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which can not be determined individually. To continue the above metaphor, one may 
think of a geodesic as being the solution to a "classical" Lagrangian, i.e. the eikonal 
equation, defined in terms of the conventional wave equation. This solution is obtained 
by attributing the elementary volume to, say, the characteristic size of a single cell 
amoeba. And if on this scale the environment is assumed to be non-scaling, then the 
amoeba and its "dilated" counterpart will not experience the consequences of scaling, 
because its environment is ruled by functions. However, an ant, a mouse or an elephant, 
which are conglomerates of cells, certainly live through the effects induced by the scaling. 
Their environments are formed by scale indexed functionate, i.e. the scaling medium 
representation. 

Now the question is, how must waves physically be embodied? Are they amoebae, or are 
they multicellular? 

E.7.2 A starting point? 

As a consequence of the above line of reasoning the time has been set as a fixed gauge with 
which space is going to be measured. Since I am dealing with a self-affine situation, the 
medium profiles depend on the vertical coordinate, the spatial gauge is simply, following 
Ie Méhauté (1991), proportional to the time, a(t) ~ t. It is this choice which potentially 
solves the problem of how to define the spatial gauge which has to be related to the 
time in one way or another. Let me now demonstrate what the implications are of this 
choice on the role of the time and the time derivative in conjunction with the constitutive 
relations. 

In the current formulation one was able to replace, by virtue of Reynolds' transport 
theorem, the time derivative acting on, say, the functional expressing the observed mass 
flow density # x = pvx, i.e. ^(^x^a(t)tx)j by a partial26 time derivative sandwiched 
between the mass density, p, and the field quantity, vXj ^(^xifiait)^) — {p3tVxj</>a(t),x)-
This identity holds since there exists a relation expressing the conservation of mass for 
the elementary volume. This conservation law states that the time derivative of the 
functional {p,<f>a(t),x) equals zero, i.e. ^{p,<pa(t),x) = 0? m t n e absence of annihilation 
and creation of mass (de Hoop, 1995). To summarize, the derivation of the constitutive 
relations manifests the material properties, {p,n}, with respect to the observed field 
quantities {vXi p}. In order to establish a physical meaning to these constitutive relations 
I demand passivity, following de Hoop (1995), implying that ^({^as,©},^*),*) ™> 0 as 

In equation (E.17) I postulated that, in case of a scaling number density, one may have 
to alter the form of the pertaining conservation law. For the conservation of mass this 

;I linearized the co-moving time derivative, i.e. Dt *-> &t. 
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alteration implies a recast of the conservation law into 

jt{pAa{tu) = {dtpAa{t),x) A* -+ 0 (E.55) 

rather than 

■^{p,Mthx) = 0 A t - > 0 . (E.56) 

The implication of this postulate is that the source free equation of motion, 

{OxP, <l>ff(t),x) + fa(**><t><r(t)tz) - ° (E-57) 

- being, as a consequence of equation (E.56) and Reynolds' transport theorem, equivalent 
to 

{dzP, <P<r(t),x) + (pDtVx,<t><r(t)tX) = 0 , (E.58) 

- becomes a system of equations reading 

(&P,^(0,*> + ^(**»^(t)>a!> = 0 (E.59) 

^<A</W),z) = JimQ ~~f(dtP^a(t),x) (E.60) 

In the modified situation the functional can not, as in the current formulation, be 
dropped in order to obtain a local form for the equation of motion 

dxp + pdtvx = 0, (E.61) 

where I linearized the co-moving time derivative towards an ordinary partial time deriva­
tive. Instead I ended up with a functional relationship in which explicit reference is made 
to the spatial scale and indirectly to the temporal gauge, At, Moreover, an additional 
functional emerged expressing a contribution due to an infinitesimal dilatation induced 
during the time step, At. 

What is to be learned from the additional equation (E.60)? First of all it refers to a 
change in the time rate of change in the density of mass, effectuated by an change in the 
resolution of the elementary volume during the time step A t This change is measured in 
terms of the wavelet coefficient {dtp, ipa{t)yx} and, as a consequence, it becomes interesting 
to study the behaviour as a function of the temporal gauge, At. Let me first note that 
while taking At -» oo one obtains the static behaviour in-which the density must be 
conserved a notion becoming manifest in the sense that the scale contribution drops out. 
Moreover, this scaling contribution becomes zero in case the density becomes smooth at 
the small scale range or anywhere else. Of course these are the two situations I am not 
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strictly interested in and let me therefore review what may occur during the time step 
At in case the density is taken as 

p(x,t)~xa. (E.62) 

Then it may be expected that equation (E.55) would yield a behaviour like 

^ < P ? ^ ( t ) , x > = (dtP,il><r{t),x) , E 6 3 ^ 

~ dtta 

This, on its turn, may imply a dissipation since 

F{ta~~1} ~ (M~~a, (E.64) 

yielding an irreversihility of the time. In this expression I made use of the fundamental 
property of the Fourier transform that maps powerlaws onto powerlaws and that leaves 
scale operator of the type xdx untouched, i.e. xdx + 1 4 kdk (Ie Méhauté, 199I; Hol­
schneider, 1995). The irreversihility implies that the time has only one direction, a notion 
well reconcilable with the fact that the real and imaginary parts of (ju)a27 form a Hubert 
transform pair under certain conditions for the a and that implies a causality. There is 
even a more important observation to make, that concerns the conjectured ability of this 
formulation to transport spatial singularities from the medium to temporal singularities 
of the wavefieid. At this point I can not prove this, but I know that something similar 
occured for the situation described in the previous section where the scale divergence of 
the "coast-line" mapped to singularities in the time. Another point favouring this idea 
is the fact that the algebraic singularities constitute eigenfunctions of the scale operator, 
i.e. 

xdxxa=axa. (EM) 

In this way the scaling remains intact. This notion is in my opinion not shared by, for 
instance, operators of the form 

±dxp~\dxxa=cX (E.66) 
p xa x 

where the logarithmic derivative, appearing in the reflectivity28, seems to absorb the 
scaling! For me this observation is difficult to reconcile with the empirical findings 
concerning the measured seismic data. 

In section E.4 I mentioned that the scale contribution would only matter in those cases 
where it exceeds the o(l) term. If the scaling becomes important then the system depicted 

2rTMs can be associated with constant Q behaviour. 
281 am aware that care must be taken while differentiating xa. 
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in equations (E.59) and (E.60) comes into action. At this stage I do not oversee what the 
exact consequences would be. However, given the global/local Holder exponent estimates 
it is relative straightforward to determine this transition, marking the point at which the 
sealing becomes important. As far I can judge, I. expect the transition to occur at a = 1. 
So for a < 1 the scale contribution comes in. For a — 0 one obtains.a frequency 
independence, a property which may well be consistent with the fact that the Holder 
exponent of a jump discontinuity equals zero while the pertaining reflection coefficient is 
frequency independent. Finally, if the scaling of the density is broken at the large or small 
scales29, i.e. there is a transition from scale divergent behaviour to regular behaviour, see 
chapter 2, then the additional scaling contribution will drop out! Hopefully the future 
expressions for the reflectivity induced by isolated algebraic singularities will yield the 
same behaviour as found via the method of imposing boundary conditions. 

Indeed the scaling medium representation I introduced in chapter 2 fits very well in the 
above picture. But again the presented conjecture is still in a very premature state 
of development. On the other hand, I would be surprised when the scaling medium 
representation I proposed will not find its way into the current formulation of the wave 
theory. The reason for this is that the scale derivative's role proved to be essential in 
unraveling the complexity displayed by the medium and that sparks the question why it 
is lacking in the current wave theory? This wave theory is namely used to describe how 
this complexity is carried to the space-time behaviour of the wavefleld! 

At this point I ask to myself whether the basic assumptions within the idealization of 
the continuum mechanics can be matched with the multiscale findings in this thesis. In 
this context I like to quote Sedov (1971) 

" . . . in particular, such an idealization is necessary, because one wants to employ 
the apparatus of continuous functions, differential and integral calculus in the study 
of the motion of deformable bodies." 

Let me stress that I refrain from rejecting differential and integral calculus, because I 
believe that these concepts are still deployable when the appropriate measures are taken 
to deal with the complexity. For me, these measures boil down to replace functions by 
functional and to consider scale derivatives. Of course, the notions of displacement and 
dilatation are crucial concepts in describing physical phenomena, only in my opinion they 
should not be applied without a reference to scale, i.e. they should refer to functionals 
instead of functions. For me the prerequisite of applying functions solely hinders a true 
comprehension of complexity. The scaling medium representation may be a last remedy 
to unravel and deal with the complexity, given the above integro-differential theoretical 
framework. 

Falling back on the metaphor, what is happening with the "embodied" wave packet as it 
hits a singularity? As I mentioned, spatial dilatations were allowed to take place. These 

29May even be at the intermediate scales. 
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dilatations are in my opinion necessary to transgress a singularity. In fact what happens, 
is that the singularity is regularized by a stretching of the wave packet, counterbalancing 
a densification in the medium. Because of the dissymmetry in space-time that goes 
with this action I expect dissipation. Breaking the complexity by the regularization may 
cause a loss of energy30. Instead of dissipating energy into heat31 one may envisage the 
energy to go into an increase of complexity in the time behaviour of the wavefield. The 
wave started of as a single event in time and as time passes the complexity is gradually 
built in to the signal due to the singular scattering32. Scattering is not well understood 
and maybe the above deliberations will shed some new light on this difficult mechanism. 
Furthermore allow me to remark that I find it difficult to understand how it is possible to 
pick up information on the medium's heterogeneities without some form of dissipation, 
i.e. I do not understand how a wave packet may interact with a singularity without a 
loss of energy. I can not prove that, but again it is a consequence of the dissymmetry, 
and of the general rule of thumb that almost nothing goes for nothing. 

Let me now consider the case where a scale derivative enters into the formulation. I 
expect it to detect the singularities in the constitutive parameters. This detection is 
then followed by a congruent action of this scale derivative invoking not only a spatial 
dilatation, on the spatial gauge, but also a transfer of the singularities from space to time. 
In this, the scale operator acts as the infinitesimal generator for the dilatations. Please let 
me stress again, that I am fully aware of the speculative nature of this discussion. Still, I 
am convinced that as soon as a scale derivative enters into the current formulation for the 
space-time structure of the wave equation, one experiences an intricate scale/space/time 
coupling. I only do not have the answers yet what this structure exactly looks like. But 
what I do know, is that this succession of events strives well with the wave interactions 
at a discontinuity33, which give rise to a congruent spatial dilatation of the wave packet 
and the emergence of an additional event in time, all caused by the spatial singularity. 

It is interesting to note that I believe it is possible to associate the additional "fractal 
source" term in equation (E.60) to the "generalized scale dependent diffusion" coefficient 
appearing in the generalized co-moving/convective time derivative as coined by Nottale 
(1992, 1995, 1996) 

In this operator one finds a generalized complex velocity V, to be attributed to the fractal 
3 0This observation does not imply that the conservation law of energy no longer holds. It merely states 

that the wave's energy transforms into complexity rather than into heat. 
3 11 do not expect heat dissipation at the seismic temporal frequency range. This does not apply to 

ultrasonic wave interaction. 
3 2 Tha t is to say, specular scattering rather than the scattering referred to in scattering theory, where 

the spectral measure is taken to be absolutely continuous. This continuity precludes a dispersion. 
3 3 This is done via supplementing boundary conditions, which in my opinion work well in case the 

singularities can be regarded as being isolated. 
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nature of space-time, and a additional complex term corresponding to a diffusion type 
of behaviour. The coefficient Vu represents the generalized scale dependent diffusion 
coefficient. 

In the proposed approach presented in this epilogue I only paid attention to the fractal 
source term. Whether the velocity, defining the co-moving derivative, requires a general­
ization, has not been investigated. Because the time behaviour is supposed to be linear, 
I think this approach is justifiable. Concerning the diffusion term, with its Lapiacian, 
I like to mention that it can be associated with a scale derivative. This is because the 
Gaussian and its derivatives constitute solutions to the diffusion equation, i.e. 

da ox2 a 
That may explain the possible link between the scale derivative in equation (E.60) and 
the term containing the Lapiacian in equation (E.67). To be - speculatively more 
specific, I associate the diffusion coefficient V(x, i, At) with my spatial gauge a{x11, At). 
This may imply that the recipe that replaces the time derivative by a generalized one as 
a consequence of the scaling, becomes 

^ ™ — — a evaluated at a = cr(x,t, At), (E.68) 
at at at ocr 

where I tacitly invoked a "linearization" by neglecting the velocity term. Now of course 
the crucial question is, what is the behaviour as a function of the temporal gauge? Clearly 
for an isolated discontinuity one may expect no temporal frequency dependence, because 
the Holder exponent equals zero. In "all" other cases, where there is a scale dependence 
exceeding the o(l), I expect a dissipation type of behaviour. 
Perhaps superfluously let me stress again that within the above deliberations no physical 
assumptions have been made whatsoever concerning scale ranges that lie outside the scale 
range of observation. Only during the conversion to the "language" of mathematics, one 
may get the impression that such assumptions have been made. But notice that exactly 
a similar type of assumption is made by representing the data in terms of - continuous -
functions. Given the empirical findings it appeared that tempered distributions are more 
appropriate to represent the observed data. The implication of this latter choice is that a 
reference to scale is made and that may yield different predictions for the wave motion in 
cases where the medium heterogeneities behave as tempered distributions. Of course the 
formulation has to comply with the "correspondence" principle I mentioned earlier. To 
summarize, I think it has been useful to come up with the preceding discussion because 
it coins an initial discussion on a formulation that 

• replaces functions by functional, thereby explicitly referring to the notion of scale. 

• does something with the time in relation to space. In that sense the discussion 
goes along similar lines as the work presented by Nottale (1995) and Ie Méhauté 

34Remark that this V does not refer to the dilatation operator. 
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(1995), who argue that the time becomes irreversible as a consequence of dissipation "** 
induced by the scale divergence and its counter action regularization. In their work 
this yields a replacement of the ordinary time derivative by a generalized one, 
breaking the space-time symmetry. Hence, it is argued that the time plays a key — 
role in measuring the spatial complexity, yielding, as a consequence, a velocity that 
is.not longer unique. 

• allows for a hopefully more suitable statement of the inverse problem. It is my con­
jecture that it is perhaps better to aim, during the inversion, for an achievement of 
information on the nature of the singularities occuring in the time. That is to say, 
that I envisage an inversion scheme yielding estimates for the local scaling expo­
nents, that characterize the main singularities occurring in the medium properties. 
Since these singularities express the complexity, it is to be expected that the charac­
terization of the singularities serves the purpose of obtaining a litho-stratigraphical 
indicator. 

* 
At this point I may have over fed the reader and left him or her puzzled with the question " 
why does seismic exploration work? Indeed, from the kinematical point of view it is 
quite understandable why it works. The reason is that during the forward modelling, 
it only concerns itself with a mapping of the location pertaining to a singularity in **** 
space to the location of the singularity in time, while the reverse process is strived 
for during migration. This means that for cases where one has a general idea on the 
average space-time behaviour one is all set, a notion striding well with the inherent — 
redundancy of seismic measurements. For the second dynamic part perceived by me to 
be responsible for the wave interactions I experience much more difficulties in coming to 
terms with the intricate mechanism being responsible for the apparent dispersion and -» 
specular reflections. 

I like to conclude this thesis by quoting Pierce (1981), who makes the following remark 
concerning the use of the acoustic wave equation as a model 

"Although this model is approximate and gives no account of sound absorption, its 
predictions are often good an approximation to reality. Because of its simplicity, it is 
the one most often used unless there is some positive indication that the refinements 
contained in more complicated models are necessary for the problem at hand." 

It may be clear that for me the notion of scaling is an indication, while the working 
hypothesis gave me motivation to look for a more complicated model. Note, however, 
that the aim was not to make things more complicated as they are but that the ultimate 
goal was and still is to invoke the complexity at the level of the constitutive relations 
rather than trying to deal with it at the level of the wave equation itself. Adding the 
complexity at a later stage may be much more complicated, judged, for instance, by the 
current findings of localization theory (Faris, 1995), where people try to come to terms 
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with a certain randomness in the wave or Schrödinger equation. Therefore I am reluctant 
in adding complexity at levels transgressing the level of the founding first principles, 
because of the possible mathematical implications. If one does not keep this in mind, 
one may end up solving problems that lost their bearings with the problem one initially 
set out to solve. It might very well be, that adding a large amount of complexity to 
the coefficients of the wave equation is an example of such a situation. Hopefully the 
observations made in this thesis trigger a re-evaluation of the founding principles behind 
the derivation of the wave equation. 
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Samenvatting 
Een schalende-mediumrepresentatie: 
een discussie over boorgatmetingen, 

fractalen en golven 

Recente ontwikkelingen in de seismische technologie hebben laten zien dat er een toene­
mende vraag bestaat naar de specifieke eigenschappen van het gesteente waarin zich de 
olie- en/of gasreserves bevinden. Om aan deze vraag te voldoen probeert men data die 
op verschillende manieren en op verschillende schalen zijn verkregen, met elkaar te ver­
enigen. Binnen dit proefschrift betreft dit de grofschalige Verticale Seismische Profielen 
en seismische oppervlakte data aan de ene kant en de fijnschaiige boorgatmetingen aan 
de andere kant. Het blijkt dat er nog veel vragen zijn omtrent de integratie van deze 
twee typen metingen. Het doel van dit proefschrift is een beter inzicht te verkrijgen in 
deze vragen. 

De wijze van aanpak is de volgende. Allereerst heb ik een uitgebreide schaalanalyse 
gedaan op boorgatmetingen met behulp van de wavelet transformatie. Deze bestaat zo­
wel uit een locale als een globale schaalanalyse; de locale schaalanalyse levert Holder 
exponenten als afschattingen van de locale mate van differentieerbaarheid; de globale 
schaalanalyse geeft informatie omtrent de gegeneraliseerde fractale dimensies, de statis­
tische momenten en het singulariteitenspectrum. Dit singulariteitenspectrum drukt de 
hiërarchie van globale Holder exponenten uit. Toepassing van deze schaalanalyse op 
boorgatmetingen laat zien dat deze zich multifractaal gedragen. Dit betekent dat ze niet 
langer als ordinaire functies gerepresenteerd kunnen worden, maar dat men zijn toevlucht 
moet nemen tot een representatie in termen van functionalen. Functionalen kunnen een 
betekenis gegeven worden met behulp van een continue wavelet representatie. Door een 
juiste keuze voor het wavelet te maken kan het divergerende karakter van de boorgat­
metingen geregulariseerd worden en kunnen bepaalde operaties weer betekenis gegeven 
worden, ook al moet hiervoor een afhankelijke parameter worden toegevoegd, namelijk 
de schaal. 
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Om de multi-schaalanaJyse een beter theoretisch raamwerk te geven besteed ik vervol- I I 
gens aandacht aan de spectrale representatie behorende bij de operatoren die de infini- I l 
tesimale generator vormen voor de schuif- en dilatatie-operatie. Deze twee operaties zijn 
verantwoordelijk voor de vorming van de familie van continue wavelets. Deze operator m 
benadering vormt ook de basis van het hoofdstuk dat gaat over akoestische golfbeweging. |||| 
Hier is de Hamiltoniaan de belangrijkste operator in de zelf-geadjungeerde infinitesimale 
generator die de tijdevolutie van de Cauchy-data beschrijft. Het blijkt dat het lastig is m 
om het singulier continue deel van de spectrale maat uit te sluiten, aangezien boorgat- :|||| 
metingen een schalend gedrag vertonen over een zeer groot schaalgebied. Merk op dat 
er aan de eigenfuncties behorende bij het singulier continue deel van het spectrum geen m 

fysische betekenis gegeven kan worden. Deze observatie is lastig, zo niet onmogelijk, te j j 
rijmen met de noodzakelijke localiteit van de verstoringen die wordt verondersteld bij 
localisatietheorie. Localisatietheorie is binnen de conventionele golfvergelijking de enige «m 

robuuste theorie, die dispersie geïnduceerd door complexiteit beschrijft. De toepasbaar- j | | 
heid van deze theorie zou men in twijfel kunnen trekken gezien de complexiteit en het 
schalingsgedrag van de boorgatmetingen. 

Om de lezer enig inzicht te verschaffen omtrent de schalingsanalyse en de bijbehorende H 
fractale karakterisatie heb ik een aantal hoofdstukken opgenomen in het deel Capita Se­
lecta. Deze hoofdstukken presenteren geselecteerde onderwerpen uit de distributietheorie Ü? 
en geselecteerde onderwerpen omtrent deterministische mono- en multifr act alen, omtrent lil 
stochastische monofractalen en omtrent locale en globale multi-schaalanalyse door middel 
van de wavelet transformatie. Ä 

In de epiloog die geen officieel onderdeel van dit proefschrift vormt, schets ik mijn prema- | j | | 
ture ideeën omtrent de mogelijke implicatie van schaal en schaaldynamica op akoestische 
golfbeweging. Dit inzicht wordt voornamelijk gevoed door het feit dat boorgatmetingen I ! 
een separatie van schalen niet rechtvaardigen. Deze separatie van schalen is één van de JU 
belangrijkste pijlers van de continuum mechanica, maar daarin wordt in het algemeen 
geen referentie naar schaal gemaakt. Derhalve denk ik dat de vraag interessant is hoe §1 
aan de bestaande theorie volgens het correspondentieprincipe wel een referentie naar |§§ 
schaal en schaaldynamica toegevoegd kan worden. Dit correspondentieprincipe brengt 
tot uitdrukking dat de gegeneraliseerde theorie overgaat in de conventionele theorie in m 
geval de constitutieve parameters geen schaalgedrag meer vertonen. De epiloog is een 
eerste aanzet voor de ontwikkeling van een gegeneraliseerde theorie. 
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