be obtained by a time-reversal
operation on a causal wave field according to

p*(x,t) = p(x,—t). (B.14)

Applying time-reversal Eq. (B.13) can be rewritten as,

p(x,—s*) = /teRexp (—jwt) [exp (€*t) p* (2, t) ] dt, €* > 0. (B.15)
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Hence, Egs. (B.12) and (B.15) yields
Pz, s*) =p(x,—s%), s*=jw—¢€, >0, (B.16)

(Fokkema and van den Berg (1993) and de Hoop (1995)). Because of Eq.
(B.14) we can choose € = €*, with € given in Eq. (B.4). Hence, Eq. (B.12)
can be rewritten as,

P (x, s*) = /tERexp (—jwt) [exp (et) p(z, —t)]dt, €>0. (B.17)

Using time-reversal of the right-hand side of Eq. (B.17) this equation can be
written as

P (x,s%) = {/tERexp (—jwt) [exp (—et)p(w,t)]dt} , €>0, (B.18)

where the star superscript denotes complex conjugation. Using Eq. (B.5) we
obtain

~a ay __ o~k s = jw+6
P (x, ") =p* (=, 5), {Sa — Gw—e € > 0. (B.19)

Taking the limit ¢ — 0 in Egs. (B.16) and (B.19), as in Eq. (B.6), we have
P (0,0) = 5 (@, —w) = 5 (). (B.20)

B.1.3 Partial differentiation with respect to time

The Laplace transform of the partial derivative with respect to time of a
causal wave field p, O,p, is obtained by means of partial integration as

/ exp (—st) Oyp (x, t) dt
0

oo

+3/ exp (—st)p (x,t)dt
0

= —p(x,0+) + sp(x,s). (B21)

—exp (~st)p (o) [

The term —p (x,0+) accounts for the presence of a discontinuity at ¢t = 0,
when passing the instant ¢ = 0 in the direction of increasing ¢ (Fokkema and
van den Berg (1993)[p. 19]). Hence, for vanishing p (x,0+), differentation
with 0, in the time domain is equivalent to multiplication with s in the
complex-frequency domain.

254




B.2 Spatial Fourier transformation

The three-dimensional Fourier transform, with respect to the spatial coordi-
nate vector x, is defined as

ﬁ(k,s):/mew exp (jkqz,) p (z, s) d. (B.22)

The inverse transform of Eq. (B.22) is obtained as

1
(2m)*

plx,s) = / exp (—jkmam) D (k, s) dk. (B.23)
kers

The two-dimensional spatial Fourier transform, with respect to the transverse
coordinate vector @, is defined as

b (kr,z3,5) :/ exp (jkats) p (T, T3, ) dET, (B.24)
ZBTER2

in which the the argument list of the space-domain function and its transform
is adjusted to distinguish between the transverse and longitudinal directions.
The inverse transform of Eq. (B.24) is given by

1
(2m)?

p(xr,z3,8) = / exp (—jkaxa) p (K1, 23, ) dkp. (B.25)
k:TER2

B.2.1 Partial differentiation with respect to the spatial
coordinates

Partial differentiation of the Laplace transformed wave field p with respect
to the mth spatial coordinate is given by

/ exp (jkqty) Omp (x, s)dx = —jk,.p (k,s). (B.26)
T eR3

Hence, partial differentation in the spatial domain with the operator 9, is,
in the wave-number domain, equivalent to multiplication with —jk,,.
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Summary

In this thesis the time-lapse seismic method is investigated with regard to its
application in monitoring the subsurface stress. The objective is to use this
method to study the temporal changes of the stress field associated with the
geomechanics of an earthquake. In particular, the application towards small
earthquakes, induced by fluid injection or extraction operations such as in oil
and gas production, is investigated. The derived processing scheme is generic
enough to be used for other time-lapse seismic problems, e.g. monitoring
hydrocarbon saturation changes.

The elastodynamic response of seismic waves to a changing stress field is
considered as a possible precursor to earthquakes. The major problem that
must be solved is that quasi-static (large spatio-temporal scale) mechanical
parameters which govern earthquake precursor mechanisms must be inferred
from dynamical (small spatio-temporal scale) mechanical parameters which
underlie wave propagation theory. Ultrasonic stress experiments are con-
ducted to serve as scaled physical model studies which enable to investigate
the relationship between elasto-quasi-static theory, which governs crustal de-
formation, and elastodynamic theory, describing seismic wave propagation.

Three series of experiments were conducted on a triaxial pressure ma-
chine, involving the Colton, the Flechtinger, the Niederhausen and the Bad
Diirckheim sandstones. The machine can not apply a controlled pore pressure
to the rock since it is an open system. According to the effective stress con-
cept a decrease/increase of the fluid pressure results in an increase/decrease
of the effective stress. Hence, up-/down-loading in the triaxial pressure ma-
chine simulates the effective stress during extraction/injection of fluids from
a reservoir. During the experiments, phenomcna such as anisotropy, hys-
teresis, and anelasticity are studied with respect to quasi-static finite strains
(stress-strain curves) and dynamic infinitesimal strains (wave propagation).

The ultrasonic experiments show that effective stress changes lead to dis-
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tinct anisotropic velocity changes in compressional-waves and shear-waves.
The stress imprint can be recognized from the associated velocity pattern.
The ultrasonic velocities indicate that the sensitivity of the different waves
to stress predominantly depends on stresses applied in the polarization and
propagation directions of the particular wave mode. Also, stress-induced
changes in shear-wave splitting are observed. The wave velocity change per
unit stress increment decreases with increasing effective stress, for all ve-
locities, showing a decreasing sensitivity of ultrasonic waves to stress with
increasing effective stress. Hysteresis, apparent through a different behaviour
during up- and down-loading, is less significant for wave velocities than for
quasi-static strains. Anelasticity, which depends on the mineralogy, appears
as a permanent deformation and a permanent wave velocity increase after a
first loading experiment. Depending on the anelastic effect, first up-loading
wave velocities are smaller than first down-loading velocities. Dynamic elas-
tic moduli, calculated from wave velocities, are larger than the quasi-static
moduli, calculated as the tangent of stress-strain curves. Static and dynamic
elastic moduli are approximately parallel during up-loading, suggesting a
simple explanation which enables to relate the two moduli.

In seismic exploration the earth’s elastodynamic response to an acoustic
source (e.g. dynamite or air guns) is measured. Data from a multitude of
such measurements are processed in order to obtain an image of the sub-
surface from which geological structures are identified which might enclose a
hydrocarbon reservoir. Time-lapse seismic monitoring is a technique in hy-
drocarbon production which uses repeated seismic experiments, employing
optimal time intervals, to obtain difference maps such that reservoir opera-
tions can be optimized.

With time-lapse seismic measurements one can obtain compressional- and
shear-wave velocity changes induced by pore fluid pressure changes. The ve-
locity changes appear as travel time and reflection amplitude changes in a dif-
ference seismogram. Using an integral representation of the time-convolution
type, which contains in the integrand the total wave fields of the reference
and the monitor states, a new difference wave field is computed, generated by
temporal contrasts located below the interaction depth, at which the integral
is calculated, whereas temporal contrasts above the interaction depth do not
contribute to the interaction integral. This enables to obtain pure difference
amplitudes at every depth level from which an image can be constructed of
the temporal contrasts. The recursive annihilation of phase shifts above the
interaction depth also offers an inversion scheme which aims to invert for
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wave velocity changes above the interaction depth.

The integral representation of the time-convolution type constitutes a
bilinear form. Substitution of the reference and monitor wave field decom-
position operations, in terms of Dirichlet-to-Neumann (D-t-N) operators of
the wave field components, and subsequently applying a normalization, one
obtains a symplectic matrix operator with respect to this bilinear form. As-
suming equality of the reference and monitor D-t-N operators of the wave field
components, the matrix operator becomes alternating. In case of inequality
of these D-t-N operators, application of a symplectic eigenvalue decomposi-
tion yields an alternating matrix operator. On this new basis a difference
wave field can be constructed with vanishing difference reflections above the
interaction depth. At the interaction depth a pure amplitude reflection is
obtained while deeper reflections are dynamically corrected in contradistinc-
tion to the difference wave field constructed from the reference and monitor
wave fields measured at the acquisition surface.

The implementation of the ultrasonic scale results (Part I) to the seismic
scale (Part II) is discussed but not carried out. The time-lapse seismic moni-
toring theory in Part II is derived for acoustic waves, whereas Part I assumes
elastic wave theory. The analysis in Part II is done for acoustic waves in
order to keep the calculations within reasonable limits. The elastic wave the-
ory can be derived in an analogous manner involving similar operators. The
derived theory on time-lapse seismic wave fields is generic and not just appli-
cable towards stress inference, but can handle arbitrary time-lapse problems,
such as a combination of pore fluid saturation changes and effective stress
changes.
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Samenvatting

Het onderzoek dat in dit proefschrift beschreven wordt heeft betrekking op
de in tijd herhaalde seismische methode en meer specifiek op de toepassing
ervan in het meten van de ondergrondse spanningen. Het doel is om deze me-
thode te gebruiken voor een studie van het spanningsveld en de veranderingen
ervan in de tijd die gerelateerd zijn aan de geomechanica van aardbevingen.
Wat vooral wordt bestudeerd is de toepassing met betrekking tot kleine aard-
bevingen die geinduceerd worden door vloeistofinjectie- of extractieprocessen
zoals bij olie- en gasexploitatie. Het hier afgeleide dataverwerkingsschema is
voldoende algemeen om ook bij andere in de tijd veranderlijke seismische
problemen gebruikt te kunnen worden, zoals het meten van de verandering-
en in olie- of gassaturaties.

Het elastodynamische effect van een veranderend spanningsveld op seismi-
sche golven wordt onderzocht als een mogelijke voorbode van aardbevingen.
Het grootste probleem dat opgelost moet worden is dat quasi-statische me-
chanische parameters (cp een grote ruimte-tijd schaal), die aardbevingsme-
chanismen beheersen, afgeleid moeten worden uit dynamische mechanische
parameters (op een kleine ruimte-tijd schaal), die ten grondslag liggen aan
de golfvoorplantingstheorieén.

Drie reeksen van experimenten zijn uitgevoerd op een triaxiale druk-
bank met Colton, Flechtinger, Niederhausen en Bad Diirckheim zandstenen.
De drukbank kan geen gecontroleerde vloeistofdruk aanbrengen aangezien
het een open systeem betreft. Volgens het concept van effectieve span-
ning resulteert een toename/afname van de vloeistofdruk in een respectieve-
lijke afname/toename van de effectieve spanning. Daarom simuleert de toe-
/afname van de belasting in de triaxiale drukbank de effectieve spanning
tijdens extractie/injectie van vloeistoffen uit/in een reservoir. Gedurende
de experimenten worden fenomenen zoals anisotropie, hysterese en inelas-
ticiteit bestudeerd met betrekking tot quasi-statische eindige rek (spannings-
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rekcurves) en dynamische infinitesimale rek (golfvoorplanting).

De ultrasone experimenten laten zien dat veranderingen in de effectieve
spanning leiden tot duidelijke anisotrope snelheidsveranderingen in druk- en
schuifgolven. De spanningstoestand kan herkend worden aan de hand van het
bijbehorende snelheidspatroon. De ultrasone snelheden wijzen erop dat de
gevoeligheid van verschillende golven op de spanning voornamelijk afhangt
van de spanningen aangebracht in de polarisatie- en voorplantingsrichtingen
van de specifieke golfvorm. Ook spanningsgeinduceerde veranderingen in de
splitsing van schuifgolven zijn waargenomen. De ratio tussen de verandering
van de golfsnelheid en de toename van spanning neemt voor alle snelheden af
met een toenemende effectieve spanning, en laat dus een afnemende gevoe-
ligheid van ultrasone golven voor de spanning zien bij het toenemen van de
effectieve spanning. Hysterese, zichtbaar door verschillend gedrag tijdens
het vergroten en verkleinen van de belasting, is minder significant voor golf-
snelheden dan voor quasi-statische rek. Inelasticiteit, die athangt van de
mineralogie, blijkt uit een permanente deformatie en golfsnelheidstoename
na een eerste belastingsexperiment. Afhankelijk van het inelastische effect,
zijn de golfsnelheden, voor een bepaalde eerste spanningsbelasting, bereikt
door een toename van de belasting kleiner dan na een afname van de belas-
ting. Dynamische elastische moduli berekend uit golfsnelheden, zijn groter
dan quasi-statische moduli, berekend als de raaklijn aan spannings-rekcurves.
Statische en dynamische elastische moduli lopen bij benadering parallel tij-
dens een toename van de belasting. Dit suggereert dat er een eenvoudige
verklaring bestaat hoe deze twee moduli aan elkaar gerelateerd zijn.

In seismische exploratie wordt de elastodynamische respons van de aarde
ten gevolge van een akoestische bron (bijvoorbeeld dynamiet of airguns)
gemeten. Gegevens van zeer vele van dat soort metingen worden verwerkt
om een beeld van de ondergrond te verkrijgen. Het doel is de geologische
structuren te bepalen die een olie- of gasreservoir zouden kunnen bevatten.
"Time-lapse seismic monitoring’ (het monitoren m.b.v. in tijd herhaalde seis-
miek) is een techniek, die gebruikt maakt van, na bepaalde optimale periodes
herhaalde, seismische experimenten, om veranderingen in kaart te brengen
zodat de produktie van olie of gas uit het reservoir geoptimaliseerd kan wor-
den.

Met time-lapse seismische experimenten kan men druk- en schuifgolfsnel-
heidsveranderingen opsporen die het gevolg zijn van veranderingen in de
vloeistofdruk in de porién. De snelheidsveranderingen manifesteren zich
als veranderingen in de looptijden en reflectie-amplitudes in verschilseis-
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mogrammen. Gebruikmakend van een integraalrepresentatie van het tijd-
convolutie type, dat in de integrant de totale golfvelden van de referentie- en
herhalingstoestanden bevat, wordt een nieuw verschilgolfveld berekend, dat
voortkomt uit temporele contrastbronnen onder het interactie-niveau waarop
de integraal wordt berekend, terwijl contrasten boven dit niveau niet bijdra-
gen aan de integraal. Dit maakt het mogelijk dat op ieder diepteniveau
zuivere verschilamplitudes verkregen kunnen worden, zodat uiteindelijk een
totaalbeeld van de temporele contrasten opgebouwd kan worden. De recur-
sieve verwijdering van fasedraaiingen boven het interactieniveau geeft ook
de mogelijkheid van een inversie schema met als doel het inverteren voor de
veranderingen in de golfsnelheden boven dat niveau.

De integraalrepresentatie van het tijd-convolutie type vormt een bi-lineaire
vorm. Substitutie van de ontbindingsoperaties van de referentie- en herha-
lingsgolfvelden in termen van Dirichlet-naar-Neumann (D-n-N) operatoren
van de golfveld componenten, en hierna een normalizatie, geeft een symplec-
tische matrix operator met betrekking tot die bi-lineaire vorm. Dit wordt
een alternerende matrix operator als we aannemen dat de referentie en her-
halings D-n-N operatoren van de golfveld componenten gelijk zijn. In het
geval van ongelijkheid van deze D-n-N operatoren, leidt het toepassen van
een symplectische eigenwaardenontbinding tot een alternerende matrix ope-
rator. Op deze nieuwe basis kan een verschilgolfveld gemaakt worden uit
verschilreflecties die verdwijnen boven het interactie niveau. Op dit niveau
verkijgt met een zuivere amplitude reflectie terwijl de diepere reflecties op een
dynamische manier gecorrigeerd worden, in tegenstelling tot het verschilgolf-
veld dat gemaakt wordt uit de referentie- en herhalingsgolfvelden gemeten
op het acquisitie oppervlak.

De transformatie van de resultaten van de ultrasone schaalexperimenten
(Deel I) naar de seismische schaal (Deel II) wordt besproken maar is niet
geimplementeerd. De time-lapse seismische theorie in Deel I is afgeleid voor
akoestische golven, terwijl Deel I de theorie van elastische golven aanneemt.
De analyse in Deel II is gedaan voor akoestische golven om de omvang van de
berekeningen binnen de perken te houden. De elastische golftheorie kan op
een vergelijkbare manier afgeleid worden met gebruikmaking van eenzelfde
soort operatoren. De afgeleide theorieén met betrekking tot time-lapse seis-
mische golfvelden zijn zeer algemeen en ook toepasbaar buiten het bepalen
van alleen spanningen. Zij kunnen arbitraire time-lapse problemen aan, zoals
een combinatie van saturatieveranderingen van de porievloeistof en effectieve
spanningsveranderingen.
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